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It is well known that the use of Tresca’s yield condition 
frequently leads to a simpler system of equations for the 
stresses in a plastic solid than the use of the yield condi- 
tion of Mises. However, in most cases where Tresca’s 
yield condition has been used, the flow rule associated 
with the Mises condition has been retained. Following 
Koiter,’ it is shown that further simplification results 
from the use of the flow rule associated with the Tresca 
condition. The reason for this is discussed in connection 
with two examples concerning the finite enlargement of a 
circular hole in an infinite sheet of perfectly plastic or 
work-hardening material. The second example is proba- 
bly the first nontrivial case in which a problem of finite 
plastic deformation of a work-hardening material has 
been treated in closed form by the use of incremental 
stress-strain relations. 


INTRODI CTION 


Hk mechanical behavior of a perle ctly plastic solid is de- 

fined by the yield condition and the flow rule. The yield 

condition specifies the states of stress under which plastic 
flow will occur For each of these states of stress, the flow rule 
specifies the components of the plastic-strain rate to within an 
arbitrary common factor, This positive factor is required by 
the assumption that the solid is inviseid; i.e., the state of stress 
necessary to cause a certain type of plastic flow does not depend 
on the speed of deformation In the following, a set of strain- 
rate components that are defined only to within a common 
positive factor will be said to specify a “flow mechanism.” 

For an Isotropic perfectly plastic solid, the orientation of the 
principal axes of stress does not enter into the vield condition 
This condition, therefore, assumes the form 

f(a,, 02, 0 = () [1] 
where the funetion f must be symmetric in the principal stresses 
01, Ox, O If the solid retains its isotropy during plastic flow, 
the principal axes of the strain rate must coincide with those of 
the stress. The flow rule, therefore, reduces to a relation be- 
tween the principal stresses 9;, 0, a and the principal strain 
rates ¢), @>, ¢ 

It is convenient to represent the yield condition in Equation 
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1} geometrically by considering o,, 2, and oy as the rectangular 
co-ordinates of a point on the “yield surface.’ The flow rule 
then may be taken to specify a direction at each point of the 
vield surface, the three direction cosines being proportional to 
1, €2, €3 

Mises* proposed the flow rule that associates with each point of 
the yield surface the direction of the exterior normal of this sur- 
face at this pot 


Jv! Jv! Vv! 


Ja Jd Ja 


In Equation [2) it has been assumed that the sign of the yield 
function f has been chosen so that the exterior normal of the 
vield surface indicates the direction of increasing values of / 

The idea of using the vield function f as the “plastic poten- 
tial” proved useful for the formulation of flow rules for crystals 
and other anisotropic solids In recent years the concept of the 
plastic potential has gained added importance because the theory 
of limit analysis is based on this relation between the vield condi- 
tion and the flow rule.® ¢ 

The flow rule in’ Equation presupposes that there is a 
uniquely determined exterior normal at each point of the yield 
surface, Not all vield conditions used in the mathematical 
theory of plasticity satisfy this regularity requirement. For 
example, the vield surface corresponding to Tresea’s condition of 
constant maximum shearing stress is a regular hexagonal prism 
\t a point on an edge of this prism, the exterior normal is not 
defined; this raises the question of how the flow rule in Equation 
2! should be modified at such a singular point 

Consider first a point #?? on the edge formed by two adjacent 
flat or curved faces of «a vield surface Keach of these faces has a 
unique exterior normal at /?, and each of these normals may be 
considered as representing «a flow mechanism that is possible 
under the state of stress represented by ?. It is natural then 
to assume that other possible flow mechanisms can be obtained by 
combining these two fundamental mechanisms in a linear fashion 
and with positive coefficients 

In the case of Tresea’s vield condition, for instance, the faces of 


the prismatic vield surface lie in the planes 
a a i: 0 a to Oy o,= ta {3} 


where o is the vield stress in simple tension, For points on one 
of the adj went faces a a aanda a; da», the flow 


rule of Mquation |2) furnishes 


6) 0a l6 ] 1-0 [4] 

and 
f f 1:0:—1 [5 
4‘’Mechanik der platisehen Formaenderung von Kristallen, 


by RK. von Mises, Zeitschrift fiir angewandte Mathematik und Mechantk 
vol. 8, 1928, pp. 161-185 

‘Extended Limit Design Theorems for Continuous Media, 
by D. C. Drucker, W. Prager, and H. J. Greenberg, Quarterly of Ap 
plied Mathematics, vol. 9, 1952, pp. 381-389 

***The General Theory of Limit Design,”’ by W. Prager, sectional 
address presented at the kighth International Congress of Applied 
Mechanies, Istanbul, Turkey, 1952, to appear in the Congress 
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respectively, The first flow mechanism represents pure shear 
in the o;, o plane; 
0), 0; plane. The point representing the state of simple tension 


a, = @ lies on the common edge of these two faces, 


the second mechanism, pure shear in the 


According 
to the flow rule proposed, the flow mechanisms possible under 
this state of simple tension are characterized by 


€:1@2:¢3 = 1:—A:—{1 A) [6] 
whereO0 <A < J, 


Equation [6] are obtained by multiplying the corresponding 
terms of Equations [4] and [5] by A and 1 


The three terms on the right-hand side of 


A, respectively, and 
adding the products. 

Although the type of singular point just discussed is the only 
one occurring in copnection with Tresea’s yield condition, other 
types, such as a vertex of a polyhedron or a cone, can be treated 
in a similar manner. 

At first glance it might seem that this modification of the 
flow rule in Equation [2], at singular points of the vield surface, 
would complicate greatly the mathematical treatment of prob- 
lems of plastic flow. As was pointed out by Koiter,* however, 
the contrary is true, i.e., a considerable simplification results from 
the joint use of Tresca’s yield condition and the associated flow 
rule. The reason for this will be explained in connection with 
examples which also will demonstrate that the simplifieation by 
no means is restricted to the case of small plastie deformations 
considered by Koiter. 


Tresca’s Yieup Conpirion IN PROBLEMS OF PLANE S?TRESS 


In problems of plane stress, one of the principal stresses, say 
0s, vanishes, and the yield condition can be represented by a 
curve or polygon in the 0), 62 plane. [If Tresea’s yield condition is 
used, the yield polygon is formed by the lines with the equations 


O,;— 0, = +0, oO, = +0, OF = +0... [7] 


obtained from Equation [3] by setting ao, = 0. Fig. 1 shows this 
hexagon, which is an oblique section of the afore-mentioned hex- 











F 


pane 





ie. 


Tresca Hexagon ror PLANE Piastic STRESS 


agonal prism. The axis of this prism passes through the origin 
O and forms equal angles with the positive axes of 0), 02, and a, 
(the latter being normal to the plane of Fig. 1). 

Consider a generic point P on one side of the yield hexagon, for 
instance, on A-B, The exterior normal of the three-dimensional 
yield surface at P is not contained in the plane of the figure. 
The projection of this normal on the plane of the figure is normal 
to A-B, however. Thus the ratio e,:e: fer the state of stress 
represented by P may be obtained as the ratio between the di- 
rection cosines of the normal to the yield hexagon at P. Once the 
ratio ¢,:e¢: is known, the condition of incompressibility 


e+e ta = 0. [8] 


yields the ratios ¢,: és: és. 
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All states of stress occurring in the following examples will 
turn out to be represented by points on the side A-B of the vield 
hexagon. With0O <A < 1, the modified flow rule then furnishes 
the following information: 


| State of stress represented by point A 


a, = 6, = 6; = 0, e:@2:6¢; = 1:A:(1 —A 4! 


2 State of stress represented by interior point of segment 


-B 


a; o, = —o, 110) 


4 State of stress represented by point B 


2,= 9, O% = 0, e::¢2.:¢: = -—A:1 (1 A) [11] 


If the vield stress o remains constant during plastic flow, the 
solid is called perfectly plastic; if the vield stress increases during 
plastic flow, the solid is called work-hardening. 
general type of work-hardening solid, the form of the vield eondi- 
tion also could change during plastic flow. 
hexagon in Fig. | could change gradually into an ellipse. 


For the most 


For example, the 
This 
would correspond to a gradual transition from the vield condi- 
tion of Tresea to that of Mises. 
It will be assumed that during plastic 


This case will not be considered 
in this paper, however. 
flow the vield hexagon remains centered at the origin and merely 
increases in size. In the following, the vield stress of the virgin 
material will be denoted by o> and it will be assumed that the 
rate of hardening @ is proportional to the rate D at which me- 
chanical energy is dissipated during plastic flow 


g=alb 


where @ is a constant, 
For the three cases being considered, D = 
has the following values 


D = —-0e 


D = (a, 02)¢; = ae, 


D = of 


Finite ENLARGEMENT OF A CrrcuLAR Hout 
As the first example, consider the finite enlargement of a circu- 
This problem 
has been treated by Taylor? who used Tresea’s vield condition but 
The 


comparison of Taylor’s work with the following analysis reveals 


lar hole in a sheet of a perfectly plastic material 
with the flow rule associated with Mises’ yield condition. 


the great simplification achieved by the use of the appropriate 
flow rule 

A circular hole of radius a in an infinite plate of uniform thick- 
ness he is to be enlarged to the radius a = 1.4 a) by application of 
a gradually Increasing uniform pressure to the edge of the hole 
Since finite plastic deformations will be considered, elastic de- 
formations will be neglected. The material at a sufficiently large 
distance from the hole then must be treated as rigid, because it 
will not reach the y ield limit. Under these circumstances, radial 
displacement of the material near the hole is made possible only 
by a thickening of the sheet. 

In the elastic part of the sheet the radial stress a, and the hoop 
stress o, are inversely proportional to the square of the radius 
r, and oy = o, > 0. Thus the state of stress at the elastic- 
plastic interface is represented by the center of the segment A-B 

7“The Formation and Enlargement of a Circular Hole in a Thin 
Plastic Sheet,”’ by G. I. Taylor, Quarterly Journal of Mechanics and 
Applied Mathematics, vol. 1, 1948, pp. 103-124. See also, ‘The 
Mathematical Theory of Plasticity,”’ by R. Hill, Oxford, England, 
1950, pp. 307-313 
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in Fig. 1. Just inside this interface the vield condition and 
flow rule are given by Equations [10] with the subscripts 1, 2, and 
3 standing for r, 9, and z, respectively. Since e, = 0, there is no 
thickening of the sheet and radial displacement is 


possible 


therefore im- 
The material just inside the elastic-plastie interface 
even though the stresses o, and de 


accordingly remains rigid 


satisfy the vield condition 
ao, On a It 
The condition of radial equilibrium in this rigid plastic zone is 
Oo, 0, 


Or 


From Equations [16] and [17] and the boundary condition o, 
or) a, /2 at the elastic plastic interface (r = po), it follows 


that 


in the rigid plastic zone, The hoop stress, therefore, is decreas 
Ing 4S one progresses from the elastic-plastic interface into the 
rigid plastic zone. It follows from the seeond Equation [18] 
that the hoop stress vanishes for 

119) 


po/ Ve 0.606 p5 


This radius, which occurs frequently in the following work, is de 
i K 


noted by p. The state of stress at r = p is represented by point 
A in Fig. 1 
Just 


fa must 


inside the circle r = p, the circumferential strain rate 


vanish on account of the rigidity of the surrounding 


material, The radial strain rate ¢, need not vanish, however 
The flow mechanism, therefore, is represented by the normal to 
the side A-F of the yield hexagor 

There are two possibilities regarding the variation of stress and 
flow mechanism inside the circler = p. If the point representing 


the state of stress moves from A toward F, the flow rule re- 
This means that the radial velocity » must 
The sheet 
=p If, on 
the other hand, the point representing the state of stress remains 
at A, 


mechanism at this singular point allows a plastic deformation of 


quires that ey 0. 
remain zero inside the circle r p, because eg = v/r, 


therefore, would remain rigid even inside the cirele r 
the greater degree of freedom in the choice of the flow 
the sheet inside the circle r = p 


Since the sheet thickness A 


= p the equation of radial equilibrium has the form 


will not remain constant inside 


the circle r 


Ofhea, Ala, An 


or 


{20 


Since a, a 


the point A, 


04 = 0 when the state of stress 1s represented by 


this equilibrium condition may be written as follows 
0 21) 


While it is es 
rate,”’ 


mvenient to use the terms “velocity,” “strain 


and “rate of dissipation of mechanical energy,”’ it must 


be remembered that the plastic solids considered here are in- 


viscid. Consequently, the flow process is independent of the time 
scale, and anv variable that increases monotonically during the 
flow process may be used as 4 measure of “time.”’ In the follow- 
ing, the radius p will be used in this manner 

If the radial velocity 


is denoted by », the radial and circum 
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Ov Or and ¢g = ur The etrain 
rate in the direction normal to the sheet is (1/4)DhA ‘Dp where 
Dh/Dp = dh/dp + v Oh/Or denotes the “material” derivative of 
h. The condition of incompressibility requires that the sum 


ferential strain rates are e, 


of the three strain rates vanish 


1 Oh v oh 
h dp A or 


Kquations [21] and (22) and the boundary conditions 


ho, 1 Ouatr=p 23) 


‘ 


detine the functions h = A(r, p), 1 r(r, p From Equation 


[21] and the first boundary condition given in Equation [23], it 
follows that 


[24] 


With this expression for kh, Equation [22] reduces to a differential 


equation for» The solution satisfying the second boundary 


condition given in Equation [23] is 


p 


(Since the radius p is used as a measure of time, the velocity 


must be dimensionless From Equation [25] the strain rates 


ure obt ined as follows 


or ] ] 
[26] 
0 p p 


If the material that at time p is at the radius r was initially 


at the radius conservation of muss requires 


%> 
on / hr ay th fp? r,? 


Substitution of Mquation [24] into kequation [27] yields 
1 1 


Equation [24) therefore can be written in the form 


2h e [29] 


i p + 7 


the 


lies between ] 


solution just obtained will 
0 and 1:1. The first 


p where &,% 0 as shown 


According to hquation " 


be valid only if e) ce 


of these bounds is attamed at 


by Mquation (26 Phe other bound is attained at r = p/2 where 


Equation [26] furnishes ¢ Lp, € 1/p. Equation [28] 


shows that r p 2 corresponds to 7 0 Thus the solution 


remains valid even in the case where a pinhole is enlarged to 


some finite radius 


the results obtammed in the with 


the 


Formally loreyoing agree 


those furnished | sunplified analysis’ which Taylor’ attrib 


utes to I the. l ivior rejen ts this in alysis because the ratios of 
though the ratios of the prin- 


Bethe's 


the principal strain rates var 
cipal stresses are constant As was shown in this section 
ane only experi 


with the 


results can be obtamed from a consistent theory, 


ment ean decide whether a given material agrees better 


formulas of Tavlor or Bethe 


INPLUENCE OF STRAIN-HARDENING 
The seeond example differs from the first only in so far as the 
sheet material is supposed to be work-hardening in accordance 
Since no hardening takes place where the 
p are 


with Equation [12 
material remains rigid, the stresses outside the cirele r 
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the same as in the previous example. To keep track of the pro- 
gressive hardening of the material inside the circle r = p, it is 
necessary to use the Lagrangian co-ordinate ro as one of the inde- 
pendent variables, the other independent variable being p as be- 
fore 

Again, og = O inside the circle r 


=p. Since go, = 


longer constant, the condition of equilibrium, shown in hquation 


0 is ho 
[21], now must be replaced by 


1 
(rha) 0 30 
Ore) Ory 


(rha) = 
vr (Or 


The solution of this equation that satisfies the boundary condi 
tionsh = ho = oy forr = pis 


rho = pho a [31] 


i 


In accordance with Mquations [12] and [13], the rate of strain- 
hardening is 


where 

ay) l or 

or (Or/Ore) OTe 

1 o*r 9) or , 
= log [33] 

(Or/Ory) Orgop op | Ore 
With the use of this expression for ¢,, equation [32] can be written 
as follows 


(34) 


ro) 1 or 
0 a 
op or, 


The circumferential strain rate is 
| or 
r Op op 


log 7 135} 


and the strain rate, in the direction normal to the plane of the 
sheet is 


1 Oh Oo 


log h [36] 
h Op Op 


The condition of incompressibility, therefore, can be written in 


e) or - 
(w = (0 [37] 
op \ Ory 


Those solutions of the differential Equations [34] and [37] that 
are compatible with Equation [31] and satisfy the boundary 
condition @ = 09 forr = pare 


a/\l+a) 
p 
= 06 
ro 


Ctahitay 


J 


the form 
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As before, the solutions represented by Equations [31], [38], 
and [39] are valid only as long as the ratio e,:e, remains below 
1. From Equations [33] and [35] it is found that this is the 
Agcording to Equation [39] this means that 
the following inequalities must be fulfilled if this solution is to be 


l+a 
(¢ Jes 


case when r > p 2. 


valid 


To indicate the manner in which Bethe’s solution for a per- 
fectly plastic sheet is modified by work-hardening, assume that 
a= OD. 


inerease in yield stress for a strain of 1 per cent 


For simple tension, this corresponds to 0.5 per cent 


Fig 2 shows the 


ee iso 61a ‘© «tors 6105 1oas 100 
Ca Oa of i ae Ho 


60 ed iso 6s uw wr 6S ‘oas 100 


10 
Berea we se | i er) 











Fie.2) Tmckness VARIATION IN DEFORMED SHEE? 

thickness distribution plotted versus r./p and r/ro. The solid 
curve corresponds to a = 0.5 and the dotted curve toa = 0 
It is seen that even such a small amount of strain-hardening has 
a significant influence on the thickness distribution. According 
to Equation [41] the solution represented by the solid curve 


in Fig. 2 is valid for a/ao < 1.48. 


CONCLUSION 


It has been shown that the joint use of Tresca’s yield condi- 
tion and the associated flow rule can lead to a considerable sim- 
plification of the mathematical work in problems of plane plastic 
stress. This is so because corresponding to the sides and the 
vertexes of the yield polygon, one has either a unique flow 
mechanism and a one-parameter family of principal stress values, 
or unique values of the principal stresses and a one-parameter 
family of flow mechanisms. In either ease, considerable simpli- 
fications result, and the complete solution is built up of zones 


in which one or the other type of simplification pertains. 
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Graphical-Numerical Solution of Problems 


of Saint-Venant Torsion and Bending 


By B. A. BOLEY! 


A simple successive-approximations procedure for the 
solution of the problems of Saint-Venant torsion and 
bending of beams of arbitrary cross section is presented. 
The shear stresses in a cross section of the beam are first 
calculated from the formulas valid for thin-walled sec- 
tions, on the basis of an assumed set of lines of shearing 
stress. From these a first approximation to the stress 
function of either the torsion or the bending problem is 
The second approximation to the stress function 
of the 
problem, expressed in finite-difference form; this in turn 


found. 
is then obtained from the governing equation 
allows the determination of an improved set of lines of 
shearing stress, and hence of the shearing stress itself. 
The procedure can be repeated until the results of two 
successive steps are sufficiently close. Applications are 
presented for a beam cross section for which the exact 
solutions are known, and it is shown that no further diffi- 


culties arise in applications to more complicated shapes 


NOMENCLATURE 
following nomenclature is used in the paper 


1 : mean ol areas enel wed by outer and imner boundaries 
closed section 
thin-walled 


defined in Equation 3 


of a thin-walled 


shearing rigidity of a closed section, 


shear modulus 
moment of inertin about neutral axis 


subscripts indicating line of shearing stress, or 
“shell” 


static 


hounded by two neighboring such lines 
moment of an area 
she ar flow 

gC /7 


bending 


for torsion problem ; = ql ag for 
problem 

7,t 
distance along median line of thin-walled section 
torque 
thickness; direction perpendicular to s 
shear-foree component perpendicular to neutral avis 
AXES In CTOSS St etion ol bar 

axis measuring distance along bar 
angle of twist per unit of length 
Poisson’s ratio 

shear stress 


she a 
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r stress nw, y, s-direetions resp etively, acting 


of ( 
Structures, Columbia University 

Presented at the National Conference of 
Division, Minneapolis, Minn., June 18-20 
Society oF MECHANICAL E-NG'NEERS 

Discussion of this paper should be addressed 
ASME. 29 West 39th Street, New York, N. Y., 
until October 10, 1953, for public a later date 
received after the closing date will be 

Notre Statements and opinions advanced in papers are to be 
understood as individual expressions of their authors and not those 
of the Manuserip)t ASME Applied Mechanix 
Dix October 14, 1952 APM-22 


1 Associate Professor ivil Engineering, in charge of Aircraft 


the 
1953 


Applied Mechanics 
of Tur AMERICAN 


to the Secretary, 
and will be accepted 
Diseus 


ation at ston 


returned 


received by 
Paper No. 53 


Society. 


isron 


NEW YORK, N.Y 


ress function for torsion problem 


ress function for bending problem 


INrRoOD 


bien 


tieal caleulation of the sheartng stresses in 


solid) pris bars under torsion or bendimg ois difficult te ob 
On the other 


deter 


tain ¢ 
Pasar 


rittod with 


\eept tor rtteular cross-sectponal! 


the behavior 
the 


of thin-walled sections is always ensily 


some of which are 


These 


sis of solid bars, 


and of well-hoown torniulas 


listed in the paper for purposes of refer formulas may 


the 


thee 
be used, however unicely 


to simplify since a 


portion ol sur hi bose bowl dby two me ighbormg lines of she il 


isa thin-walled section and therefore may be 
\ line 


in the direction of the resultant shearing 
Thus the 


ing stress behaves 


treated as such of shearing stress is a line whose tangent 


8, ab any pom stress gt 


that pout relation 


0 1] 


holds on any such line, 2 and y denoting mutually perpendicular 


directions in distance 
aid 7), the 
Use of 


the torsion problem was made by 


the plane ol section, 2 the 


a CTOSS 


longitudinal axis of the bar, and 7 shear 


the ind 


solution ol 


nlong the 


y-directions respectively theme 


stresses in 
Sutho 


lines in the 
| but his method could be apphed in a prac tical way only 
for which the rigorous solution could be found by the 
othe 
It is evident that if the position and shape of the lines of shear- 
the could be 


by which 


sections 


classical m xis as well 


Ing stress wer stresses 
readily 
these lines may be 


in this 


known for a particular bar, 


found \ step-by step procedure means of 


ipproxiniate dias closely as desired is deseribed 
As ¢ xa ple s the 


determined for a cross-sectional sh ipe for 


paper stresses In a bar under either 
torsion or bending 
shich the 
with the exact 
ipplicable to all cross-sectional shapes without additional 


The 


ure 
results of the Suge sted procedure ean le compared 
values: however, the method is sufficiently general 
to be 
difficulties problems of torsion and bending are considered 
in that order 

The formulas needed for the 
listed here The shear fley 


force Is 


inalysis of thin-walled sections are 


closed thin-walled section 


under a pure 


) 
- 


118 one half the sum of the areas enclosed by the outer and 
daries of the 


twist @ per unit of ler gthis 


W“W he re 


the section The corresponding angle of 


inner boun 


Ot 


MIS od 


the orsion il 


the 


bye nt 


f the thiuekness, ¢ 


modulu 


rigidit tance along the median line «© section 


The st in open thin-walled seetion bya 


Vad 1) 


the Bibliography at the end of the 
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where / is the moment of inertia of the cross section about the 
neutral axis, V the component of the shear force perpendicular to 
that axis, and Q the integral 


a = S,” yt ds [da 


where y is the perpendicular distance between the neutral axis 
and the points. The point at which the stresses are sought is de- 
noted by 8 = 8,; one of the free edges of the section is denoted by 
s=0 


The relation between the shear flow and the shear strese is 
q ft 
or, more generally 


rT = dq/dt (a } 
Derivations of the above formulas may be found, for example, in 


reference (2). 
Torsion 


The problem of Saint-Venant torsion requires (3) the solution 


of the equation 
O’¢ 
= 200 
on? 


where g is a stress funetion, under the condition that 
¢g ae [ta 


at all points of the boundary. For a solid section this constant 


is usually taken equal to zero. The shearing stresses 7 


2 


Ty, und 7, in the xv, y, and. s-directions, respectively, are 


oy o¢ ; 
._ or Oh! 
or ol 


where the é-direction is perpendicular to s. Substitution into 
Equation [1] shows that along any line of shearing stress ¢ is 
constant; hence the boundary of the cross section is one such 
line. Comparison of the last of Equations [6b] with Pquation 
{5a} shows that the symbols g and q represent the same quantity, 
provided that the direction s is taken at any point as that of the 
line of shearing stress through that point. 

The proposed method of solution consists of the following steps: 

Step 1 
number them consecutively from the outside proceeding inward, 
Thus line 1 is the boundary of the beam cross section. Let the 
“shell” bounded by the 7th and the (¢ + 1)th line be known as 
the rth shell, For each of these calculate the quantity Ag,’ defined 


by the formula 


Plot an assumed set of lines of shearing stress, and 


ge 


oy’ 1 /[L PCL /t ds, 


Aq,’ A 
in which the quantities 7 and C have been taken from Iequations 
{2} and [3] 


tity g,’ from the formulas 


For each line of shearing stress caleulate the quan 
yp =0 ! 


q; * (Aq,’); a’ = 0 


The previous discussion shows that q,’ must also satisfy equation 


[6]; since, however, it is only known at a finite number of points, 
that equation will be rewritten in finite-differenee form. Con 
sider two mutually perpendicular axes, intersecting at point O 
and denote as A and C two neighboring points on one of these 


axes, and as Band D two similar points on the other. Let a, 4, ¢, 
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and d be the distances from Oto A, B,C, and D respectively; then 
the desired equation is (4 

<-% &  & & 


ala + ©) bih +d c 


where qa’, qs’, 9-', qa, and gq,’ are the values of q at the points indi- 
cated by the subseripts. A slightly different form of this equation 
was given by Southwell (5). For a special case in which some of the 
distances a, b, ¢, d are equal it reduces to one given by Salvadori 
(6); the general case used here is easily derived with the formulas 
given in this reference. If all the rays are equal, that is, ifa = b 


( d, Mquation 19] reduces to 
Ya 2 [9a 


Step 2. Obtain an improved set of lines of shearing stress with 
the aid of Equation [9], as follows: J:quation [9] holds for any 
pair of mutually perpendicular axes; construct then such a pair, 
crossing at a point Oin the 7th shell; let the four intersections of 
1)th lines of shearing stress 


The values of 


these axes with the 7th and the (7 4 
be the points A, B,C, and ) mentioned previously 
qa’, 4's 4 
Iequation [9]. 


"and q,’ are then known and q,’ can be determined from 
Repeat the entire process for each shell; then in- 
terpolate a set of contour lines for the quantity q’, that is, lines of 
constant q’; these are the improved lines of shearing stress. Step 
I may now be repeated on the basis of these new lines, and the 
whole process used as many times as necessary to give acceptably 
All that remains then is 


at any point in the @th shell from 


close results between SUCCESSIVE ¢ veles 
to calculate the shear stress 7, 
the formula 

tT, = (Aq;)/t [10 


‘ 


The quantity ( Agq,) is found from (Ag.’) bv means of J quation 


[7] and the relation 
C,=4 > [A/F CL tds, {tl 
i l 


where (, is the shearing rigidity of the 7th shell and » is the num- 


ber of shells 
Some of the possible variations of which the foregoing basic 
illustrated by 


procedure admits are the following numerical 


example, 
Numerican Exame.e ror Torston Progpie 


Let it be required to find the shear-stress distribution and the 
shearing rigidity for a beam with an equilateral-triangular seetion 
One sixth of the triangle 


of height Oin., subjected to a torque 7. 


only need be considered because of svimmetry, Line 1 in Fig 
l(a) represents the boundary of the cross section: there qi’ 0 
Asa first guess, the lines of shearing stress also were taken to form 
equilateral triangles the first of these is indicated by line 2 in 
Substitution of numerical values into Equations 7 
An’ 1.38 (all values of q, are given in 


Fig. Ia), 
and [8] gives q»’ 
square inches Secnuse of the crudeness of the first guess it was 
decided to obtain a correction immediately; for this purpose the 
values of q’ were calculated of points A and B, Fig. I(a). At 
point 1 all ravs are equal (only two of them are shown be« ause of 
0.707 in 
At point B the ravs were sealed off as follows: a 
h = 0.6 in dy 0.372 in.; 
stitution gives q,’ O.815 and gq,’ = 0.68. 
was then determined (by linear interpolation between points B 
O.S15, and therefore 


applies 
1.042 in 
Sub- 


svinmetryv: a and therefore Equation Ga 


hence | quation (4 ipplies 
Point C in Fig. Ifa 
and J)) as the point where qo’ = lies on the 


same line of shearing stress as point A. Other such points were 
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s Approximations bor Lines of SHEARING 


Numbers in parentheses refer to lines; 


found between A and © and then the improved line of shearing 
stress denoted as line 3 in hig l(a) Was plotted 

At this point a complete new set of lines of shearing stress was 
assumed, consisting of lines 3, 4, 5, and 6in Fig. Ia). Equations 
7} and [8] led to q’ 2.12, 2.60, and 3.04 for lines 4, 5, and 6, 
respectively; at line 3, as before, gy’ = O.8S15. Equation [0] was 
then employed to determine the values of q shown in big. l(a 
next to their corresponding points. From these the next ap- 
proximation to the lines of shearing stress, shown as lines 7, 8, and 
in Fig l(a), was inte rpolated, corre sponding tog 1.60, qs’ 
2.27, qs’ 2.80. The values of q’ for the last two eveles are 
listed on the left-hand sick of hig Ifa): sinee there is a large 
discrepancy between the two results the procedure was repeated 

Lines 7, 8 and “are the best ipprosimmation thus far available 

1 


therefore they were taken as the initial guess in Fig. 1(b). Equa- 


! 1 (S| gave the new values of q we, 4 qs’ 2.70, 


homs j¢ | and 


3.18 Use of | quation " aned the pre viously cise ussed 


i% 


interpolation procedure gave the next approximation, shown in 


h) as lines 10, 11, 12, and 13, corresponding to quo’ 1.02, 


1.409, ais 2.61, Gis , One more similar repetition 


» 
! 


ried out as indicated in Fig. MWe The final approxima 


the full lines 5, and l6of that figure and correspond 


toga’ = LI. q 2.1, qi 

Phese lines divide the section into four shells with the following 
shearing rigidities: ¢ 158.9 ints C 70.5 mts C 30.4 int 
("5 = 1l.4in The shearing rigidity of the entire cross section is 
then ¢ 271.2 in The exact value is (7) ¢ 252.8 in*; the 
difference betwe the twos about 7.5 per cent of the exact value 
The maximum shear stress given by Equation [10] is Trax 
0.017 psi. The exact value is (7) 7 0.0178 psi; the error is 
about 4.5 per c¢ of the exact value. Fig, 2 shows the variation 
of the shear stress along the altitude of the triangular section, as 
calculated by the present procedure, as well as the exact results 
It may be seen that the agreement between the two is good 


/ 


STRESS IN AN EQuiLaTeRrat 


others are values of q° in juare i 


Perancunar Seerton on Tornston 


— EXACT 


PRESENT 
3 


+ 
Tt. 
lz > 


The following remarks regarding the ex unnipole ris 


interest. The qptasitit > l/t A Wis edn place 
[ tf 1 /t)d the thickness (was measured normal 


ME THOD 


iv be of some 
of the integral 


to the median 


line of the shell in question at the mid-point of the segment As 


A double-seale drawing ol the section was found s 


seale off the required distances and thieknesses 


measured by means of a planimeter, and all ealeulation 


lortne j with a slick rule, 


itistuector to 


All iren vere 


were pwer 


The behavior prismatic cantilever beam under the action 


ot a concentrated ¢ 


lightly different, though equivalent, manners (3 


number of sligt 


The one ¢ hosen here was given by ‘J tioshe nh of 7 


the solution of the equation 


nd load may be deseribed mathematicall 


lly in a 
s 


and requires 
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oy 


Ou 


ory 


OY 


for the stress function Y under the condition that 
Wo = W/V) = (1/2) fds 


along the boundary of the section 


jp /(l t Vj) \(r?/b) +const {12a} 


The shearing stresses are 


(1/V)r, 112h| 


Substitution of these into Equation 1] shows that Mquation 


{12a! must hold along any line of shearing stress; hence the 
boundary of the cross section is again one of these lines 

The proposed method of solution for the bending problem con 
sists essentially of the same steps as that for torsion; the main 
differences arise from the fact that here the shear flow and the 
stress function are no longer the same quantity. The basic steps 
are as follows: 

Step | 


the ith of these be denoted by the subseript i 


Plot an assumed set of lines of shearing stress, and let 
For each line 


ealeulate 


Aq,’ (Aq, MI/V) Q, 113 
and then q,’ from Equations [8]. Note that (V,//,) = (V//), where 
V, and /, are, respectively, the load carried and the moment of 
inertia of the ith shell. Integration of equation [126] with re- 


spect to x (y being kept 


Iw’ ro, YW 


constant) leads to the relation 


, es ° 
= (I/\ fe ty, de t+ (y* 2)(z2 


7;°) 6) 


ry 


vn, y)| 


[v/(1 + v)] [C225 {14 
The term containing the integral may be replaced by the quantity 
q,’ (see Equations [8]) provided that points x, and 22 lie on the 
ith and (7 + 1)th lines of shearing stress, respectively. Calculate 
then from Equation [12a] the values of Y’ along the boundary, 
choosing a suitable value for the constant appearing in that 
equation; let these values be W(x, y); then W’ can easily be ob- 
tained from Equation [14] along any other line of shearing stress 


Step 2. Improved values of WY’ may now be determined by 
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satisf ving Equation [12] in finite difference form, that is 


¥.—¥v.  v'—v¥.’ , v.'—¥.’ , v—V¥. . 


+ r - 15 
aa+> €, b(b + d) cc+a did +b 


The 


shear flow and the shear stress may then be solved for from hqua- 


in a notation similar to that employed for Equation [9 


tions {14} and [10], respectively 

An improved set of lines of shearing stress, which is required to 
obtain the next approximation, may be found as follows: Con 
sider, for example, the line of shearing stress passing through the 
point (2, y:), and let it be required to find the point (ro, y2) where 


this line crosses y = yz. Using the best available values of y’, 
plot a curve of y’ against x for y = y; and a similar curve for 
read from the first of these the value Yi’ = W’(2n, yw) 


Rewrite Equation [12a] as follows 
¥, Wi’ = 4Q 


where AQ is the static moment about the neutral axis of the area 


/ Ye 


Wil +v 6} 116) 


bounded by the lines z = 2, y = 4,2 re and the desired line 


of shearing stress. Approximating the last of these by a straight 
line, one may write 

AQ = (1/6)(y.? + Wye + Yo? )( re qT; 17 
Since a curve of We’ against 7, is available, the only unknown re 
maining in Equation [16] is r2; it may be solved for by trial and 
error, Thus the point (22, 2) has been found; by the same process 
further points along the same line of shearing stress may be eal- 


culated, and the entire line constructed 


NuMERICAL EXAMPLE FoR BeNDING PROBLEM 


The shear-stress distribution will be caleulated in a cantilever 
beam with an equilateral-triangular section of height 12in. Only 
one half the triangle, as shown in Fig. 3, need be considered because 
Poisson's ratio was taken as 0.5, because for this 
The value of W’ at the 
this determined the constant in 
The initial 
guess for the lines of shearing stress is shown in Fig. 3. The 
values of y’ at points 1 to 23 were then calculated, and the re- 
sults collected in Table 1 
W’ may be obtained by two equivalent methods 


ol symmetry. 
value the exact results are known (7, 8). 
point (8, 0 
[12a] for the boundary of the cross section 


was taken as zero; 


Equation 


It may be noticed that for many points 
Consider, for 


LINES of SHEARING STRESS 
———=-—FIA$ST GUESS 
== SECOND APPROXIMATION 
Exact 





° 











-4 


? 


6 


Fra. 3 Variovs Approximations ror Lines oF SHEARING STRESS IN AN EQUILATERAL- 


TRIANGULAR SeEcTION IN BENDING 
(Numbers refer to points in Table 1.) 
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FABLE 1 VALUES OF y’ 


-Points from which ¢’ 
By By 


was found 
v 

| Eq. (14) Eq. [15 

Assumed Value 


VARIATION OF STRESS FUNCTION J! Wirn x, CORRESPONDING 
ro SECOND APPROXIMATION 


(Numbers in parentheses refer to points in hig 


example, point 13. At point 1, Y,’ = 0; one may then calculate 
first Y,' from Equation [12a] and then Yu’ from Equation [14], 
or first calculate Yu’ from Equation [14] and then Ys’ from Equa- 
Another check is provided by the fact that, along thi 
1, Y’ must be constant (see Equation 
was then emploved to calculate the rennaining 
From these the variation of W’ with 


tion {12a 
line sr 12a! 

Equation [15 
values of W’ given in Table 1 
r along the lines y O,y = 2, y 1 y- 
noting that the correct value of y’ 


6, was plotted aus shown 
in Fig. 4 is known on the 
boundary of the eross section To obtain satisfactory accuracy 
it was found desirable to employ an enlarged plot of this figure at 
12 in 


The stress 7,, 


least 1O0n in size, 
Fig. 5 


corre- 


now can be obt alte d from Equation 12h 
shows the variation of this stress along the line z = }, 


i) guess for th 


lines Of shearing stress, th 
and the 


maximum stress corresponding to the initial guess is 
while the 


sponding to the initi 
newly found second approximation exact results. The 
error in the 
18.9 per cent of the exact value error in the 


second 


approximation is 7.9 per cent of that value. 


These re sults probably are necurate enough for most practical 


purposes; in general, however, the exact results would not be 
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© SECOND Apeaox 

QFiast Guess 
sz) 


bu VARIATION OF SHEAK Sreess ALona Line a 


available for comparison and therefore the next approximation 


would have to be found. The required improved set of lines of 
shearing stress was then determined by the method outlined pre 
viously. The details of the plotting of the line of shearing stress 
passing through the origin are described in the following: 

Point (2,, 4) of Iequ ition 
from Fig. 4, yy’ 20.9 


Iquation L 16) gave ry 


Then 
lor yy = 2, a trial-and-error solution of 
0.40 and yy,’ 21.2. Thus the 
sought line of shearing stress passes through the points (0, 0) and 
0.4, 2 The 
0.4, 0) and yy’ 21.2in Equation [16]; calculations showed 

that (72, ( 13, 4) and YP 25.2. 
3, 6) was also found to he on this line of shearing stress, 4 plot 


116) was chosen as the orygin 


next point *was found by letting (2, 4 


Similarly, the point 
4 along with the actual line of shearing 


of which is shown in Fig 
The line of shearing stress passing through (4, 0) 


stress, Whe 
corrected in a similar manner and shown in Fig. 3 
of the of the 


guessed and corrected positions of the lines of shearing stress may 


An estimate Un portance difference between the 


be found as follows } he average SLPOSS Tavg along the line 7] 


in the region 7; 
Q 


where #) is the static moment about the neutral 


ine Ye and the lines of shearing stress passing 
through / and (a / The 


1 alole r 


aren bounded by the 


results obtained with y 0 


collected ii show that further repetitions of this procs 


ARLI AVERAGE SHEAK STRESS 


to obtain satisfactory results in the region 


‘lof the maximum stress, however, 


te iphborhwon 


ition gives fairly good results 


(GENERAL Remark 


onvergence of the procedures deserbed in 


ds not only on the accuracy of the mitial guess 
but also on the details of the ealeu 
mtion ion of 


Meret! il 


methods 


some of these was earrved out by 


ontributions to the development of these 


full icknowledged He showed that in the 


torsion | ergenet Is unproved b choos 


hor exainple, Cony 


ing the lines of sh iring stre s close together near the hboundar 


of the er ‘ ” ind farther apart away from there 





$26 


The methods suggested in this paper can also be applied in 
eases of combined torsion and bending loadings and to beams with 
asymmetrical cross sections. Whenever the position of the 
center of twist is known (as, for example, because of symmetry, in 
the equilateral-triangular section discussed previously) it is of 
course possible to break up any combined loading into a twist 
about the center of twist plus a shear force through that point 
[f the center of twist is not known, the usual methods (4, 8) can 
be applied here. For example, one may determine first the 
position of the center of twist by solving the problem of bending 
twice on the basis of two assumed neutral axes, in each case de- 
termining the line of action of the shear force resultant so as to 
cause no twisting moment. The intersection of the two lines of 
action thus determined is the center of twist; once this point is 
known the solution can be obtained readily 

Accurate drawings, from which the required distances may be 
sealed off, are of course necessary in any application of these 
This is especially true in the bending problem, where 
In the exam- 


methods. 
small differences of large numbers sometimes arise. 
ple discussed previously it was noticed that serious errors result- 


ing from this cause could be avoided by the use of carefully 
plotted curves of W’ against z, Fig. 4, and by employing all the 
checks available on the calculations. Some of these have been 
indicated in the text; others are easily devised if it is remembered 
that the exact values of the stress functions are always known on 
the boundary of the cross section, As in most successive approxi- 
mation methods, however, errors made in any one eyele do not 
change the final results, but merely retard the convergence 

The results of the torsion exampde show that fairly rapid con- 
vergence may be obtained even when the initial guess is greatly in 
error. The bending example shows that a crude net of lines of 
shearing stress sometimes may be sufficient to give satisfactory 
results. If the calculations have been carried through a large 
number of cycles, an improved value of the maximum stress some- 


JOURNAL OF APPLIED MECHANICS 


SEPTEMBER, 1953 


times may be obtained by means of one of the graphical extra 
The most ad- 
vantageous details of the procedure, from the standpoints of 


polation procedures described in reference (10) 


accuracy and convergence have not, of course, been studied fully 
in this paper, but the results given seem to indicate that the sug- 
gested procedure offers a promising method of analysis of beams 
of complicated shapes under bending and torsion. It may be of 
interest to note that the solution of each of the illustrative exam- 


ples was obtained in approximately 3'/. hr. 
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Elastic Spheres in Contact Under 


Varving Oblique Forces 


By R 


An investigation is made of the phenomena occurring at 
the contact surfaces of like elastic spheres subjected to a 
variety of applied forces. Owing to the presence of slip, 
with its associated energy dissipation and permanent set, 
the changes in tractions and displacements depend not 
only upon the initial state of loading, but upon the entire 
past history of loading and the instantaneous relative 
rates of change of the normal and tangential forces. On 
the basis of three of the simplest cases of varying oblique 
forces, a set of rules of procedure is assembled and then 
applied to two types of problems. [n the first, the initial 
tangential compliances are calculated for a variety of past 
histories and instantaneous rates of loading; in the other, 
a detailed history of a varying oblique force is investigated. 


INTRODUCTION 


Hk mathematical study of the effeets produced by mutual 
compression of elastic bodies was initiated by Hertzt who 
considered the case in which the forces between bodies are 
normal to the contact surfaces 7 of the effects 
of forces tangential to the contact surfaces have revealed the 
This phenomenon, with 


fecent studies® ® 


necessity for taking slip into account 
its accompanying energy dissipation and permanent set, intro- 
nonlinearities of a than the Hertz 
Not only do the changes in stresses and displace- 


duces different character 


nonlinearity 
ments depend upon the initial state of loading, but also upon the 
entire past history of loading and the instantaneous relative rates 
of change of the normal and tangential forces. For example, 
different phenomena are involved and different results obtained 
depending upon whether the normal or tangential force is held 
while the other whether they both vary, and 


constant vanes 


whether the sense of the variation is such that one increases while 
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faces of Llastic Spheres,’ 


Discussion 


D. MINDLIN? ann H. DERESIEWICZ,* NEW YORK, N. Y. 


the other decreases, both increase, or both decrease; whether the 
relative rate of change is greater or less than the coefficient of 
friction; whether the immediate past history of loading was in 
the same or opposite sense as the current loading. This situa 


The 


ones selected are those which seem likely to arise in ipplications 


tion makes it necessary to study a variety of special cases 


and, at the same time, reveal new phenomena or require new 


techniques In every case, the elastic bodies considered are 


identical spohe res 

After a bref statement, in Section 2, of the results of the Hertz 
theory, three of the simplest eases of varying oblique forces are 
considered in Sections 3 to 5 In these, the normal force is held 
While the 


On the basis of the considerations employed and the re 


constant tangential force increases, decreases, and os 
cillates 
sults obtained in the preceding cases, a set of rules for further 
procedure is stated in Section 6. The rules are then applied to 
two types of problems. In the first (Sections 7 to 13), the initial 
u Variety ol past his 

In the second (Sec 


tions 14 te 19), a detailed history of «a varving oblique force is 


tangential complianees are ealeulated for 


tories and instantaneous rates of loading 


investigated, An integral is encountered which necessitates 2 


definite choice of loading history in order to proceed further 
The one selected is the case of an initial normal load, followed by 


an oblique force whose inclination remains constant while its 


magnitude varies. The force first increases, then decreases, and 


finally, oscillates 


NokMAL Force Vanyine, TaANcextiat Fores Zeno 


This is the case to which the Hertz theory is appheable The 


theory prediets a plane, circular contact surface of radius 


(ANR)* 


force, Rois the radius of the spheres 


in Which v and & are Poisson's ratio and 


where \ois the normal 
and A = 3(1 v*?) 4E 
Young’s modulus, respectively, of the material 

The distribution of normal traction on the 


contact surface 1s 


given ty 
JN 
(a? 


2rué 


p is the radial distance from the center of the contact sur 


theory also gives the relative approach of the spheres 


a= 2AN/h**) 


Hence 


the normal compliance of one sphere is 


l da 4 Es ea 
2dN 3 \RAN hun 


Where w is the shear modulus of the material 


INCREASING 
The 


normal force is applied first, following which the tangential force 


3 Norma Force Constant, TaANcentiat Force 


This is the case investigated by Cattaneo* and Mindlin.* 
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T increases monotonically from zero, Considerations of sym- 
metry show that the distribution of normal traction is not altered 
during application of 7’, as jong as the two spheres are alike.* 

If it is assumed that no slip occurs, symmetry considerations 
lead to the conclusion tha! the tangential component of displace- 
ment at the contact surface is that of a rigid body. The situation 
is thus reduced to a mixed boundary-value problem in elasticity 
On the contact surface, the normal component of traction (zero) 
and the tangential component of displacement (constant) are 
given, On the remainder of the surface of the sphere, approxi- 
mated as plane, the three components of traction are given (al! 
zero), Solution of this problem gives the tangential component 
of traction rT on the contact surface. 
to the displacement (and the force 7’), is axially symmetrie in 
magnitude and increases to infinity at the edge of the contact sur- 
face. In addition to yielding the initial tangential compliance, 


this solution reveals that slip must accompany tangential forces, 


This is everywhere paralle! 


as infinite tractions are required in the absence of slip. 

Slip may be expected to start at the edge of the contact sur- 
face, where infinite tangential tractions would occur without slip, 
and progress radially inward. Since 7, in the absence of slip, is 
radially symmetric, it is reasonable to suppose that slip oecurs on 
an annulus. Further, as a first approximation, it is assumed that 
the tangential traction on the annulus of slip is in the direction 
of the tangential force and has the magnitude 7 = fa, where f is 
a constant coefficient of friction, On account of symmetry, the 
tangential component of displacement is constant on the portion 
of the contact surface on which no slip occurs (the ‘‘adhered 
reduced to another mixed 


The tangential displace- 


portion”). Thus the situation is 
boundary-value problem in elasticity. 
ment (constant) and the normal traction (zero) are given on the 
adhered portion and the traction is given over the remainder of 
the boundary (tangential traetion = fo, normal traction zero on 
the annulus of slip and all three components of traction zero out- 
side). Solution of this problem®® yields the inner radius of the 
annulus of slip 


c=a(l T/{N)'’ 


the distribution of tangential traction on the contact surface 


BPN ? 
"0" *? 
RTA 


2rai 


‘ie 


\(a* p”) 


and the displacement of distant points with respect to the uni 


form displacement of the adhered portion 


3(2 vf (. 
lOua 


3(2 vyt\ Ve 
= 1 l ~ 
l6ua d f\ 


The distribution of tangential traction on the contact surface 
and the relation between tangential load and displacement are 
illustrated in Figs. 1 and 2, respectively As 7 approaches fV, 
point ¢ in Fig. 1 approaches the center of the contact surface 
(point O) in accordance with Equation {5}. For any 7 < fN 
there corresponds a point on the curve in Fig. 2, in accordance 
with Equation [7]. When 7 = f%, the adhered portion of the 
eontact surface has shrunk to zero and the displacement has 
reached the abscissa of point Fin Fig. 2, at which poet the dis- 


* A case in which the normal traction is changed as a result of ap- 
plication of a tangential force is considered by H. Poritzky, Journal 
ov Apputep Mecuanics, Trans. ASME, vol. 72, 1950, pp. 191-201. 
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an 


placement becomes indeterminate, as rigid-body sliding takes 
place over the whole contact surface. A distinction is thus made 
between slip and slide. The term slip is used here when there is 
relative tangential displacement over only a portion of contiguous 
surfaces. When 7’ reaches the value for which the inner bound- 
ary of the slip surface shrinks to zero, there is relative displace- 
ment over the whole contact surface; this situation is termed 
slide. 

The tangential compliance for the case of constant normal force 
and monotonically increasing tangential force is the reciprocal of 
the slope of the curve in Fig. 2 and is given by the formula 


db 2—y T bes 
- ! (3) 
dT Sua fN 


Thus the tangential compliance is (2 — v)/Sua at T = O and is 

infinite at 7 = f\;i.e., free sliding takes place at the latter load 
The ratio of the initial tangential compliance, (2 v)/Sua, to 

v)/2(1-—v). Hence 


the ratio ranges from unity, forv = 0, to3/2,forv = 1/2, 


the normal compliance, Equation [4], is (2 


$1 Norma. Force Constant, TANGENTIAL Force DecreAsIna 


Suppose, now, that after having reached a value 7'*, where 
O< 7* <fN, the tangential foree 7 is reduced. If slip were pre- 
vented, the tangential traction 7 would tend to negative infinity 
on the boundary p = a. This conclusion is reached from the 
solution of the appropriate boundary-value problem ia elasticity, 
as described in the preceding section Hence slip, opposite in 
sense to the initial slip, is presumed to start at p = a and pene- 
trate to a radius 6, assumed, temporarily, to lie in the interval 
As in the preceding section, the tangential traction 
a is equal to fa but its sense is now op- 
Hence the change of trac- 
a is Since no additional 
slip occurs on the surface p S b, the change of tangential dis- 
placement in that region must, from symmetry, be that of a rigid 
body. Thus the change due to reduction of 7 presents a 
boundary-value problem in elasticity identical in form with that 


eS) % a. 
on the annulus ) S p * 
posite to that of the initial traction. 


tion over the annulus b & p 2fo. 
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encountered in the preceding section Hence the change in 


tangential traction, by analogy with Equations {6}, is 


ra 


This distribution is illustrated by curve a-A’-B’ in Fig. 3. 
The resultant traction accompanying a reduction in 7’ is ob- 
Equations [6 and the 


initial traction 


with the result 


tained by adding the 


change, Equations (9), 


This is illustrated, in Fig D-E-F, which is the sum 


of a- 1-/ india 1 B 


T 
{ 








The equilitrium condition 


/ / T plplt 
* o * u 


lds, upon insertion of 7 from [equations [10 


f\ 

12 
st term on the right of 
the depth ot 


that the fir 


is the initial tangential foree 7'* 
4 


Noting, from Equation [5], 
Equation [12 


penetration of counterslip is 


T*—T\" 
h=a l 7 {13 
2fN 


a is valid as long as --T* © T S 
when the tangential load is fully re- 


Thus the assumption ¢ h 
T*. When 7 oa 
versed, b = ¢, i.e., counterslip has penetrated to the depth of the 
initial slip. At 


with signs reversed 


he same time, Equations [10] reduce to Equa- 


tions [6 The traction is then distributed 
just as the initial traction at 7 = 7* was, but with opposite 
7 had ever 


ae 


sense The situation is the same as if no positive 


been applied, but only a negative 7’ of magnitude Upon 
J I 


ELASTIC SPHERES IN CONTACT, 


VARYING OBLIQUE FORCES 


further decrease of T to —fN the phenomenon is again the same 

as the one deseribed in the preceding section tor a monotonic Rs 
The associated displacement of the adhered portion is found by 

a similar The change in displace 


process of superposition. 


ment is obtained by multiplying the first of Equations [7] by --2 
The initial dis- 
placement is given by the second of Equations [7] with 7° replaced 


ly 7°? 


ind replacing ¢ by 6 as given in equation {13}. 


The sum of the twois 


LOhpact 


vt 


lua 


The tangential load-displacement curve is illustrated by the full 


lines in Fig. 4 





The compliance for unloading t 


dé ? v ( ti 1 ) 
dl Sua 27N 


It is interesting to note that the initial compliance On unloading 


(7 7* in equation [15]) is the same as the initial compliance 
on loading (7 0 in Equation [8}); that is 
of PR at P is the same is the slope WfOP ato 

When 7} 

yg by OR, in Big. 4 
etting 7 Qin kquation [14 
not zero, but is a self-equilibrating distribution obtained b 
4 atl ? /agN} 

When 7 bh 
reached the negative of the displacen nt at 7 7, 48 
scissa of S in Fig tbscissa of P 
compliance is identical with that of curve OP at 7 ie 
P-R-S is tangent, at S, to the 


in Fig. 4, the slope 
sheen reduced from 7'* to zero, there is a pernianent 
the magnitude of which is obtained by 
The accompanying traction is 
setting 
‘in equations [10 
heen reduced to T*, the displacement has 
’ the ab 
and the 
Hence 


| per 


tis the negative of the 


the unloading curve eentra 


loading curve OP Upon further decrease of 


follows the refleeted 


ion OS, of the 


T* to tN 


curve SI’ 


loading 


the unloading curve 


in accordance with the results for monotonic 7 given 


in Section 3. 
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Pa NorMAL Force CONSTANT, TANGENTIAL Force OsciLLATING 
7T* is 


Hence 


In the preceding section the entire situation at 7 = 
identical with that at 7 = 7'*, except for reversal of sign 
a subsequent increase of 7 from —7'* to 7'* will be accompanied 
by the same events as occurred during the decrease from 7'* to 

7*, except for reversal of sign. Thus, in starting along SU, 
Fig. 5, the compliance at S is the same as the compliance at P of 


PR. 


Slip again starts at p = a in the same sense as occurred 


T 
J 


T 





-T* 
hia. 5 


along path OP. At an intermediate point of SU’, the* traction 
will be like a-D-E#-F, Fig. 3, with sign reversed. When the tan- 
gential foree once more reaches 7°*, b will again have penetrated 
toc and the traction will be exactly a-A-B. 

The displacement along path S-l’-7 is 


(2 wf ( 
2\1 
lua 
( -) ’ 
l 

tN 
Henee, when 7 ?*, the terminal points ? of S-U-P and P of 
OP, Fig. 5, are identical, as may be seen by comparing M-quation 

[16] with Equation [7] for that value of 7, 

Subsequent diminution of 7 will then produce a repetition of 
the events accompanying the first diminution. 

It is now evident that during oscillation of 7 between +7°*, 
with Vo maintained constant, the load-displacement curve trav- 
erses the loop P-R-S-U-P, Pig. 5. 

The area enclosed in the loop gives the frictional energy loss 


per evele 


(5, 6,)dT 


W(2- v)ftv? Y 
1Oue ( 
aT i s Nh 
fn : IN | 
For small 7* fN\, Equation [17] redaices to 

2 —»)T* 

pe Gt 
S6uafN 
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i.e., the energy loss per eycle varies as the cube of the maximum 
tangential force, 

Some of the conclusions reached in this section have been sub- 
jected to experimental test.?. The occurrence of the annulus of 
slip has been verified, as well as the constancy of the coefficient 
of friction and the relation between the size of the inner radius 
of the annulus and the magnitude of 7'*. In the tests, the energy 
dissipation, for magnitudes of 7*/fN close to unity, agreed with 
the values predicted by the theory; for 7'*/fN in the vicinity of 
zero, however, it appeared to vary more nearly as the square than 


the cube of the maximum tangential force, 
6 Rees or Procepure 


The results of the two preceding sections have been obtained 
by means of extensions of Cattaneo’s and Mindlin’s solutions for 
Before 
proceeding to cases of greater complexity, it may be helpful to set 


the case of constant N and monotonically increasing 7. 


down, explicitly, the rules upon which the two preceding and the 
subsequent developments are based: 
tule 1. 


component of traction on it 


The radius of the contact surface and the normal 


are given by the Hertz formulas, 
equations {1] and [2]. 

Rule 2. With every application or change of tangential force, 
slip will be initiated whenever, in the absence of slip, the solution 
of the appropriate boundary-value problem in the theory of elas- 
ticity vields a tangential traction, at any point, in excess of the 
product of a constant coefficient of friction and the normal com- 
ponent of traction at that point. 

Rule 3. Slip, in the direction of the force causing it,? pro- 
gresses concentrically, radially inward from the boundary of the 
contact surface, forming an “annulus of slip.”’ 

tule 4. At any point on a contact surface, the magnitude ot 
the tangential component of traction is at most equal to the 
product of a constant coefficient of friction and the normal eom- 
ponent of traction at that point. The equality necessarily holds 
uta point at which slip has just occurred, in which case the trac- 
tion has the same sense as the slip.’ 

Rule 5. The adhered portion of the contact surface, ice., the 
portion encircled by an annulus on which slip occurs, is subjected 
to a change of tangential traction and undergoes a rigid-body 
tangential displacement, The radius of the adhered portion, the 
distribution of the traction and the magnitude of the displace- 
ment are obtained from Cattaneo’s and Mindlin’s formulas, 
Equations [5], [6], [7]. 

Rule 6. Beginning with an equilibrium position, for which 
the displacement and the distribution of traction have been estab- 
lished in accordance with the preceding rules, the effects of a 
change in the state of loading are obtained by advancing to the 
desired state through a sequence of equilibrium: positions, each 
of which is obtained from its predecessor by applying Rules 1 to 
5. In particular, the condition of equilibrium, Equation [11], 
is useful. 

In the following sections these rules are applied to the calcula- 
tion of tangential compliances for a number of past histories, 


initial states, and variations of both V and T. 
7 N Inereasine, 7 INCREASING 


Suppose that, after an initial state has been reached by first 
applying a normal force NV and then a tangential foree 7, both V 
and 7’ are to increase at an‘arbitrary relative rate. 

The initial state is given by Equations [1], [2], [5], [6], 

The distribution of tangential traction is illustrated by 


and 


* There is a small lateral component of relative tangential displace- 
ment which accompanies the major slip in the direction of the applied 
force. The lateral tangential traction, which accompanies the lateral 
slip, is neglected. 
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curve a-A-B in Fig. 6, the tangential load-displacement history 
by curve OA in Fig. 7. 

Now, increase .V by an increment AN. 


tact surface increases to a value a, given by Equation |1] 
replaced by V + AN 


The radius of the con- 
with \ 


ay A(N + AN)R]? {19} 


The tangential traction remains unchanged. 

With the normal load held constant at .\ 
tangential force by an increment AT’ < fAN. 
the rules of Seetion 6, slip begins at p = a; and progresses inward 
- and \ replaced 


AN, increase the 
In accordance with 


to a radius ¢ given by Equation [5] with ¢, a 


byte ay, AT, and NV + AN, respectively 


a, {i AT f(N AN)|¢ 20) 


From equations [1] and [19 


a(n AV) 


Henee p 
*(fN + fA\N 


Cy = alfN) 


T 














The same replacements in Equations |6| and [7] give the inere- 
ments in traction and displacement, the former of which ts illus- 
trated by curve a-A’-B’ in Fig. 6. The load-displacement rela- 
tion, during the increment, is illustrated by curve AB, in Fig. 7 
The slope of AB, at A, is Sua, /(2 v) 
be ascertained from Equation 


These conclusions may 
7} and its derivative with respect 
to AT, after the appropriate replacements have been made. 

Now increase AT’ to fAN 


in to a; 


From Equation [22], ¢ progresses 
i.e., the inner radius of the incremental annulus of slip 
shrinks to the radius of the initial contact surface. The inecre- 


ment in tangential traction is now given by 
3f(V + AN) 
° ( 
2ra;' 
3f(N + AN) 
= 


2ra;' 


Ar = a,?-— p?) 


Ar {(a,? p?)' 8 p?)' psa 


ELASTIC SPHERES IN CONTACT, VARYING OBLIQUE FORCES 


SS 
and is illustrated by curve a,-A’-B' in Pig. 8 
gential traction is the sum of Equations [6 
equation [21], this becomes 


The total tan 


and [23 Using 


SUN 4 
Ar = 
2ra,' 


AN) 


Tr T + (ay? 


BIN + AN) 


Tr (ay 


2ra,* 
But this is the distribution that would have been obtained if the 
entire history had been an initial application of normal force Vo 4+ 
AN followed by a single application of tangential foree 7 4 
fan. 1-B and a,-A’-B’ 


Thus the sum of curves a 


< 


in Fig. 8, 











is m-A"-B", whieh is the curve corresponding to Equations |24) 
Further increase in AT will then produce tractions in accordance 
with the findings in Section 3 for monotonic increase in 7 

Further, when AT’ = fAN, the total displacement is the same 
as would have been obtained if an initial normal foree V+ AN 
had been followed by a tangential foree 7’ 4+ fAN; ie., point B of 
AB, in Fig. 7, coincides with point B of the load-displacement 
curve, O-B'-B, for initial normal force Vi + AN, Upon further 
increase in 7’, the load-displacement curve follows path B¢ 

The compliance eat A of curve AB, in Fig 7, is 


2 v 
Sud 


The compliance at B of curve O-B-C is 


2 v rT “ 
l 
Spur, f(N + AN) 


Henee, for small A7 


> FAN, the increment in displacement is 


2 v T " 
é 2 + T fAN 
Ab op [vas (: aN a mn) (A7 A | 


The compliance at (CV, 7), for N and 7' Increasing, is then 


Ab 
AT 


ec, = lim 
AN-O0 
sT-+0 


2 v J dN 
= / 
Sua | dl 


If AT < fAN, 
yond B in Fig. 7 


AN 
dl 


dN ih 
“) ( fn 


} 


the load-displacement curve does not extend be 


Hence 


(25) 


9 
~ 


46 = 


and the complhance is 
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& N Decreasinc, 7 INCREASING 


Starting with the same initial state as in Section 7, it is desired 
first to decrease N by an amount AN, with the tangential load 
held constant. Such a decrease would reduce the contact radius 
to a value a), given by Equation [1] with N replaced by A AN. 
However, the portions of the spheres in annulus a, < p < a would 
no longer be in contact, and would be unable to sustain tangential! 
traction, Consequently, before a reduction of normal load may 
be effected, it is necessary to remove the existing tangential trac- 
tion from this region, This removal may be accomplished by 
means of the following procedure: 

(a) The contact area p < a is “frozen”; i.e., 
mitted to take place. 

(b) A distribution of traction is added, such that it will cause 
the annulus a, <p <a to become free of traction, and, at the same 


no slip is per- 


time, obey the injunction stated in (a). 


s 





Such a distribution (see Fig. 9) is given by 


Air = id (a’ s/t a S S a 
: 2ra* Pe oe ee 


3fN 
J, - (a? p?)' : (a;? 


2) ‘/a : < a 
2ma ° lp 


Air = 


The resultant traction (which, it should be noted, corresponds 
to a condition of equilibrium with the foree 7'-— fAN, but not 
with 7’) will be 
Tr =~9, @& Spra 
3f(N — AN) 

27ra,* 
Bf(N AN) 
27a, 


Tr, = (a,? ae)" cQSipauw 


[(a,2 — p®)'? (c? 


p)"\,p Se | 


Tr, = 


Since annulus a, & p <& a is now free of traction, it is permissible 
to decrease N by AN. The distribution of traction, Equations 
(28], is the same as if the order of loading had been: (1) NV 
AN, (2) T, = f(N AN) (1 c/a’) = T — fAN, where the 
value of 7, is obtained by applying the integral condition, Equa- 
tion [11]. The displacement may be thought to follow path 
AB, Fig. 10. 

A portion of the tangential force, represented by the volume 
under the traction distribution, Equations [27], was removed in 
the course of the reduction of the normal load. But the spheres 
must be in equilibrium with 7’; hence the force fAN is trans- 
ferred to the remaining contact surface (i.e., p 
quence of the assumption stated in (a) of this section, the addi- 
tional tangential traction” resulting from this transfer is given by 


Sa). In conse- 


(see Fig. 9) 


_ fAN 


A:t = p)-"* psa [29] 


o (a;? 
«Way 


1° See Equation [76], reference (6). 
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This is the distribution, referred to in Section 3, which increases 


without limit as p approaches a, 

Now unfreeze the contact surface. Slip will progress in the di- 
rection of the applied tangential force in accordance with the 
fundamental rules. The resultant tangential traction will be dis- 
tributed as given by Equations [28| with ¢ replaced by e, 


( . ) | 
‘ a, \l 
f(N AN) 


The displacement may be thought to take path BC in Fig. 10 
AV), increase 


where 


Now, holding the normal foree constant (at \ 








Fig. 10 


the tangential force by an amount AT’. At this point the tan- 


gential traction will be given by Equations [28] with ¢ replaced 


a (: r+ar\" | 
(2 = Qa; fl V AN) a) 


It is interesting that the resultant traction has, qualitatively, the 
same form as the initial traction, Equations [6]. 

The displacement will follow path CD on curve O-B-D, Fig. 10 
Hence the compliance will be 


j 1 2 v ( ") —'/¢ ] \ 
Gc = ] "I AN 7 4 si q 
aN® ' AT Sua fa r ! fN (fA V + A7 | { 


AaT—0 
< (: + f v) (: z) - | (30) 


2 v . dN 
= f 
Sua - ~@Fr 
0, its absolute value must be used in 


Since, inherently, dN /dT' < 
this formula. 


by ¢, where 


9 N Increasine, 7’ DECREASING 


1 Apply .V, increase the tangential force monotonically from 
zero to 7*, then reduce it to 7. The tangential traction is given 
by Equations [10]; its distribution is shown by 7» in Fig. 11. 


T 
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2 Keeping the tangential load constant, increase the normal 
load to N + AN 
by Equation [19]. 

3 Keeping the normal force constant (at V + AV), reduce the 
tangential force by AT. 
Ar, Fig. 11) will be given by Equations [23] with sign reversed. 

Again, if AT = fAN, so that ce; 11), the resultant 
traction will be 


The radius a, of the new contact area is given 
The tangential traction remains unchanged. 


The additional tangential traction (see 


a (Fig 


BIN + AN) 
Tr = : : (a,? 
27a, 
3fUN + AN) 


2a, 


Hence the situation is the same as that obtained by (1) imposing 
AN, (2) applying a tangential load 7;*, (3) 
reducing the tangential load to 7; = T FAN 
fi V + AN) (1 ( 


a normal load V+ 
T,* may be 
found by noting that 7,* = a,*) = T* 4 
TAN. 

4 The displacement (see Equation [14]) at the conclusion of 
step 1 will have traversed the path O-A-B (Fig. 12); following 
step 3 it will have reached point C, at which stage path O-A-B-C' 
meets path O-A’-C, 

If AT > fAN, splitting the decrement into fAN and AT 
JAN and applying these parts consecutively will yield a result en- 
tirely similar to that found in part 3 of this section, The addi- 
tional displacement will follow path CD along curve A’D (Fig. 
12). 


inherently, dN /dT < 0, so that its 
absolute value must be emploved, the compliance is 


78 301 vay I 
( = iim f + 
’ an-eo (AT Sua 


AT-—0 


Remembering that, again 


dN 
dl 
dN 


Rua ’ dT f 
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Repeat step 1 of Section 9 


2 A decrease of normal load by an amount AN must be pre- 


ELASTIC SPHERES IN CONTACT, VARYING OBLIQUI 


FORCES 333 


ceded by the expedients discussed in (a) and (b) of Section 8, 1.e., 
a freezing of the contact area, and freeing of the annulus a, 

p < a of tangential traction by adding, with sign reversed, Ar of 
Equations [27 


rium with the force 7, will be (Fig. 13) 


The resultant traction, which is not in equilib- 


Tr, = 0 


Tr, = 


hie, 13 


The decrease in normal load is effected concurrently Jwith the 
This distribution may be reached by: 
fAN, (3) re 


The transferred load (see Sec- 


removal of the traction, 
AN, (2) applying 7\* = 7'* 
fAN 


tion 8) gives rise to a distribution of traction given by Pquation 


(1) applying \ 
ducing from 7,* to 7 4 


29) with sign reversed. 
3 Unfreeze: slip will progress in the direction opposite to 
that of the initial tangential force, The displacement may be 
thought to take path B-B-C (Pig. 14) 


given by Equations [33] with b replaced by ty, 


ti / AN z 
b =a, 1 : : 
2f(N AN) 2(\ AN) 


4 Further displacement, due to a decrease of tangential load 
AN ), will proceed along curve 
Thus the compliance will be 


The traction will be 


where 


at constant normal load CV 
A’-B’'-C' to point D 


") (AT sav) | 


aN 
dl 
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a fins 
c, = lim — fAaNn + 
ano (AT Sua 


AT-+0 
2—» f dN 
; Spa dT 
In the preceding four sections the discussion concerned tangen- 
tial compliances due to simultaneously varying normal and tan- 
gential forces applied at nonzero levels of increasing or decreas- 
ing tangential load, in particular, at levels having a given pre- 
vious history in the direction of the additional tangential force 
In each case, the magnitude of the initial tangential force at these 
levels was reached at constant initial normal load. 
In addition, it is of interest to find the values of compliances 
resulting from oblique loading at levels of tangential load which 
have no previous loading history in the direction of the tangential 


component of the system of oblique forces. The cases 


(a) N increasing, 7’ increasing, at 7* = 0 

(b) N decreasing, T increasing, at 7'* = 0 

(¢) N increasing, 7’ decreasing, at 7) = 7'* 
are no more than special instances of loading considered in See- 
tions 7, 8, and 9, respectively. 
directly from the general expressions given in the corresponding 


The compliances are obtained 
sections. On the other hand, there are several cases of interest 
for which the results cannot be obtained from previously consid- 


ered cases. These are considered in Sections 11 to 13. 


11 N Dercreasinae, 7 Decreasina, at 7 = 7'* 


1 Repeat step 1 of Section 9, with the proviso 7'* 
AT is an infinitesimal, 

2 The reduction of the normal load by AN again must be 
preceded by freezing the contact surface and removal of trac- 
tion, as described in Sections & and 10. Here, however, it is 
necessary to treat separately the cases AT’ 2 2fAN and AT - 
2fANn. 

(a) AT 
that 


> 2FAN. 


(*) 
= | 
a 


Hence the situation is the same as in the general 


Reference to Equations [1] and [13] reveals 


AT . 
2p 


ie, a 2 Ob. 
case (Section 10); the compliance, a special case of Equation [34], 
is given by 

2 v 

C4 
Sua 
The connection between this loading and the one discussed in 

Section 10 may be established by noting that, in Section 10, the 
with AV = O, ie, dT /dN = 


load is decreased from 7'* 


oe » 2 


In this case 
AT 
2f\ 


(b) AT < 2fAN. 


b \? 
= | 
a 
ie, ay <b, 


Now freeze the contact area. In order to free annulus a; 
p <a of tangential traction, add the following distributions of 
traction (Fig. 15) neither of which causes slip over circle p Say 


3fN : 
Air = J : (a? pp)", bsp 
wa 


3fN ' 
Air = yf [(a? p?)' : (b? p?)'*], p Sb 
ra’ 


an 
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_ 
a’ ) 
2ra* ? 


BPN 


2ra’ 


l(a? p”) 2 (a,? p*) |, p S a, 


The resultant traction (not in equilibrium with 7’), found by 
adding tractions of Equations [10), [35], and [36], is 


< 


Tr, = 0, a pra 
3f(N AN) 


(a,? p*) 
2ru;* 


TRn 


Bf(N AN 


) 
[(a,? 
27a,* 


TR, 











hig. 15 


Again, the normal load may be reduced by AN, provided that, 
concurrently, a traction distribution, similar to Equation [29], is 
Its magnitude will be such as to 
provide the tangential force contained in the difference of volumes 


applied over the area p < ay. 


under the traction surfaces given by Equations [35] and [36}. 
Hence 


AT — fAaNn 


Ar = (a;2 — p*) 


27a, 

The traction of Equations [37] is the same as if the order of 
loading had been: (1) NV —- AN, (2) 7,* = T7* —fAN. 

Now unfreeze; slip will progress in the direction indicated by 
the sign of the traction of Equation [38], ie. for AT < fAN, 
in the direction of initial tangential force, for fAN AT. 
2fAN, in the opposite direction. In the former case, the path of 
the displacement may be thought to be O-A-B-A-C-D (Fig. 16); 
the expression for the compliance is 


_ fi ? v 
c = 1 . fAN 
pe lar Sua ~ 


AT-+0 


2 v ag ” ; : — t 


2—p»p dN dN 
- i #48 —7— 
Sua d7 dl 


In the latter case, the displacement may be thought to traverse 


dN 


aT f aa 
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path O0-A-B-A-C-D in Fig. 17, where CD is part of an unload- 
ing path such as A’B’ in Fig. 14. The compliance is ¢ = (2-—v) 
Sua; thus this expression is valid for allO [dN dT <1 f. 

The traction of Equation [38] vanishes for AT = fAN, indi- 
cating that, in this instance, Equations [37] correspond to a con- 
dition of equilibrium with the force 7; hence no slip aecom- 


panies unfreezing 


2(a? 
2(h2 p?)' ? (¢2 p*)'  p , 


Hence the situation is the same as if the order of loading had 
been: (1) Vo + AN, (2) 7)%, (3) reduction of tangential load 


to 7), (4) its nerease by AT. Tt may be noted that 


27 AN 


Phus, on the loud displacement curve, Fig. 19, path O-A-B 
(-C" may be replaced by path O-AB°C", The compliance is 


given by 


12) N INcreasina, 7 INcrEAsING, at Point oN UNLOADING 





CURVE 
] tepeat steps 1 and 2 of Section 9 
2. Keeping the normal force constant (at Vo + AN), increase 
the tangential foree by A7’ 
Three cases arise, depending on whether AT’ 2 fAN 
(a) AT = fAN The additional traction will be such as to 


cause slip, in the direction of the newly applied force, in an annu 





luse; Sp S a, and no further slip on circle p \ e. Hence 


3f(N + AN) 
Ar =- (a,* 
2rra;' 


3f(N + AN) 


2ra,3 


( | ) 
(1 =a ] 
f(N + AN) 


Since AT = fAN, « = a; hence the resultant traction (the 
sum of Equations {10} and [40]) becomes (see Fig. 18) 


Ar 


where 
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(bh) AT > fAN (ce, <a). If the increment AT is applied in two AT\ 
steps: A:T = fAN, A.7 = AT -— SAN. in the usual manner, bh =a\l oF 
the course of events will be found the same as in (a) of this sec- 7 


tion, with the exception that A7’ = AT + fAN. Hence, again Hence the resultant traction Tro is given by Equations [41] in 
which V + AN, a, and a are replaced by NV, a and hy, respectively 


. T 
T+fAN 





hia. 20 





(ec) AT < fAN (e; > a). The additional traction Ar, Equa- 
tions [40], may be replaced by an equivalent distribution in the 
form (see Fig. 20) 


3f(N + AN) ; 
Air =~ (a,* ep)’, axsps 
2ra,* 


3f(N + AN) | 
\(a 


2rra,* 


Air 








and 





At 0, art=p* 


ae = le . | 
<7)" ~ 3 Now, keeping the tangential foree constant (at 7 + AT), 
BPN, decrease the normal force by AN. The new contact radius is a). 
Ay lev? ' : ly Several cases arise depending on the relative magnitudes of AT’ 


21, , , ; 
and fAN. The solution follows the pattern established in Section 
where N,,/e)32 = N/a. 8; 1e., (1) freeze the contact area, (2) remove the traction in 


It is seen that to 4+ Ayr is the resultant traction Tg, Mquations annulus a; S p < ain such a way that surface p S a, remains 
[41], obtained in ease (a), Hence the load-displacement curve — frozen, (3) decrease Vo by AN, (4) unfreeze and permit slip to 
will be as shown in Fig. 21, There, path O-A-B-C-D may be re- — oceur until equilibrium with foree 7’ + AT is re-established, 
placed by path O-A’-B’-C'-D. The compliance becomes (a) AT 2 2fAN (a, 2 by). The additional traction neces- 

sary to free annulus a, S p S ais Agr (see Fig. 23) given by 
2 2 v ( Equations [36] Ilence the resultant traction (which is not in 


;112—?, 2 “ 
“ ert (ATL Sua, fa Suc (fa. ar) { equilibrium with 7° + AT) becomes 


\T +0) 
2 v 44) wn =0, ap: 
_ 3f(N—AN) . 


_ . . ’ : F en (a,? 9?) 
Phus, Equation [44] is valid for all values of dN/d7T > 0 2ra,* , f 
4 ny 3f(N 
13° N Deereastna, 7 INcreasine, at Pony oN UNLOADING a. M AV) (ay? 
CURVE 2ra,* 
| Repo itstep Loft Section 9 
2) Keeping the normal force constant, increase the tangential BIN ANY). 
vay ° ° (a)* 
load by an amount AT. In view of the discussion leading to a ora) . 


Equations [10], the increment in traction will be (Pig. 22) 


“fn, iw 3f(% AV) (a? 
a 2)'/2 La a < . (ay? 
Air = ag (a p?)'*% bsp . ora, 
+ D(h2 2 
3f\ a a — 
Air = aa [(a* — p*) “* — (b,* — p*) “4], 
This distribution of traction may be attained by applying (1) 


where N — AN, (2) 7,*, then (3) reducing tangential foree to 7), and 
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(4) again increasing it by AT, where the values of these load 


levels are 
fa 
T,* = f(N — AN) (1 : 
ay 


= T*—fANn 


ha 
vs" Ty = 2f(N AN) (: :) 
a 
= 7° T 2fAN 
hence 


Ty = 1 + fan 


AT = 2f(N — AN) (: 


= A7 2fAN 








Thus, in the load-displacemy Fig. 24, path O-A-B-C-D 
may be thought of as replaced by path O-A’-B’-D 


will be followed by displacement along DC’ 


nt plane 


Unfreezing 
The resulting compliance is 

f2—»(, ar 
lim 


AN 0 (AT | 2fN 
AT--0) 


2--» FAN ” \ 2 
ae . d ) SAN = 2 
Sur; 2f(N AN) f Sua 


2fAN (a hy). 
step 1 of Ayr, Equations [35], and A,r, Equations [36], both with 
signs reversed, and with / replacing } in the expression for A,r, 
Hence 
the resultant traction (not in equilibrium with 7 + AT’) will be 
(see Fig. 25) 


(6) A7 


The addition to the traction in 


will serve to remove the traction in annulus aq, Sp Sa. 


ELASTIC SPHERES IN CONTACT 


follow -p th 
Sua 


plianes 


, VARYING OBLIQUE FORCES 


Again, the situation is the same as if the order of loading had 
(1) \ AN. (@) T,° 7? fAN 
tangential load to 7, T+ fAN 

If fAN Al 2f/AN, path O-A-B-C-B-B’ in load-displace 
ment plane, Fig. 26, may be replaced by path O-A’-B’; unfreezing 


been: then (3) decrease of 

















compliance may be seen to be e, 


If AT < fA 


Is given by 


,1 | 
"aoa (A7 


SIi--0 


Unireezing follows path BD, Fig. 27 The com 
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Here, once again, the absolute value of dN/dT is to be used in 
the formula. 

In examining the cases of Sections 11 and 13, the reader will 
discover an apparent paradox to the effect that the expressions 
for the tangential compliances depend on the order of application 
of AN and AT. 


finitesimal increments, followed by a limiting process, leads to the 


However, an imposition of a large number of in- 


results obtained regardless of the initial order of application. 
14. Tancentiat Tractions Due To OBLiquEe Loapina 


In this section a calculation is made of the distribution of tan- 
gential traction on the contact area of two spheres, pressed to- 
gether by an initial force No normal to their common tangent 
plane, and acted upon by a monotonically increasing oblique 
force, It is assumed that the resultant force remains planar. 
A study is made of the traction distribution because, by means of 
it, it will be possible to calculate the relative displacement of the 
two spheres, 

Let ag denote the radius of the initial contact cirele. An in- 
crease, by an amount A,N, of the normal force increases the con- 
tact radius to a value a,; an application, at constant normal force, 
of an incremental tangential foree A,T gives rise to a tangential 
traction 4,7, expressed by Equations [6] in which the appropriate 
values of N and 7 have been inserted. The three cases A, 7 
SAN are considered separately. 

(a) A,T < fA;N (ce, > ay). 
AN, ATG = 1,2,..., ") of the normal and tangential forces, 
respectively, the resultant traction on circle p - 


After n increments, by amounts 


ag Will be, from 


Equations [6] and [1] 


" 


3f pe ay'/+ _ (¢,2 —- pr" 
> ((a,? 0? 3 2/2] 
2rkKR . 


] 
n 
of 


2rkKR 
' 


foe 


At the ith stage the value of the normal load is 


N, «M4 ) A,\ 
wel 


Now, let 


= ¥,(7) 


> AN 
“ l 


V, = No + VT). 


so that 


Hence 
a, = [KR(No + ¥)I"" 
and 
t AT 


7 [ f(No + i] | 


Now, substitution of Equations [52] and [53] in Equation [49], 
and passage to the limit as A, V and 4,7 approach zero and n be- 


[53] 


comes infinite, yield 


T /a 
S? S? ie 
= l : “7 (No + W) 117 
, Zi | (No + W) i e+? 
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where 
S = p(KR) 


To proceed further it is necessary to specify W(7), Le. the rela- 


tion between Vand 7. The simplest case is 


dT 
aN 


= const, sav, B 


Using Iquations [50] and [55], the integration in Mquation 


54] can be performed, with the result 
3BCN, 4 


2ra,' 


shi? , 
iHe,*— 9") ** (ag? - - p?) pa (56) 
where Vo + \* is the final normal load and a, the corresponding 
contact radius, 
The resultant traction in annulus a,, * it the ath 


stage of loading will be 


3f - ; 
i(a,* 2 
onKR si 
3 cone 
 2rKR — vee [ ( 


which may be rewritten 
3f | ( 
= ——. at 9 »? a,*) l ] 
2rhk R f 


2r7AR 


Again, employment of Equations [52! and [53) and passage to 
the limit as vanishing increments of force are applied infinitely 
many times, followed by imposition of the condition in l-qua- 
tion [55] in conjunction with Equation [50], vield for the value 


of the resultant traction in Equation [57 


BBN» 4 Nv) ca 

“= a.’ 2) 
2ra,* “ , 

Kquations [56] and [58] constitute the expressions for the re 


sultant traction. It may be noted they are exactly like Mqua- 


tions [6], with 8 playing the role of the coefficient of friction 
Since T Jo, no slip, in the form heretofore understood, has 
taken place. Instead, there appears to be an overlapping action, 
proceeding outward from ag to a,, in the direction of the tangen 
tial force. 


(b) A;T = fA\N (ec; = ay-1), ie., B 


a, is given by 


The resultant trac 


tion inannulusa, ; “ p “ 


3y 
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On circle p : 3f( Ne + N*) 
= (a,? p?)'? 


2ra,* 


so that 


; 3f(No 4+ 
7 = lim {r,} = : 
AN. AT-—*U 2ru, , 
n> @ The equilibrium condition, Equation [11], vields 


(ao? I, S a (60) 


Equations [59] and [60], which are essentially the same as Equa- 

tions [6], completely specify the distribution of traetion in this 

case, 

(ec) AT > fA,N, ie. B > f. The usual division of 4,7 into Reduction of the normal load by AV to V,, resulting in a con- 

fAN and 3,7 fA,N is made and the two parts applied con- tact surface of radius a, (a i, since AWN > AiT'/f), must be 

secutively, After n applications the expression for the resultant preceded by a removal of the traction from annulus a, Sp % a 

traction will be in such a manner that no slip occur on p & a, (see, for example, 

af Section 11, 26). This may be accomplished by: (1) subtracting 

orKR (a,? , s : : from the foregoing Tr, the same tractions which, when added to 

<s the traction of Equations [56] and [58], vielded rg), (2) adding, 
af with sign reversed, tractions of equations [56] and [58], in which 


onrKR [(a,? "i Z ‘ ly S¢ dy is replaced by a;. This will result in a distribution of traction 


where 


> A,T 
| 1=1 ; 


fn 


ae 
n 


where 
Passage to the limit results in 


3f(No + N*) 


9 . 
«Wi, 


a Te AT "fe 
3fNo+N*). . nit =({1 aA ) 
= ‘ : Ss ie a f i 


2ra, : 


= 


which, because it corresponds to a condition of equilibrium (with 
force T'* AT), remains unaltered by the reduction of normal 
where load and subsequent unfreezing. But this distribution of traec- 
+ seg ‘Vs tion is, qualitatively, the same as at the start of unloading; hence 
Gs (: a f(No 4+ <a) the unloading process Tay be repeated with similar results 


co = 


After the nth reduction the traction will be 


15 TanGentiat Tractions Dve to Ostique UNLOADING 
Let it now be required to find the tractions when the loading Bs = : (a,? p*) 
described in the preceding section is followed by a monotonically on 
decreasing oblique force of constant inclination 3BN,, . 

(a) 8B Sf. The traction at the start of unloading is given by onu {a,,° p*) 
Equations [56] and [58]. Keeping the normal load constant, . 
decrease the tangential force by A,7. Slip will take place in the 
direction opposite to that of the initial tangential force. By the : 
fundamental rules, the traction over the region on which new slip Vo=Ne+ N° Zz. AN 
has occurred will be in the direction of slip and of magnitude fo. ie . 
Let 6, denote the inner radius of the new slip annulus. Then, in s 
ender that ne new slip occur in ciecle p < ty, the additional wae a, is the contact radius at normal Joad V, and 
tion must be the sum, with sign reversed, of the tractions of i 
Equations [56] and [58], in which ao is replaced by bh, and n 
of Equations [6], in which 4, replaces c. Hence the resultant T* AT 
traction will be 


3f(No + N*) BN, 


Tm = (a,? — p*)', by Sp La, 


2ra,* Finally 
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7 = lim {7p,} 
AN AT-?) 
3B(N>o + N 
= p : } (a? p’) . a 
27a 


3B(Ne + N 
T= p : (a? 


(ay" p*) 
27a 


p?)'* 


where 


ae AN, 4 


and No + N, a, 7'(> 0) denote final normal] load, contact radius, 
and tangential load, respectively. 

It may be observed that Equations [62] have the same form as 
their counterpart in loading, Equations [56) and [58]. 

(b) B 2 f. The traction at the start of unloading is given by 
I;quations {61}. 
gential load by A,7' changes the traction to that given by Equa 
tions [10], in which N, a and 7* T are replaced by No + N*%, 
a, and 4,7’, respectively. 

In the process of reducing the normal force it is necessary to dis- 
tinguish between the two cases f £f< 2f and B > 2f; how- 
ever, both follow closely the pattern of events discussed in Sec- 
Thus the resultant equilibrium traction after one cycle 


Reduction, at constant normal load, of the tan- 


tion 11. 
of unloading will be 


ae 
(bi? ——- p?)"’*), 
2(h,?2 - p?)' 2 
+ (c?—p)'"], pQe 


where the expressions 


/ 


(1=eadan)" (EE) 
_—/. win > on Ny 


AT \" 
by, = (ly l + OfN 
of .N1 


are obtained by using Equation [11], 
After the nth reduction the traction will be given by the fore- 
going equations in which the subseript 1 is replaced by n and the 


symbol A, 3 A;. Hence 
iel 


Tr = lim {rp,} 
AN, AT-*0 
n-0 


AWN 


2N, 


3f(No + N) 
2raé 
3f(No + N) 
. (a? 
2ra$ 


3f(No + N), 


l(a? 
2ra$ 
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where Ny + NV, a, T > O are defined in Equations [62] 


T+ "(te)" 
f(No + N*) No + N 


T*—T we—J ) 
a 2f(No +N) 2(Ny +N) 


Tractions Due TO OSCILLATING 
Force, d7T’/dN 2 f 


16 TANGENTIAL OBLIQUE 

It is now possible to calculate the distribution of traction on 
the contact surface of a pair of elastic spheres when the spheres 
are subjected to an initial normal compression, followed by an 
oscillating oblique force. This is the same problem as that of 
Section 5 except that the restriction to constant normal force is 
now removed. As will be seen, the additional variable intro- 
duces the complication that a steady state is not reached until 
after an additional half cycle. 

Again, it is necessary to distinguish between cases d7'/dN 2 f 
and dT/dN <f. 
former, 

1 Starting with an initial normal load No, apply a mono- 
tonically increasing oblique load until the contact surface of the 
two spheres is acted upon by normal and tangential forces Vo + 
N* and 7, respectively. It should be noted that N* = 7'*/B. 


In this section the discussion is limited to the 


The distribution of tangential traction is given by Equations 
[61] in which the expression for c, may now be rewritten 


(1 T*/fN. )’ 
1 + T*/BNo 


Since the expression for ao/a, may be put in the form 


a5 (* ) a (. 1 ) ' 
a, No+N* ~ Nt + T*/BNp 


om 65) 
+ T*/BN 

it is evident from a comparison of Equations [64] and [65] that 

Ce < do. 

2 Now unload from {Ny + N*, 7*}. The traction at level 
{No + N, 7} will be given by Equations [63] in which the ex- 
pressions for b/a and ¢,/a may be written 

1) /2BNo on 
(66) 


T BN 


(T* —T)/2fNo . (T* 
1+ T7/BN, 1+ 


- T)/2fNo 
+ 7T'/BN, 


(T* + T)/2fN 

1+ T/BNo 

T) BN 
T/BNo 

It is seen from Equations [66] and [67] that b = 
value of 7 which satisfies the relation 


“ 36/B—1/f 
T* 1/B+1/f 


tg a 
14 67] 


c, for that 


= [68] 
where —1 <A <0. 
At T = XT’ the traction of Equations [63] degenerates to 
3f(No + Ny) 


2— 9, « <p <a 
27a)? pita. 
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afi No t A ») 


2ra,3 i . \ 
rN, =a) : (+ hl 


[ (1 + 2¢/B)T'*/fN 
1+ T°*/BN, 


Further unloading 1No : **! causes the traction + 7'*/BN 
to become 


f B)T* a ‘ 
76 


Hence. comparison of Equations [64], [75], and [76] shows that 
é ~h ~ 4 


. . * 


gain; the traction at load level {V9 + N, 7! 


where a ,, the contact radius corresponding to a normal force 
* £ 


(1— 5) 
. 2 ° Wy b ; 
Y= (ey en 
V'*) 1-— T*/BNo ome 


N,-— N°, satisfies the relation 


and c, is given by 


Oi}, 2 »*) 
o(h, / 
Comparison of Equation [67] at 7 0 and Equation [71] re- 


: < In order for equilibrium with the foree 7 to obtain, the relation 
veals that ¢, a ,, according as 8 


3 Reload the traction at stage | / + ‘ vill be - E (1 | »+ N ‘) '* r 
a 2 ot NX 2f(No 4 V) 


must hold (see Equation [11}) 


When 7 7'*, the contact radius is once again a . and i= 


b,. Furthermore 


so that 4, h, Hence the distribution of traction, Mquations 
[77], is the same as that obtained on first unloading to {No 

N°, 7*! (see Equations [70}). Heneeforth the evele may be 
repeated with identical results, ie., a steady state is reached after 


one and three-quarter eveles 


17) Loap-DispraceMent RELATION FOR OSCILLATING OnLiaue 


Force, dT aN .f 
‘sing the relation 


The load-displacement relations corre sponding to the tractions 
of the preceding section may be obtained by superposition of 
equations in the generic form of Equation [7]. By the aid 
of Equation [1] and the relation E = 2(1 + v)y, the first factor of 


and the « quihbrium condition, Hquation | , one obtains for the the right-hand side of Equation [7] mav be transformed to 


value of h,/a 
3f(2 —— v)N 


14T ; _— (79 
of Oya 
2f(No + N) , 


Hence, during the first loading from |N», 0} to {Ny + N*, 7'*} 
the displacement will be given by (see curve OP, Pig. 28) 
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2(1 v) Ré, : a; 


f(2 Vv) a? ay? 
= (1 + 6L)** {1 


where 


a ——, 
INo 
and the subseript on 6, stands for “Joading.’’ 


0s@08 1. 


The range of 6 is 


From Equation |80}, and the fact that 


a=a (14 OL)’ -. [S1} 


the expression for the tangential compliance in this load interval 


is obtained, Thus 


db, 2—y»p ( L va 
= 6 l 6 l [82 
dT Sua [ r ) 1 + = ] [82] 


If, now, Equation [55] and the definition of 6 (see Equation [80]) 
are substituted into Equation [25] for the compliance due to the 
corresponding incremental process, the resulting relation be- 
This result is to be expected, 


(= 


comes identical with Equation [82]. 
since the tractions in both cases are identical 

During the unloading process following initial loading, the load- 
displacement relation takes two different’ forms, according as 
L 2 AL*. With the aid of the expressions defined in lqua- 
tions [66] and [67] one obtains (curves P-R-Y and YS, Pig. 28) 


2(1-—v) Rou a (: b> ¢,? ') 


f(2 Vv) ay? ay? a’ a’ 


a Be 
» (l L) 


+ OL)?’ 
, AL* 


4 
=2)1+. (L* +L) 


AL***-— A 
L*2L 


i — £9 


where A is defined in Equation [68] and 
2(1 vV) Rbu.» 
f(2 Vv) ay? 

+ [I 


= -—(1 + OL)” 


+ OL, ALS 


a. 
fN, 
i; 


° 


+ (I 
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The subscripts on 6y,, and 6y;. stand for “‘first portion of first un- 
loading’’ and “second portion of first: unloading,’’ respectively. 
At point Y (Fig. 28), curves P-R-Y and YS have a common tan- 
gent. 

In the load interval from |NV, + V*, 7'*! to EN, 


the compliance is 


Nuwar) 


dbx) 
dT 


2 v L* L 
. ) 6+ 4 | 4) | 
Sua | : 2(1 + OL) 


It will be recalled that the compliance obtained by the correspond- 
ing incremental process is given by Equation [34] which, however, 
does not vield Equation [85] when fdN /d7' is replaced by @. 
although 


ib) 


This is because the respective traction distributions, 


qualitatively alike, differ quantitatively; that is, in both cases 


af 

a’ »*) 
2ras 4 
Bf 


2ra* 


where JU denotes the total normal load. However, while in the 
“ineremental’’ ease 
¢,/a = (1 7" fN) ‘and hoa (7° 7) 27m 


in the “continuous” ease 


where |N! & N*, 
In the load interval from 
7T*{ the compliance is 


dé, 


The constant A, incidentally, expressed in termes 
] “ 


nN <0 
4-8 


The displacement during reloading from |.Vo di 
to {No + V*, 7*{, obtained by aid of Equations [72] and 
is (curve S-U-V, Fig. 28) 
2() v) Ré 
f(2 v) ay? 
AL)’ 





MINDLIN, DERESIEWLCZ -ELASTIC SPHERES IN CONTACT, VARYING OBLIQUE FORCES us 


while the displacement during the second unloading process be- — process vields a distribution of traction expressed by Equations 
comes, with reference to Equations [75], [76], and [78] (curve ~ [6] with sign reversed, in which, of course, V stands for the total 
V-W-S, Fig. 28) normal load. At = {\ V* T'*},a =a, and « 
The expression for the resultant traction is given by Equations 


[70]; fore, /a_,, by Equation [72 


. 


2(1 v) Ré, 


It may be noted that, since, in the load interval 0 > 7 tie 
the absolute value of the traction in annuluse¢, Sp Sa, is 
fo, slip does take place during this portion of the loading evecle 

3 During reloading to [Ny + N*%, 7%), the additional trac 
tion to be superposed on the traction of Equations [70] is ob 
tained by the procedure of Section 14, leading, at the terminal 
The 
The subscripts on 6, and 6,2 stand for “reloading” and “second distribution of the initial and the additional tractions is illus 


load, to Equations [56] and [58] with a» replaced by a 


unloading,”’ respectively. 

Further repetition of the loading evele will, of course, vield the U 
displacements of Equations [89] and [90 These displacements 
have the same meaning for the case of an oblique oscillating force 
as displacements of Equations [14] and [16] have for the case of 
pure tangential oscillating force; the two pairs of equations be- 
come identical when @ 0. so that the loop S-07-U-W-S, Fig. 28, 
degenerates to S-17-P-R-S, Fig. 5 

It should be noted that the character of the load displacement 
curves, Fig. 28, varies with #@. Thus, the curvature (with respect 
to the abseissa) of OP at O is negative, as in Fig. 30, for values of 
4 in the interval i: 1 and becomes positive, a> shown in 
Fig. 28, for 6 Phe curvature of S-0-V at S is positive Fig. 29 
as shown in Fig. 28, for values of 6 < V2 | 
For the sake of completeness, the tangential compliances are 


trated by curves Ty ane spective y 20. Their alge 
given for the load intervals corresponding to which the displace- ted by curves To and 7,4, respectively, in Fig rere sn 


. J ani braic sum vields the following resultant traction 
ments are 0 ned O, respectively Thus _ eld 6 : 


3B(N, + N*) 


(a, 


2ra, 
3p' \ ? 


‘ 
2ru, 


L* L 
2(1 + @L) 


A+ (I zk (I f) 


(92) 


ection there exists 4 lin Itation on the 


1 + 7°/BN,o 


? B fy7* BN 
a, 1 4 T’*/BN 


6) 


4 In part 1 of Section 15 it was shown that, for the loading 
18 Oser.LatinG Optiqve Force, d7/aN under consideration, the distribution of traction during unload 
1 Repeat step 1 of Section 16; the traction is given by lqua- ing is the same as that during loading Henee, during unloading 
tions (56) and [58 It will be reealled (see Section 14) that no from |[V, + N*, 7%} to [N hy 7*! the additional 
slip occurs during loading traction (7. in Fig. 29), discussed in part 3 of this section, is 
2 During unloading from |N, + N*, 7*] to [No Of the trae gradually removed, until, at / Ve 7*|, the remaining 
tion at any level of loading is given by b-quations [62], and van- traction is, once again, the same as at the end of the first unload 
ishes at 7 0 Again, no slip has taken place ing (see part 2 of this section and Tt» in Fig. 20) A stable evele 
Further unloading constitutes, in effect, the situation treated is thus established, during which no slip takes place (for further 
in Section 8, except for change in sign of the tangential foree and, discussion see Section 19 


hence, of the tangential traction Consequent] . the present The load-displacement relations are obtained in a manner 





344 JOURNAL OF APPLIED MECHANICS 


similar to those in Seetion 17. 
unloading 


Thus, during initial loading and 


21 —v) Rb 1 weeeaon £5 


~_ 
f(2—v) a? 6 [97] 


2(1 v) Ré 


(1 + OL) 
(2 


Vv) ay? 


+i1+(1+0@L)75 OFZL 2 L*.. (98) 


The relations of Equation [97] are illustrated by curves OP and 
PO in Fig. 30; of Equation [98], by curve OS in the same figure. 


T 


—— 


f 


b % 
*N, 








The tangential compliance corresponding to the evele in Equa- 
tion [97] is 


2—p 


(99) 


Sua 


that corresponding to the load interval of Equation [98] 


2- Ww 
= =| 6+ (1 + #@) (: + u) | 1100 
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During each subsequent loading and unloading the displace- 
ment will be given by (curves S-U-V and V-U-S, Fig. 30) 


21--v) R6 1 : 1 : 
= — (1 + OL)’ 1+ 4) (1 — OL*) 


f(2 v) a? 6 


+ [L—(1 + OL*|** |L) © L*.. [101] 


The compliance during the stable load eycle L L* is the 


same asin Equation [99}. 
In Equations [97], [98] and [101] the range of @is 1 ~~ 6° 
19 FRrerionaL ENerGy Loss per Cyc_e 


As in Section 5, the frictional energy loss per evcle is given by 
the area of the load-displacement loop (S-U’-V-IW-S, Fig. 28) 


6,) aT 


v) (fNo)? P41] 14 
a] 
10a el 


l 
] 


1 ( + 12) poynt 
es - 6 4 er ¢ 


in which OO © 6 <1, ie, B ZS. 
6, were obtained from Equations [90] and [89], respectively, 

For 6 = 0, i.e., NV = const, Equation [102] reduces to Equation 
[17]. 

For small values of L*, series expansion of Equation [102] 


102] 


The expressions for by, and 


V ields 
(2—v)T* 
F = — (1 — 6?) {103} 
36 waof No 
which expression should be compared with Equation {1S}. 
It should be noted that, in the ease for which 1 < @ < @, 
B Sf, the displacement retraces its path in loading and unloading 
(see Equation [101], and curves S-U-V and V-U-S, Fig. 30), 
i.e., there is no frictional energy loss 


i.e., 


so that no loop is formed; 
involved. This result is to be expected since, by one of the funda 
mental rules, slip does not occur if T < fo (see discussion follow- 
ing Equation [58]). It is interesting that, for 8 = f, i.e., 6 = 1, 
the energy, Equation [102], vanishes, indicating that d7/dN 
must exceed the coefficient of friction if energy is to be dissipated. 





Remarks on Combined Bending and Twisting 
of Thin Tubes in the Plastic Range 


By E. T. ONAT? anv R. T. 
The influence of the loading program on the agreement 
between the predictions of the Hencky and the Prandtl- 
Reuss stress-strain relations for a perfectly plastic ma- 
terial is investigated in the case of the combined bending 
and twisting of thin-walled tubes. The agreement in the 
values of the bending and twisting moments is found to 
vary considerably with the particular loading program 
The analysis is extended to tubes composed of a 
work-hardening material. The bending and _ twisting 
moments are obtained numerically using the incremental 
approach for a square tube which is bent and then twisted. 
Owing to the large amount of labor involved in this solu- 
tion, an approxima‘e method using the concept of a 
“composite” beam is developed, and good agreement in 
the results is found with those obtained from the incre- 


chosen. 


mental solution. 


INTRODUCTION 


HE Hencky total-strain relations for a perfectly plastic 
material are, in general, simpler to apply than incremental 
stress-strain relations such as the Prandt!-Reuss relations 


§ 


As is well known*® the Hencky relations are not acceptable 


physically, and when the strain path is curved, ie., for straining 
other than proportional increase of all strain components, dif- 
ferent results are predicted by the Hencky and Prandt!l-Reuss 
theories. Since the Prandtl-Reuss relations are to be preferred, 
it is of value to compare the results given by the two theories for 
In the next 
Hill and 


Siebel® is used to compare the bending and twisting moments 


loading programs which give a curved strain path 
section the analysis developed in a recent paper by 


required in the combined bending and twisting of thin-walled 
tubes, as predicted by the two theories 
In the last part of the paper a box beam composed of a work- 

1 The results presented in this paper were obtained in the course 
of research sponsored by the Office of Naval Research under Con- 
tract N7onr-358 (Task Order 1) with Brown University 

2? Research Fellow, Graduate Division of Applied 
Brown University. 

3 Research Associate, Graduate Division of 
Brown University 

4*On the Mechanical Behavior of Metals in the Strain-Hardening 
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hardening material is considered, The beam is bent and then 
twisted, and the bending and twisting moments are calculated, 
using the incremental approach. The labor involved is appre- 
ciable and a simpler solution is examined in order to see whether 
it gives results of sufficient accuracy The simpler solution is 
obtained by superposing the results of two beams, ene composed 
of an elastic material and the other composed of a Prandt|-Reuss 
found that the results obtained by the two 


material, and it is 


methods are in close agreement, 


COMPARISON OF THE HeNCKY AND PraNnpri-Reuss Theories 


The analysis develope by Hill and Siebel is used and since the 
results are obtained by a straightforward application of this an- 
alysis, the details are omitted 

The eylindrical tube is composed of perfectly plastic material 
of uniform thickness ( For simplicity the material is taken to 
be incompressible (v 1/2). The cross section of the tube is 
assumed to have two perpendicular axes of symmetry and the 
bending moment B, which produces an angle of bend per unit 
length of amount y, is applied about one of these axes, The 
twisting couple 7’ is applied about the axis of the tube and we 
denote the angle of twist per unit length by @. 

Two cross sections are considered, a circle of radius a and a 
square of side 2a. The axis of bending for the square tube is taken 
parallel to a side of the square In each case it can be shown 
that, under the vield criterion of von Mises, plastic vielding due 


to twisting alone first occurs in the tube when 


Gal 
/ 


{1] 


and plastic yielding due to bending alone first occurs in the tube 


when 


Gay 
h \ 
where G is the shear modulus of the material of the tube and & is 
the shear yield stress. 
In the first 
is Satisfied 


Two different strain paths are considered here 
strain path, the tube is twisted until Equation [1 
ie. until 6 = k/Ga, and then the angle of twist is held constant 
while the tube is bent to an amount Y = k/Ga 
strain path, the tube is first bent to the amount y 
then twisted until @ = k/Ga, the angle of bend being held con 
stant during the twisting. The two strain paths, I and Il, are 
shown diagrammatically in Fig. 1 

Fig. 2 shows the variation of the bending and twisting couples 
with the angle of bend for the circular tube under the deformation 
of the strain-path I, as predicted by the Prandtl-Reuss siress 


In the second 
k/Ga and 


strain relations and the Hencky stress-strain relations. It is 
seen that, for this strain path, the two theories give results which 
are in close agreement. 

In Fig. 3 the corresponding results are given for the circular 
tube under the deformation of the strain path IT 
the couples predicted by the two theories differ considerably and 
at the end of the strain path the difference is approximately 20 
per cent. The difference is even more apparent in Fig. 4 which 


The values of 
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S46 


shows the corresponding results for the square tube for strain 
path II. In this case, when Ga@/k = 1.8, the bending moment 
predicted by the Hencky 
that predicted by the Prandtl-Reuss theory. 

Hill and Siebel determined the values of the couples as pre- 
dicted by the two theories for the deformation of the circular tube 
under the strain-paths 6/y = 1 and 0/WY = 2, and good agree- 


theory is approximately one half 


God 
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ment was found between the two theories, These two loading 
programs are represented in Fig. 1 by straight lines through the 
origin, and, a8 remarked by Hill and Siebel, it is to be expected 
that the two theories should not differ greatly for these paths 
since the curvatures of the two strain paths will be small. Figs. 
2, 3, and 4 emphasize the dependence of the agreement in the re- 
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sults given by the two theories upon the particular strain path 
followed. 


WorkK-HarbpENING MATERIAL 


In this part of the paper a tube composed of work-hardening 
material is considered. The stress-strain curve of the material 


is approximated by two straight lines, as shown in Fig. 5 for pure 


__ ie 


‘ 











7 
Srress-Srrain DraGRAM FoR Pure SHear oF Work-Harp- 
ENING MaTeRIAL CONSIDERED 


For simplicity it is also assumed that the material is in- 
From the viewpoint of the incremental approach, 
this stress-strain curve can be obtained by taking the plastic po- 
tential function to be f = 4/G@ log J2, where J» 


invariant of the deviatoric stress tensor, J, = 1/2 


shear. 
compressible. 


is the second 
8,8). The 


stress-strain relations are then 
de,; = 8, ,df 1- ds,,/2G 


in the plastic region and 
de,; = ds, ;/2G 


in the elastic region. In the problem under consideration, i.e., 
the combined bending and twisting of a thin tube, there are only 
two nonzero stress components, o the longitudinal stress and 
Tt the shearing stress. The stress-strain relations therefore re- 
duce to 





ONAT, SHIELD—BENDING 


da 
3G 


dy 


in the plastic region and 


de = da ‘3G, y =dr/G 


in the elastic region, where € is the longitudinal strain, y is the 


engineering shear strain, and where 


The method of solution of these equations for a particular 
cross section of the tube and loading program is similar to that 
used by Hill and Siebel for a nonhardening material. The beam 
is taken to be a box beam of side 2a which is first bent to the 
amount Y = k/Ga about an axis passing through the mid-points 
The beam is 

This cross 


of two opposite sides of the square cross section, 
then twisted, the angle of bend being kept constant. 
section and strain path were chosen in order to simplify the nu- 


merical work. During the twisting it is found that the stresses 


are given by the equations 


(7+) 
eg” ao? + rT? 
3 


Gad@ = dr 


w“ here 


“(:)- 


with the condition that 7 


; ( 

A 
= 0 when @ 0). 
7 Is constant around the tube while o is a function of y, y being 


The shearing stress 
the distance of a point of the tube from the neutral plane; ¢ 
is the distance of the plastic region from the neutral plane. The 
bending and twisting moments are given by 


B Pk | ” , 
— T (T)ymag + oye 
katt y=a a? J yay 


T T 
= 8 
katt k 
Equations [3] have to be integrated numerically and in Fig 
6 is shown the calculated variation of the moments B and 7 
with the angle of twist. 

The labor involved in computing the moments is considerable 
so that an alternative method of approach which would give a 
reasonable approximation to the solution of the problem with less 
labor is desirable It is possible to use an equivalent Hencky 
stress-strain relation but this does not simplify the computations 
to any great extent, and, in view of the results of Fig. 4, it is 
probable that the Hencky results would differ considerably from 
those obtained from the incremental approach 


AND TWISTING OF THIN TUBES IN THE PLASTIC RANGE 
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A good approximation is obtained by superposing the results 
of two beams, one composed of an incompressible elastic mate- 
rial and the other composed ot an incompressible Prandtl-Reuss 
plastic material, the elastic constants being suitably chosen so 
that after superposition the stress-strain curve in pure shear is as 
shown in Fig. 5. The elastic material is taken to have the shear 
modulus G17 so that for the pure shear of this materia! 


The perfectly plastic material is taken to have the shear modulus 
16 G/17 and the vield shear stress 16 4/17 so that in pure shear 


with monotonic loading we have 


6G 


By adding the stress components T), 7 the following relations 


are obtained 


and these relations give the stress-strain curve in Fig. 5. 

For the problem of this section, the bending and twisting of 
the box beam, it as easily found that when the beam is composed 
of the elastic material the bending and twisting moments B,, 7; 
during the twisting are given by 


B, It iM Ss (iad 


= . 1] 
kat = 17 katt 17_ k 


When the beam is composed of the PrandtlReuss material, the 
I 


bending moment B,; and the twisting moment 7) during the 


ho*t . 
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twisting are deduced readily from the analysis of Hill and Siebel, 
and the moments are found to be given by 


B, 16 2 7,2\'/ 722 
: — (:—™) 26+ 
17 3V/3 ky? ky? | 


16 T 
a 
17 ky 


where 


Gad T Lt iz a\ 2 
si are tanh — 4+ , | ae ) arc sin a 
} ky 1/3 Lhe 2 ke 


To obtain the bending and twisting moments for the com- 
posite beam the corresponding moments given by Equations [4] 


and [5] are added 


B tr | 
hat 17 | 


7 8 ( Gad 
katt 17 k 


where 
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Gaé Ts? 1 T: T22\'/2  % 
= are tanh + , | — — are sin 
k ky 44/3 Lhe kp? ky 


The calculated variation of the moments B, 7’ with the angle of 
twist 8 is shown in Fig. 6 in order to compare the curves with 
these obtained by the incremental approach. It can be seen 
that the agreement is very close indeed. 

Another method of approach would be to approximate to the 
work-hardening materia] by using a Prandt]-Reuss material which 
has a suitably chosen yield stress. As remarked by Lee,’ the 
adoption of this ideal material must not be thought of as neglect- 
ing work-hardening, but rather as averaging its effect over the 
field of flow. Computations show that for the problem of this 
section, the results obtained with such a Prandtl-Reuss materia! 
are in fairly good agreement with the exact analysis, although the 
agreement is not as good as that shown in Fig. 6. However, the 
choice of the yield stress for this Prandtl-Reuss material depends 
upon the amount of strain which the material undergoes and 
usually the maximum strain cannot be estimated a priori. Since 
the use of a composite beam involves only a little more labor 
and since it does not depend upon the choice of a suitable yield 
stress, the method of superposition used in the foregoing seems 
to be of greater value. 


7™The Theoretical Analysis of Metal-Forming Problems in Plane 
by bk. H. Lee, Journnat or Appriep Mecuantics, Trans. 
1952, pp. 97-108. 
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An Improved Electrical Analogy for the 
Analysis of Beams in Bending 


By W. T. RUSSELL! anno R. H. MacNEAL?* 


A practical electrical beam analogy which employs ideal 
transformers is derived from the equations of a segment 
of nonuniform beam which is loaded by vertical shears 
and moments applied at its ends. This analogy is suitable 
for the solution of static-load problems, vibration prob- 
lems, and transient-load problems. The superiority of 
this analogy over an analogy derived by revlacing differ- 
ential operators by difference operators is demonstrated 
by means of error calculations for uniform cantilever and 
simply supported beams. 


INTRODUCTION 


N the past decade several electrical analogies have been de- 
vised which can be used in the solution of problems concern- 
ing the bending of elastic beams. Some of these can only be 

used in the solution of problems with static loads, while others in 

addition, can be used in normal mode analyses, and still others 
ean be used in the solution of transient problems. The usefulness 
of these circuits is not restricted to elementary beam problems 
because they can serve as building blocks in the construction of 
analogous circuits for such complicated structures as airplanes, 
ships’ hulls, and gas turbines. In this paper a new analogy is 
presented and its advantages over others previously published are 


pointed out. 
Survey or Previousty Derivep BEAM ANALOGLES 


The tirst paper, known to the authors, to be published on the 
subjec t of beam analogic s was presented by G Kron in 194401). 
Using tensor analvsis he derived eircuits for a beam with six de- 
grees of freedom (three translations and three rotations) and dis- 
cussed the manner of interconnecting beams into frameworks. 
The only approximation made in deriving these circuits was that 
the distributed loads 
Hence his method was intrinsically 


were re pl iced by coneentrated loads 
as accurate as such methods 
of numerical beam analysis as Myklestad’s method (2) or matrix 
methods employing influence coefficients (3). (The same ap- 
proximation is made in deriving the circuit described in this 
paper. 

tion analysis or the solution of transient problems because they 


Unfortunately, his circuits could not be used for vibra- 


employed unrealizable electrical elements, ie., “negative indue- 
In a later 


his circuits are 


tors.”’ the modest. claim 
that 


numerical calculations 


paper (4 Kron makes only 


useful as models from which to organize 
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ind will be accepted 


for publication at a later date Discussion 


In 1947 8S. T. electrical beam 
analogy that was derived by replacing the differential equation 


The vibration 


Jennings (5) presented an 
of a beam by a fourth-order difference equation. 
equation for the nth node of a uniform beam is 


Yn+2 hiner + On Yn + Una At‘y, = 0 [1] 


This difference equation can be satisfied by an electrical network 
which employs inductors, capacitors, and ‘‘negative inductors”’; 
hence the circuit is unsuited for the solution of vibration and 
transient problems. This circuit and Kron’s circuit are shown in 
Fig. 5 of reference (6 

In 1950 MeCann and MacNeal (6) published solutions ob 
tained with an electrical analogy that was derived by McCann a 
few years earlier by rephac ing the differential equations of a beam 
by four first-order difference equations. This analogy, which for 
vibration problems employs inductors, capacitors, and ideal trans 
formers, is shown in Fig. 1. It can be used in the solution of 
vibration and transient problems because its elements are inde- 
pendent of frequency, This circuit has been used extensively in 
the solution of practical problems on the California Institute of 


Technology analog computer 


Me Ag ai 
Vn bo 


binire-Dirrenence Beawt ANaLogy 


same time the same circuit: was independently 


Trent, working at the Naval Research Labora 


At about hit 
derived by H. M 
tory (7 

The circuit to be described in this paper was first derived b 
Russell in his PhD) thesis (8S) which also apype ired in 1950 

In the same year G, Cahen (9) published electrical analogies in 
which the 
the assumption of concentrated loads 


ipproximation made in deriving the circuits was 
Cahen believed that it wa 


ont 


impossible to obtain transformers with properties sufficiently close 
iden] 
making the frequency of oscillation of the ele 


to those of an ideal transformer. He avoided the use of 
transformers | 
trical circuits proportional to the reciprocal of the frequency of 
mechanical vibration 

In all of these circuits the differential equation of the beans is re 
placed by equations governing the displacements at a finite 
number of points. A different approach has been used by a group 
working at the University of Michigan (10). In this work an 
electronic differential analyzer was used to integrate the beam 
equation. Position on the beam corresponds to time measured on 
In this approach the inaccuracies associated with 


Bound- 


the analyzer. 
difference equations disappear but new difficulties arise 


10 
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ary conditions can be established on the analyzer at only one in- 
stant of time. Since the boundary conditions of a beam are given 
at two (or more) points, the latter can be satisfied only by ob- 
taining several solutions with different initial conditions, and ad- 
justing the initial conditions after each trial in such a way as to 
satisfy more nearly the boundary conditions at the far end. In 
this respect the method is similar to that of Myklestad (2) and 
Prohl (11). Also, in this method, it is difficult to solve nonuniform 
beam problems because time-varying electrical components must 
he used, Transient problems cannot be solved by this method at 
al] because the only independent variable (time) on the analyzer 
has been used to represent position. 


DERIVATION OF CONCENTRATED-LOAD ANALOGY 

The usual assumptions made in deriving the differential equa- 
tions of a beam will be made here. In addition, it will be assumed 
that the distributed loads acting on the beam can be replaced by 
concentrated loads acting at a finite number of stations. At each 
station a jump in the shear will occur as a result of the concen- 
trated load. The segment of beam between a pair of stations is 
unloaded and simple equations can be obtained relating the forces 
An electrical 
circuit satisfying these equations will be used as an element from 
which to construct an analogy for the entire beam, The deriva- 
tion, given in reference (8), employed energy principles and 
methods of matrix algebra to obtain an electrical circuit. A some- 
what different method will be used in this paper. 


and displacements at the two ends of the segment. 


% 














SeaMent or Beam Usep in Derivation ofr CONCENTRATED- 
Loap Beam ANALOGY 


Pia. 2 


A segment of beam of length r is shown in Fig. 2 where all 
symbols to be used in the derivation are indicated. The segment 
of beam is assumed to be in a condition of equilibrium under the 
action of bending moments and shears applied at its ends. 

The conditions of equilibrium require that the shear at any 
point 


SEPTEMBER 


Ve=t ly 


z os 
and the bending moment at any point 
Ve= Mi +0) 


z)V, 


The following equations give the deflection of the beam at any 
These 


equations may be derived from standard moment-area principles, 


point, A,, and the difference in slopes at the two ends, 


from Castighano’s theorem, or by integration of the differential 
equations 


ur vy ) 


w(X 


] 


Subtract Equation [4] from Equation [5] 


; 


a 


"M 
ws, wv, = A,r, + Ar, / EI (r wir 
JS0 % 


The advantage of expressing the difference in the deflections of the 
two ends of the segment in terms of the co-ordinate of a third 
arbitrary point will be revealed presently. The deflections of the 
extended tangents from points a and b at r = A, are, from Fig. 2 
Wa + d.9,. [8] 
\,, (9] 


2 = M% 


Hence, by substitution into Equation [7] 


r M, ' 
4, @ a EI ¥ 


Insert the value of M, given by Equation [3] into this equation 


—X, a "(x A,r — r) 
ao ™* ** §, EI 


dr {11] 


A, )dr {10} 


If A, is chosen so that z = A, is at the center of gravity of the 
1/EI diagram, then the first integral of Equation [11] vanishes 
and in the second integral 2 — r may be replaced by x — A,. This 
choice of A, has the effect of uncoupling the equations for de- 


V "(x A,)? i 
2 ™= ar 
a b 0 EI 


Hence z, — z, is equal to the shear multiplied by the moment of 
inertia of 1/E7 about the center of gravity of the 1 E7 diagram. 

A similar formula for the difference in slopes at the two ends of 
the segment may be obtained by substituting the value of 7, 
from Equation [3] into Equation [6] 


f 
0, 6, = iM, + 
6 a f EI iy + 


since x = A, is the center of gravity of 1/E/ 


1 
[Mo] ~ dz 
o El 


flection and slope 


[12] 


Vek, + A, 


0,— 9, = 


where 
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M. = M, +N, 


Mo is the bending moment at the center of gravity of 
1/El. 

The equations that are essential to the develop- 
ment of the electrical circuit are summarized as follows 


| 15a] 


156] 


[15e] 


where 


In the electrical analogy, displacement quantities 
(deflections and slopes) will be represented by voltages 
to ground, and force quantities (shears and bending 
moments ) Fig. 3(a) 
shows the input and output connections to the circuit 
The complete analogous circuit, Fig. 3(b), shows the elec- 
trical equivalent of every symbol in Equations [15] and 


will be represented by currents. 


the places where each equation is satisfied. The properties of ideal 
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(a) INPUT AND OUTPUT CONNECTIONS 














(b) COMPLETE CIRCUIT 
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(b) CIRCUIT WITH ONE TAPPED TRANSFORMER PER SECTION. 


1 SupsTiruTion oF Sincre Tarprep Transrormer ror Two 
‘TRANSFORMERS 


transformers are used in this circuit. For example, the current 
flowing in the lower winding of the transformer at the right is 
equal to V,. Since the turns ratio of the transformer is A,:1, 
the current flowing in the upper winding is equal to A,V,. This 
current adds to M, to give Mo, thus satisfying Equation [154] 
The same transformer is used to satisfy Equation [15e]. Since 
the voltage across the upper winding is equal to 6,, the voltage 
across the lower winding is equal to A,4,, and this voltage sub- 
tracted from w, gives 2, 

| and [15d] are similarly satisfied by the trans 
former at the left. Pquations [15f] and [15g] applied to the circuit 
are an expression of Ohim’s law for resistors whose resistances are, 


Iquat ions | 15¢ 


respectively, Ry and Ry. LMquation [15a] is satisfied because no 
branches occur in the circuit connecting w, and wy. 

When several such circuits are connected together they form 
the analogy for a complete beam, Concentrated loads are repre- 
sented by currents inserted into the deflection circuit at the points 
of interconnection, 
loads also may be inserted into the slope circuits at these points 


Currents representing concentrated moment 


Fig. 4(a) shows two such circuits connected together, 

The two transformers on either side of the nth node may be 
replaced by a single transformer with a tapped winding as shown 
Thus, except for cells at the extreme ends of a beam, 
In this 


in Fig. 4(b). 
each cell re quires two resistors and a single transformer. 
form of the circuit, the bending moments at the ends of each seg- 
ment no longer can be measured. However, Mo, the bending 
moment at the center of gravity of 1/E/ for each segment should 
provide sufficient information, 

For « uniform beam with equal spaces between loading points, 
A, = A, = '/2Az, and each transformer has a center-tapped wind- 
ing. In this case 
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Rv = oni 
For cells of unit length, 42 = 1, we see that Ry is equal to 4/1 
Ry 

In the static-stress analogy just described, flexibility (the in- 
verse of stiffness) is represented by electrical resistance, and 
strain energy is analogous to electrical power. In vibration prob- 
lems with distributed mass loads the same form of circuit is used 
but the resistors are replaced by inductors having the same 
numerical values; capacitors, having numerical values equal 
to the mass of each section, are connected between the nodes of 
the deflection circuit and ground as shown in Fig. 6(e). In this 
case force is analogous to current, velocity is analogous to voltage, 
and strain energy is analogous to magnetic field energy. 

In statie-stress problems, it would seem that direct-current 
generators are required to represent the static loads, and it is well 
known that transformers function properly only for alternating 
currents. In actual practice alternating-current generators are 
used. Since resistors are the only eleetrical elements besides 
transformers occurring in the circuit, the behavior of the circuit is 
independent of the frequency of the current sources and is the 
same as the theoretical behavior at zero frequency with ideal 
transformers. Inductors or capacitors could have been used in- 
stead of resistors, but resistors are much less expensive. It also 
should be mentioned that, in preparing a problem for solution on 
an analog computer, all mechanical quantities must be multiplied 
by appropriate scale factors upon being converted into electrical 
quantities (12) 

An equivalent form of the beam analogy is shown in Fig. 5 for 
the case of a uniform segment. This circuit may be derived by 
setting A, = rand substituting M, = M, —-xV,, in Equation [4]. 


Then 


. 


ve f ee! 
0 El 


In the electrical analogy w,, w,, and 8, are voltages and M, and 


[16] 


V, are currents, as before. 
Define 


{17a} 


[17b] 


[17e] 


Then 


= r[((O, + MR.) + Vyrrs) [18] 


Ww, Wg 
From Equation [3] 
[19] 


Mo=M,+r¥, 


If Equation [3] is substituted into Equation [6] and V, is elimi- 
nated by Equation [19], the equation for the difference in the 
slopes at the two ends of the segment can be expressed as follows 
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4, 6, = VR, + MR. 

Equations [18], [19], and [20] together with Equation [2] are 
sufficient to design the electrical circuit in Fig. 5(a). 

Equation [20] is obtained from the circuit diagram by summing 
the voltage drops across R, and R,. Equation [18] is obtained Ly 
adding 6, to the voltage drops across R, and R; and multiplying 
by the transformer-turns ratio. Equation [19] is satisfied by the 
currents at the junction of R,; and Rs. 

Since FR, is negative, the circuit in Fig. 5(a) is not immediately 
realizable. However, the 7' of resistors in Fig. 5(a) can be re- 
placed by a realizable circuit containing a transformer as shown 
in Fig. 5(b). Since this circuit requires two transformers per 
cell and the circuit in Fig. 4(a) requires only one, the latter is 
more practical. However, it is believed that the circuit in Fig. 
5(b) will be useful in developing a more accurate analogy for 
thin plates than that given in reference (13), and for thin multi- 
cell shells where distributed twisting moments act on the sides of 
idealized beams. A discussion of this problem is beyond the scope 
of this paper. 

The circuit in Fig. 5(a) is interesting because of the similarity 
in form with the finite-difference beam analogy shown in Fig. 1. 
If the negative resistances are omitted the circuits are identical. 
The negative resistance can be regarded as « correction to account 
for error due to finite-difference approximation. In many cases 
deflections resulting from shearing strains are included in the 
analysis of a beam. To account for this effect a resistance equal 
to 1/(AGr) is placed in series with the negutive resistance of Fig. 
5(a). 


Hence if 


El > r? 
7 


AG 6 


this form of the circuit becomes practical. It has the advantage 
of not requiring a tapped winding on each transformer. 


wo Rit aey 
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(b) CIRCUIT WITHOUT NEGATIVE RESISTANCE. 


EQvuIvVALENT Form oF CoNCENTRATED-LOAD ANALOGY 
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CONCENTRATED-LOAD ANALOGY FINITE- 


DIFFERENCE ANALOGY 


COMPARISON OF AND 


The scope of the exact solutions of the difference equations 
governing the various beam analogies is at present restricted to 
beams with uniform cross section. In this section the results of 
for uniformly loaded taken 
Experimental solutions obtained 


some calculations beams from 
reference (8) will be presented. 
on the Cal Tech electric analog computer will not be given be- 
cause these solutions contain errors due to parasitic effects and 
the inaccuracy of electrical measurements which in some in- 
stances have the same order of magnitude as the errors due to the 
assumption of concentrated loads. 

It should be pointed out that the intrinsic error of the con- 
centrated-load analogy is due only to the substitution of concen- 
trated loads for a distributed load, assuming that the properties 
of the 1/E/ curve can be obtained accurately by integration, The 
intrinsic error of the finite-difference analogy is due to the sub- 
stitution of difference operators for differential operators in 
the differential equations. Deflections caleulated by the finite- 
difference analogy will be in error even if the beam is subjected to 
concentrated loads. For static concentrated loads both analogies 
give exact results for the shear and the bending moment. 

For problems with distributed loads the error depends upon the 
manner in which the distributed load is replaced by concentrated 
loads and, unfortunately, there does not appear to be any single 
method or rule for doing this that can be shown to be clearly 
superior to all other methods. The general procedure that has 
been adopted is to divide the beam into segments in such a way 
that the centers of gravity of the loads on all segments are as 
near as possible to the concentrated loading points and then to 
set each concentrated load equal to the load on its respective seg- 
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TABLE 1 ERRORS OF DEFLEC 
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exact deflection calculated from differential equations 
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deflection calculated from equations of finite-difference analogy 
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In vibration problems, distributed masses 
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Circuits for a uniform cantilever beam with a 
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uniform load are shown in Fig. 6. The beam is 








PUUUNCURER EEN 








4 


po ——f = AX: (N+) 
Ps gAx 
(b ) BEAM WITH CONCENTRATED LOADS 





(a) BEAM WITH DISTRIBUTED LOADS 


ax 
tr 





(6) FINI 








(e) CONCE 


ANALOGY 


VIBRATI 
x3 


I2€1 x 


Tmax 


_ 


sa L 


Cirnevuirs ror UNirorM CantTiILever Beam Wita UnirorMr) 
Loap 


Fic. 6 


+ 





first divided into NV '/, sections with equal 
concentrated loads acting at the center of gravity 
of each section in the manner shown in Fig. 6(0) 
This incidentally that the bending 
moment at points midway between the load 
ing points is correct The load on the half sec- 
tion at the left end is replaced by a load acting 
at the support. In Fig. 6(¢), which shows the 
concentrated load analogy for a beam with three 
loading points, the transformer just to the right 
of the support has been removed beeause its 


msures 


upper winding is short-circuited. 

Results of calculations of the errors in static 
deflections for both types of analogy are given 
in Table 1 the 
support and the number of loading points. The 
errors for the are 
much smaller than for the finite-difference 


as a function of distance from 


TE DIFFERENCE 


ANALOGY 


concentrated-load analogy 


iil 
The large percentage error of the latter in 
the ce 


alogy. 


the root is not serious because 


region 
flections there are small. 
Results of caleulations of the errors in tre quen- 


NTRATED LOAD tg 
ees of tree vibration are given in Fable 2 as 4 


function of the number of loading points and the 
mode The 
gives considerably better results than the finite- 


= Cee index concentrated-loud analogy 


difference analogy for higher modes but does not 
This 
of 


give better results for the lowest mode 


DisTRIBUTED 
probably may be ascribed to the presence 
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TABLE 3 
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MODE-SHAPE DATA FOR VIBRATING CANTILEVER BEAM WITH FOUR LOAD- 


ING POINTS 


Zz 
yi at 1 


t z 
wea 
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Mode 1 
uv you 


Exact solution 
(distributed load) +3. 5177 


Concentrated-load solution +3 5457 


compensating errors in the finite-difference analogy. Mode- 
shape data for the vibrating cantilever beam with four loading 
points are compared with the exact solution in Table 3. The 
discrepancies for the lowest mode are about 1 per cent. 

In the case of the vibration of a uniform simply supported beam 
with uniform mass loading, the difference equations of the finite- 
difference analogy and the coneentrated-load analogy can be 
An analytical expression for the mode frequencies 
is Obtained for any number of cells n, and for any mode index p. 

For the finite-difference beam analogy the ratio of the frequeney 
to the frequeney of the continuous beam is 


sin® 
St; 2n 


solved easily. 


f, (= : 
2n 


When (pr)/(2n) is small, this ratio may be approximated by the 


first two terms of a power series expansion 


f, c I (2 y ( 
es 3 \ 2n 


For the concentrated-load beam analogy the corresponding 
ratio is 


- ( 5 ) 
sin 
2n | 3 

(=) 3 2 sint (2 

2n 2n 

a 6 
-o(% ) (23] 
2n 


For p/n equal to 1/4, corresponding to the lowest mode of a 
beam analogy with four cells, the error for the finite-difference 
analogy computed from Equation [22] is 5.13 per cent whereas 
the error for the concentrated-load analogy computed from Equa- 
tion, [23] is 0.026 per cent. 

In both eases the mode shapes are correct. 


CONCLUSION 


Electrical beam analogies are instruments of practical im- 


portance only in problems of much greater complexity than those 


+6 9405 


+6. 9919 


Mode 2 
wae you yas vw 
1977 1.3345 
1.4383 


+10 7639 
+10 8074 


+2.0252 +1 


+1.9794 +1 O764 


which have been considered in the previous section. In nearly all 
such problems, the beam, or beams, have variable cross sections. 
Studies should be made to determine whether or not the magni- 
tude of the errors given in Tables 1, 2, and 3 are typical of those 
to be expected in complex problems. For the present, the results 
presented here should provide a rough guide for determining the 
number of cells required to give satisfactory accuracy in the solu- 
tion of problems. 
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Determination of Stresses 


in Cemented 


Lap Joints 


By R. W. CORNELL,? WINDSOR LOCKS, CONN 


A variation and extension of Goland and Reissner’s (1) 
method of approach is presented for determining the 
stresses in cemented lap joints by assuming that the two 
lap-joint plates act like simple beams and the more elastic 
cement layer is an infinite number of shear and tension 
springs. Differential equations are set up which describe 
the transfer of the load in one beam through the springs 
tothe other beam. From the solution of these differential 
equations a fairly complete analysis of the stresses in the 
lap joint is obtained. The spring-beam analogy method 
is applied to a particular type of lap joint, and an analysis 
of the stresses at the discontinuity, stress distributions, 
and the effects of variables on these stresses are presented. 
In order to check the analytical results, they are compared 
to photoelastic and brittle lacquer experimental results. 
The spring-beam analogy solution was found to give a 
fairly accurate presentation of the stresses in the lap joint 
investigated and should be useful in analyzing other 
cemented lap-joint structures. 


NOMENCLATURE 
The following nomenclature is used in the paper: 


M = externally applied moment present in beam 2 at dis- 
continuity 

externally applied force on beam 2 at discontinuity 

shear load on beam 2 at discontinuity 

Young’s modulus of beams | and 2 

Young's modulus of braze or cement 

shear modulus of braze or cement 

braze or cement thickness 

thickness of beams 1 and 2 

free tab length 

M/E 

F/(hnE 

V/E 

horizontal and vertical stresses, respectively 

ry shear stress 
Omax 

KoOmax 

Oo, = maximum stress tangential to fillet 


I,, Is 


maximum nominal stress in beam 2 at discontinuity 
maximum stress in beam 2 at discontinuit, 


moment of inertia of beams I and 2 


! Based on author's dissertation, “Spring-Beam Analogy Solution of 
Yale School of 
Engineering for the Degree of Doctor of Engineering, June, 1950 

? Analytical Engineer, Hamilton Standard Division of United 
Aircraft Corporation. Jun. ASME. 

? Numbers in parentheses refer to the Bibliography at the end of 
the paper 

Presented at the National Conference of the Applied Mechanics 
Division, Minneapolis, Minn., June 18-20, 1953, of Tue American 
Society oF MecHantcaL ENGINEERS 

Discussion of this paper should be addressed to the Secretary 
ASME, 29 West 39th Street, New York, N. Y 
until October 10, 1953, for publication at a later 
received after the closing date will be returned 

Note: Statements and opinions advanced in papers are to be 
understood as individual expressions of their authors and not those of 
the Society. Manuscript received by ASME Applied Mechanics 
Division, March 17, 1952. Paper No. 53—-APM-15 


Stresses in Cemented Joints,"’ presented to the 


and will be accepted 


date Discussion 


= major principal stress 


= angle between major principal stress and plane of 
beams 

displacement ota point on braze-beam surface of 
beams | and 2 

horizontal distance from y-axis 

deflections of beams | and 2 as functions of z 

deflections of beams 1 and 2 as functions of i 

= deflection of beam 2 at x l 

= differential operator 

= primes designate order of the derivative with respect 


to vor = as indicated 


l INTRODUCTION 


In connection with the Investigation ot the fatigue strength 


of brazed tab specimens of the type shown in Fig. 1, an analysis 


was made of the stresses in the base bar and braze laver of such 
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hic. 1) Brazev Tap Faricue Specimen 


specimens. For this analytical study a method based on spring 
analogy and beam theory was developed, This variation and ex 
tension of Goland and Reissner’s (1) method of approach is pres- 
ent here by applying it to the brazed tab fatigue specimen, but it 
can be expanded easily so as to be applicable to similar problems 
Also presented are photoelastic and brittle laequer experimental 
work to check the analytical results,! 

In the brazed tab specimen the thin beam is referred to as the 
tab, whereas the thicker beam is called the base bar, For fatigue 
testing, the specimen was subjected to a flatwise eyelic load so 
that the loading at the tab ending was nearly one of pure bending 
In the fatigue experiments the steel base bar was kept a constant 
thickness of 0.25 in., whereas the braze thickness, braze material 
and the tab thickness were varied, 

Referring to Fig. 2, showing the tab region with notation, the 
following stresses were desired: the horizontal normal stress @,, 
the vertical normal stress oy, and the shear stress 7,, in the steel 
and braze at the base bar interface, the maximum base bar stress 
Komas, and the maximum stress tangential to the fillet o, Iso 
wanted were the influence on the tab-region stresses of the braze 
thickness A,, the braze moduli of elasticity F, and G,, the tab thict 
ness h,, and the fillet radius r. 

Previous methods of analysis which dealt with discontinuous 
Most of 


were for symmetrical discontinuities, such «as 


multimaterial structures and lap joints were studied 
the 
Neuber’s work 


solutions 


(2). Several nonsymmetrical solutions were 


found, but they dealt with only one material and a sharp diseon- 


continuity (3). Three analytical methods were investigated 
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which might have been adapted to this problem (1, 4, 5), but it 
appeared they would require extensive modifications and would 
be laborious, Therefore the spring-beam method of approach 
was developed based on the principal assumptions of Goland 
and Reissner in regard to the cement or braze. For the type 
of problem considered here, Goland and Reissner’s method 
would call for the setting up of equilibrium equations for the 
beams and cement and require ten boundary conditions, How- 
ever, the spring-beam approach makes use of elementary beam 
theory, requires only four simple-beam boundary conditions, and 
gives the same results, 

The spring-beam solution assumes that the tab and base bar act 
as if they were simple beams and that the more elastic braze layer 
is an infinite number of tension and shear springs. These springs 
are composed of four types: those transmitting normal vertical 
loads, horizontal shear loads, normal horizontal loads, and verti- 
cal-shear loads, Because the braze layer is thin and has little 
stiffness, the last two types of springs were neglected, Fig. 3. They 
may be included for problems with thick braze layers, but with 
more difficulty.!| The spring constants are based on the proper- 
ties of the braze material (1, 7). 

Under load, the base bar deflects and the fibers along its upper 
surface are strained. These conditions load the tension and shear 
springs which pass on their shear and normal loads to the tab. 
The transmission of the appropriate loads from the base bar to the 
tab is expressed in a tenth order differential equation. Upon 
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solving the differential equation and applying the boundary con- 
ditions of the problem a fairly complete analysis of the brazed tab 
specimen is obtained. 

The following section presents the principal analytical steps in 
the spring-beam analogy method of approach as applied to the 
brazed tab specimen. There follows a summary of experi- 
mental work, a comparison of analytical and experimental results, 
and a final section comprising a summary and conclusions. 


2 MarTHEeMATICAL DEVELOPMENT 

Only the main steps in the basic derivation of the stresses in the 
brazed tab specimen under bending, axial, and shear loadings are 
presented. The brazed tab specimen with these loadings M, F, 
and V, is shown in Fig. 3. Other mathematical developments 
which expand on the scope of the solution and which verify some 
of the assumptions used in the basic derivation can be found 
in the author’s dissertation.! 

The assumptions used in the spring-analogy and simple-beam 
method are as follows: 

(a) The tab and the base bar act separately according to 
simple-beam theory. 

(6) The braze layer is an infinite number of shear and tension 
springs. 

(c) The deflection of the specimen is smal] with respect to its 
dimensions, and its influence on the loading of the specimen is 
neglected. 

(d) The free tab length is long enough so as not to influence the 
loca] stresses at the discontinuity. 

(e) The braze layer is thin so that its beam stiffness can be 
neglected. 

(f) The tab and base bar are narrow and each a unit wide. If 
the stresses in a wide joint are desired, EJ, and El, should be re- 
placed by their respective plate-bending rigidities (6). 

Differential Equations and Their General Solutions. 
two ways of obtaining the differential equations for the two beams, 
from the elementary moment equations of each beam and from 
the equilibrium equations for elements of each beam. The former 
method is used here; for the latter see references (footnote 1 and 
Bibliography 1). The moment equation for beam 1, Fig. 4, is ob- 
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tained from beam theory as follows: The moment of the shear 


stress at any point z is 


t hy 
» Fen = 
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and that of the normal vertical stress at any point z 1s 


“lp. 
(Me 
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as the normal vertical stress at a point & is (7 


™ I¢3 rjdt 
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Therefore 


Ely," = | 


zjdg. (1) 


The moment equation for beam 2 is obtained in the same way but 


including the external loads 


hy E *l 
2 + u) dé : (ne ™) 
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Neglecting the second-order effects under assumption c, the terms 
(m — wv), (Mm y2), and [ye(l) 42] can be neglected in Equa- 
tions {1} and [2]. Then, differentiating the moment equations 
twice with respect to © we have 

ky 


Ely" { 
2 hy 


E, 


Eley.!"”" 
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or in operator form 
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The expression for the shear stress 7,,, at any point z is ob- 
tained by considering a small section of the braze layer, Fig. 5, 
which is deformed due to the displacements 6, and 6, of the braze 
surfaces of beams | and 2 caused by their bending and axial 


loads. The shear stress is then 


G, b 
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Now, the contraction and extension of the outer fibers of beams | 
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and 2 due to bending are b Ayn "dé and 4 hgne"dé in a length 
dé, respectively. The extensions of beams 1 and 2 due to axial 
loads Fig and F2¢ are 


F, F 
( i ) ig and ( * ) dt 
Eh, Ehs 


in a length d& The axial loads change as the shearing stresses 


transfer the load from one beam to the other, so that 


bd | l 
Fy = I, T,¢& and Fy = f, Trylg: + I 


The total displacement of a point r is the integral from 0 to xr of 


the combined extensions of element dé Le 
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The shear stress at : 


Gli {7 . ; 
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w®Le Jo 
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twice with respect to c we have 


iny point along the braze surfaces is then 


Differentiating Equation [5] 
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or in operator form 
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The differential Mquations [3], [4], and [6] can be combined 
to form one tenth order differential equation. Combining Equa 
tions [3] and [4] we have 


y, y yy El, E, BE, 
(= D* 4 Be + * ) “= ( Dt +4 2 4 . uv 
hy hh, oh, h: huh, hah, 


and combining Equation [7] with [6] we obtain the final tenth 
order differential equation 
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This differential equation can be put in the form 


Gi hy Gyh 
= Dy, = Db 


i = 0. .[6] 
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with exponential roots +a, +8, and +, where B 1/2(40 4 
¢) and y? = 1/2(¢ 1). By inspection of lquations [8] 


[6] the deflection and shear equations will be of the form 


and 
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Yo = Gy + bee + cor? + dyx*® + ey sinh a + f, cosh ar 
+ sinh Br(go sin yx + % cos yc) + cosh Br(jy sin yr 


+ ke cos xr) {10} 


T,, = a; + by sinh ax + ¢; cosh ar + sinh Br(d, sin yr 


ty 
+ e, cos yr) + cosh Br(fy sin yr + gs cos Yr) [11] 


Relationship of Coefficients. The relationships of the co- 
efficients of the deflection and shear Kquations [9], [10], and [11] 
are obtained by substituting them into differential equations [6] 


and [7]. Equation [6] is simplified by letting 


Pre. 
«Bh, \ hy h. 


br? + ex? etc., wherea = 


and y = hey. + him, ie., y = ar 4 
ayhy + dehe, ete., so that 
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Ay,,=—" [12] 


T, 
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Substituting in expressions for 7,, and y and equating like terms, 
the following relationships are obtained 
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In order to obtain the relations between the coefficients of the 
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deflection curves y;, and ye, Equation [7] is simplified to 


[PA2D* + tm = [PA2Dt + ly 


r BK hyhohe 
~ 12K, \y + he 


On substituting in the expressions for y, and y: and equating like 


where 


terms, we get 
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d, ds» [23] 
Th,ta't + 1 
Th.2a' l 
That + I. 
Photat + 1 
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pu? + vp? 


(ur 4 
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(B* — 6B%y? + y') The? 
v 17~BTh.*(B? —- y?) 
(p* 6Bty? 
AX = 4yBPh,*(B? 7?) 

Boundary Conditions. Although the three differential !qua- 
tions [3], [4], and [6] reduce to a tenth order one, they were ob- 
tained originally from one zero and two second order equations, 
so that only four new boundary conditions are needed. The 
other six are present in the initial Equations [1], [2], and [5). 
The four new boundary conditions occur at 2 = 0, where y, = 0, 
Applying these boundary ¢ondi- 


where 


r = y PA? 


y’, = 0, ye = 0, and y's = 0. 
tions to Equations [9] and [10] we have 
a+fh+hkh=0 
az + te + ke = 0 
by + ate, 4 Bi, + yn = 0 
by + ae, + Biz + ¥j2 = 0 
The two boundary conditions present in Equation [5] : 
tained by introducing the notation y = him, + hey, and 7 = him 
+ hens and substituting in the expressions for y, n, and Ga All of 


the exponential functions of z cancel, leaving just constant and + 
Equating the constant terms we have 


re ob- 


terms. 
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and equating the x terms 
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where 
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The four boundary conditions present in Equations {1} and 
[2] are obtained by introducing the notation w = YY 
and = 7: — m and substituting in the expressions for 7,,, yo, and 
NM, where yo = (as As before, all the 
exponential terms in z cancel, leaving constant terms and terms in 
z. By equating the constant terms and x terms from the two 
moment equations, four boundary equations are obtained. Mak- 
ing use of Equation [13], these four boundary equations are 


a) + (be Ayr ete, 


combined and simplified to the following 


6 hihe 
! 136] 
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2Q) 
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Final Equations for Beam Deflections and Stre 
From the solution of the ten Equations [30] to [39 
efficients for the deflection curves for the two beams ean be ob- 
tained, and using these, dy and Try along the base bar braze sur 
face can be determined. sSecause the length of the free tab i 
considered long and the roots @ and @ are usually large, sinh al 
cosh al t se, and sinh pl cosh Bl ” Then the equa 
tions for the vertical normal stress and the shear stress in the 


braze or base bar at the braze surface tor ire 
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where the coefficients can be obtained from the solution of the 
following four equations 


(hb; +- ¢ 
a’ 


sinh al sinh B/ 


sinh 2 


y sin yy! 


hiihs + hyp 


2h, ty, (hy 
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The relationships between (b rT & ds; t fs ’ 


+ ky) are obtained from Lquations 


and (@, + gs) and 
(eo + fo), (Go + Jo), and (io 
{14} to [19] and [24] to [20], and a, B, y, and A are obtained from 
the differential Equations [8] and [12]. Because the stresses are 
local, and, therefore, depend only on the distance from the tab 
ending, a convenient length can be assumed for / such that ‘yl is 
an even multiple of 27, [42], [43],and [44] are 
simplified by replacing cos y/ with | and omitting the sin yl termes 


Then Equations 


The principal deflection curves ol the beams are 


/i qr? +a and y 2 + der [46] 


where ¢, ¢2, d,, and d, are given by Equations [36] and [37]. The 
terms not given in Equations [46] are small and make up a slight 
deviation from the basic curve which produces the local stresses at 
the discontinuity, 

An approximation of the horizontal stress distribution a,, at 
the braze surface of the base bar can be obtained by using 
in the vicinity of the tab ending, this 


nominal values. However 


approximation will probably be in considerable error because 


the discontinuity causes a local effect and not an average one 
The nominal stress distribution for a, is obtained by determining 
the net moment distribution in the base bar and dividing by its se¢ 

tion modulus, The net moment at any distance (/ r) from the 
tab ending is the externally applied moment minus the moment 
lost over this distance due tothe action of the shear and vertical 
normal stresses on the braze-base bar surface, The distribution of 
o, in the braze along the braze-base bur surface oan be approxi 
strains in the base bar and 


Then 


mated by assuming the horizontal 


braze are equ itl along this surface 
(47) 


where a value of '/; has been assumed for Poisson's ratio 


The maximum base bar stress A owas, Which occurs at the foot of 
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the tab, can be approximated by the major principal tab-ending 
stress p, in the base bar, whereas the maximum tangential stress 
a,, in the braze can be approximated by the major principal tab- 
ending stress in the braze. These principal stresses and their 
angles with respect to the base bar are obtained by making use of 
the values for o,, 7,, and 7,, at the braze surface and tab ending 
in the base bar and braze, respectively. 

In the analysis, the action of the assumed springs is such that 
finite shear and vertical normal stresses result at the tab ending 
Now, if there were no fillet at the tab ending the shear stress 
would be zero and the vertical normal stressinfinite (3). Therefore 
the analysis might be said to include the effect of a fillet. It ap- 
pears logical to assume that the fillet radius would be of the order 
of the braze thickness, and the experimental results indicate that 
this assumption is approximately correct. 

For convenience, the stresses can be put in dimensionless form 
by using stress ratios based on the maximum nominal stress in 
beam 2 at the discontinuity. This maximum nominal stress, 
Tmax, Can easily be expressed in terms of the dimensions and 
properties of the beam and the externally applied loads. 


EXPERIMENTAL WorK 


The experimental program was designed to check the analytical 
results for the brazed tab specimen. In order to check all the 
stress distributions and results that the analytical work gives 
would require the construction and testing of many complex 
photoelastic specimens, Because of this, the stress distributions 
were obtained for only one brazed tab specimen design using 
photoelasticity. Photoelastic results for a specimen of different 
dimensions were available from work done at the University of 
Iinois (8). The maximum stress in the base bar at the tab end- 
ing, Kowax Or p, Was investigated for all brazed tab specimen de- 
signs using brittle-lacquer technique on large-scale models. 

Of prime importance in the experimental models is the type 
and size of the fillet to be used, because no fillet would result in an 
infinite vertical normal stress at the tab ending (3), Based on the 
assumption that the fillet radius probably represented by the 
analytical results is of the order of the braze thickness, all experi- 
mental specimens were made this way except when it was 
physically impossible to machine the fillets in specimens with very 
thin braze. 

Brittle-Lacquer Program 
to determine the effects of the tab thickness, braze thickness, and 
braze elasticity on the maximum principal stress in the base bar 
Flat-sided specimens 2 and 4 times the size of the brazed tab 
The former were used for test specimens 


The brittle-lacquer program was used 


specimen were used, 
representing brazed tab specimens with thick braze layers, 
whereas the large-scale ones were used to represent specimens with 
thin braze layers, Four double and 10 quadruple-size steel speci- 
mens were made with various braze thicknesses to cover equiva- 
lent braze thicknesses in the fatigue specimens of 0.001 to 0.05 in. 
To obtain the effect of braze elasticity, seven quadruple-size speci- 
mens were made with soft solder, four having steel and three 
having brass base bars and tabs. All the specimens were made 
with thick tabs which subsequently were ground down twice, so 
that the effect of equivalent tab thicknesses of 0.08 in., 0.04 in 
and 0.02 in. could be obtained from each specimen, It was real- 
ized that for the thicker braze thicknesses and thinner tab thiek- 
nesses the theory would not give very accurate results, but it was 
desired to learn how much in error the theory was for such cases, 


The brittle-laequer experiments were performed in an air- 
The 
specimens were loaded by placing weights at the end of the extra 
long base bars and, while under load, the tab regions on each side 
of the specimens were inspected for the first signs of a crack, Two 
testa were conducted on each specimen unless the results did not 


conditioned room using standard Stresscoat procedure, 
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agree within 15 per cent in which case more tests were run. The 
Stresscoat results were put in stress-ratio form by dividing the 
maximum measured or principal base bar stress at the tab ending 
by the nominal one. The maximum base bar stress was obtained 
by using the average of the load at which the first Stresscoat crack 
was noticed in the base bar at the tab ending and the preceding 
load. 

Photoelastic Program. The photoelastic work was based on 
that done at the University of Illinois (8) on the same brazed tab 
problem. Kriston and CR-39 were used to simulate the steel 
and braze, respectively, as their moduli of elasticity are nearly 
2 to 1 and they both have good photoelastic properties. A poly- 
merizing resin glue* was used to join the tab, braze, and base bar 
sections together, This glue cures at room temperature, thereby 
decreasing the possibility of thermal and residual stresses. A 5- 
times size specimen was made which was equivalent to a brazed 
tab specimen having a base bar 0.25 in., a tab 0.04 in., and a 
braze layer 0.01 in. The model was approximately '/, in. thick 
and 10 in. long. A great deal of trouble was encountered in 
obtaining joints free of air bubbles, and five specimens were made 
(three reported previously') before a specimen was obtained 
which was nearly free of air bubbles. 

The specimen was loaded in pure bending, and fringe patterns 
were obtained with the fillet under tension and compression. 
The results were averaged so as to nullify any residual stresses 
The directions of the principal stresses were obtained by Stress- 
The stresses in the specimen were determined by a modi- 
Because only 


coat. 
fication of the shear difference method (8, 9). 
stress ratios were wanted, the fringe orders were divided by the 
maximum nominal base bar fringe order. 


ANALYTICAL AND EXPERIMENTAL RESULTS 


Analytical results were obtained for the brazed tab specimen 
under pure bending for various tab and braze thicknesses, and the 
results were put in the form of stress ratios based on the maximum 
nominal stress in the base bar at the tab ending, @ max. All of 
the results were calculated using a base bar 0.25 in. thick and a 
Young’s modulus of elasticity of 30 * 10° and 15 X 10° psi for 
the steel and braze, respectively. Based on the measured shear 
moduli of the brazed constituents,' the shear modulus for the 
braze was estimated to be about 5 & 10® psi. Because the braze 
moduli of elasticity and braze thickness always appear as ratios 
E,/h, and G,/h, in the analytical solution, only one of them had 
to be varied to obtain the effects of both. For simplicity, the 
elastic properties of the braze were kept constant and the braze 
thickness varied. 

Stress distributions of O,/Omax, Try/Tmax, and 0,/Omax in the 
steel along the base bar-braze surface for pure bending were ob- 
tained for specimens with a tab 0.04 in. thick and braze thick- 
nesses of 0.10 in., 0.01 in., and 0.001 in., Figs. 6, 7, and 8. Ap- 
parent from the distribution curves is the very local effect of the 
tab ending. They also indicate that the thicker and/or more 
elastic the braze layer the deeper the depth of influence becomes, 
Both 7,,/Omax and 0,/Omax are shown to increase very rapidly 
near the tab ending, more sharply the thinner the braze 
laver. The effeet of braze thickness and tab thickness on the 
maximum 0, /Omax, Try /Omax, P/Omax Stress ratios which occur at 
tke tab ending for pure bending are given in Figs. 9 and 11. 
These graphs show that the thicker the tab the higher the maxi- 
mum stresses become and that the tab thickness has more influ- 
ence on the maximum stresses of specimens with thin braze 
The angle that p makes with the base bar 


layers than thick. 
and 


was found to be nearly 0 deg for Ay greater than 0.01 in. 
nearly 90 deg for hy less than 0.001 in. These maximum stresses 


‘Resin glue L-1373 made by the Specialty Resin Corporation, 
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were also investigated for specimens with a bond thickness of 
0.01 in. and tab thicknesses up to 1.00 in., and were found to 
approach a maximum magnitude 

Because the solution presented in this paper neglects the ver- 
tical shear in the braze, the vertical normal stress is constant 
The effect of vertical shear in the braze 
It was found that the maximum 


across the braze laver. 
was investigated for two cases. 
stresses at the base bar-braze surface were decreased slightly, 
more the thicker the braze. In general, it was found that the 
base bar and braze stresses were not influenced greatly by vertical 
shear for specimens with braze lavers that are thin compared to 
their tab thickness. 

The Stresscoat and photoelastic results are believed to be ac- 
curate enough to be used to determine the adaptability and 
accuracy of the analytical results The main difficulties in both 
testing techniques were in constructing such small specimens and 
in detecting the patterns on them Because of the controlled 
conditions, it is believed that the accuracy of the Stresscoat re- 
sults is good, within 15 per cent. 

10 and 11, and a 
On the first figure 
are plotted the effects of braze thickness on the maximum base 
The braze thick- 


nesses of the soft-solder specimens were changed on the basis ot 


The Stresseoat results are presented in Figs. 


sample Stresscoat pattern is shown in Fig. 13. 
bar stress for three different tab thicknesses. 


the theoretical solution to put them on a par with the silver- 
This multiplying A, by 
( Estecei 


three expernnental eurves ot Fig 


soldered steel was «done by 


ones, 
Eeott elder). Fig. 11 
10 with 


compares all 


(Erase or steet Enraze 
the corresponding 
analytical ones. 

For the brazed tab specimens with tab thickness of 0.08 in., 
Fig. 10(a), the effect of braze thickness on p/@max in the base bar 
at the tab ending and braze surface is found to be nearly the same 
magnitudes are slightly 


as determined analytically, but the 


greater. The greater the braze thickness, the greater is the 
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difference between the analytical and experimental values 


Undoubtedly, this is due to the fact that the analytical stresses in 
question are at the tab ending, whereas the experimental are at 
the end of the fillet the soft-soldered 
specimens fall in line with the brazed-specimen values when thei 


Because the values for 


braze thicknesses are adjusted according to theory, the moduli of 
elasticity of the braze material must influence the stresses in the 
is the reciprocal of the braze thickness. Figs. LO(b) 
10(a), but for tab thicknesses 
It is apparent that the 


Same Wuy 
and {c) show the same results as Fig 
of 0.04 in. and O.O8 in., 
difference between the analytical and experimental results is 


respectively, 


greater the thinner the tab, which is probably due to the fact that 
the braze layer is proportionately greater compared to the tab 
thickness and was neglected in the analytical solution 

Inspection of Fig. 11 shows that not only the effect of the braze 
thickness on the value of p/@max is similar to that determined 
analytically but that the effect of the tab thickness is similar also 


Because the braze thickness was neglected in the analytical solu 
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tion, the effeet of increasing the tab thiekness on the major 
principal stress in the base bar at tab ending is slightly less than 
that shown by the analytical. The effect of tabs up to I in, was 
determined experimentally for one braze thickness, and p/Omas 
was found to approach a maximum as predicted by theory, As 
before, the magnitudes were found to be slightly greater than 
those given by the analytical solution. 

The fringe pattern of the photoelastic model for the fillet under 
compression and the Stresscoat pattern are shown in Figs. 12 and 


13. This model represents a brazed tab specimen where hy = 


<-EPTEMBER, 


1 
1001 LO 
h, - IN. 


STRESSCOAT RESULTS FOR P/aomax IN Base Bar at Tap ENp- 
0.25 In. 


Fic. 10 
ING AND Braze Surrace ror Pure Benpina; he 


0.25 in., hy = 0.04 in., and hy = 0.0L in. The fringe patterns for 
the fillet under tension and compression were nearly the same 
The values at station 0, Fig. 16, were checked by using the applied 
moment and the optical coefficient for Kriston and found to be in 
error by L per cent. The fringe values became constant again at 
about the 24th station, where the fringe values were found to be 
in error by less than 4 per cent. The angles of the principal 
stresses were found to be difficult to measure accurately 

The photoelastic results are presented in Figs. 14, 15, and 16, 
along with the corresponding analytical results so that they can 
be compared. Fig. 14 indicates that the analytical and experi- 
mental distribution curves for 0) /@max along the base bar-braze 
surface are similar. In the tab region the experimental results 
are of lower magnitude than the analytical, 
under the experimental curve is not zero as it should be but 
the experimental 


The results of the 


However, the area 


slightly negative, probably indicating that 
stresses at the tab ending are a little low. 
photoelastic work on a model equivalent to a brazed tab specimen 
where hy = 0.25 in., hy = 0.03 in. ,and fy = 0.05 in. (S) are simi- 
lar to those shown here. 

The distribution of 7,,/@max along the base bur-braze surface is 
shown in Fig, 15, and is not subject to integration errors, whereas 
Oo, Omax is. It is almost the same as the analvtiea! as to both 
shape and magnitude. The area under the experimental curve 
was found to be about 10 per cent too great with the braze laver 
included. However, if the theoretical curve is used away from 
the tab ending instead of the experimental, the area would be 
correct. It appears, therefore, that the experimental values 
away from the tab ending are slightly high, probably due to error 


The 


in measuring the small angles of the principal stresses. 
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experimental value for the angle of the principal stress in the 
hbase bar at the tab ending, station 7, was found to be 37 deg 


whereas the analytical value was 30 deg. For the specimen in 


reference (8), this angle was found to be 17 deg compared to an 
21 deg. Thus the principal stress angle in 


it the tab ending is given quite accurately by the 


analytical value of 
the base bar 
theory. 

The distribution of 0, /@max is given in Fig. 16 and is subject to 
Because ¢0,/Omax is obtained from the 


integration errors, 


O,/ Tmax values, its magnitude is probably low in the region he 
tween stations 6.2 and 9. Hlowever, on comparing the analytical! 
curve with the experimental, it is obvious that there is considera- 
ble error in assuming the stresses in the base bar are their nomi- 
nal values, especially in the fillet region, 

On comparing the Stresscoat and photoelastic results, it is 
found that the maximum base bar stress ratios agree fairly well 
For a brazed tab specimen with hz = (0.04 in., and 
h, = 0.01 in., the Stresscoat value for p/omas in the base bar at 


= ().25 in., h; 


the tab ending is 1.65, whereas the photoelastic value is 1.55 
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bor a specimen with hg = 0.25 in., hy = 0.03 in., and hy = 0.03 
in., the values are 1.38 and 1.50 (8), respectively. 


SUMMARY AND CONCLUSIONS 


The application of the spring-beam method of approach to the 
brazed tab specimen showed that a fairly complete investigation 
of the stresses can be made for bending, axial, and shear loadings 
Although this solution could not give the effect of the fillet radius 
and the magnitude of the tangential stresses along the fillet, the 
peak tab-ending stress in the base bar was found to be approxi- 
mated by the major principal stress in the base bar at the tab 
ending. In regard to fillet radius, the analytical results are such 
as if a fillet was present, and the experimental work indicates that 
the assumption that the fillet radius is of the order of the cement 
or braze-layer thickness is approximately correct for the problem 
considered. 

In general, the experimental results were found to check the 
analytical results quite well, the main discrepancies being in the 
vicinity of the fillet. For braze thicknesses of the order of or 
greater than that of the tab, the analytical results were found to 
be considerably lower than the experimental values because the 
braze stiffness as a beam was neglected. The beam stiffness of 
the braze layer can be included in the analysis but with much 
difficulty. Only the magnitudes of 0,/dmax were found to be in 
great error near the tab ending. This error was caused by assum- 
ing nominal stresses for o,, which neglects the local effect of the 
tab ending. 

The analytical and experimental results show that for pure 
bending the tab-ending effect is local, more so the thinner or less 
elastic the braze layer. Also, the local tab-ending stresses are 
higher the thinner or less elastic the braze layer and the thicker 
the tab. However, the local tab-ending stresses were found to 
Similar 


approach a maximum as the tab thickness increased. 
analytical results have been obtained for axial loading.' 

In conclusion, the spring-beam method of attack permits a 
relatively elementary and yet complete and fairly accurate analy- 
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sis of the stresses in the brazed tab specimen. It is believed that 
this type approach will be helpful in analyzing other similar bi- 
metallic, discontinuous structures. 
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Effect of Range of Stress on Fatigue of 
76S-T61 Aluminum Alloy Under Combined 
Stresses Which Produce Yielding 


By W.N. FINDLEY,' URBANA, ILI 


Fatigue test data under bending, torsion, and combined 
bending and torsion are presented for mean stresses from 
zero to values which cause substantial yielding. The 
mean nominal stresses in the bending and the torsion tests 
were corrected for the effect of the nonlinear distribution 
of stress resulting from yielding. Static tests in tension, 
compression, bending, and torsion also are described. 
The applicability of several theories of failure are com- 
pared with these test data. The role of anisotropy of the 
material, mechanism of crack formation, mean stress, and 
maximum stress are discussed. 


N another paper (1)? the results of fatigue tests of 768-T61 
aluminum alloy under combined bending and torsion have 
been presented and compared with various theories of failure 


In the present paper these data have been extended to include the 


additional variable of “range-of-stress’’ and its effect under dif- 
ferent combinations of bending and torsion. The term range-of- 
stress is used here in the broadest sense, as employed by Smith 
(2), for example, to describe in a general way a relationship be- 
tween the maximum and minimum stress in a cycle of stress. 

A complete description of a sinusoidal evele of stress requires 
two algebraic quantities, such as maximum and minimum stress, 
alternating stress amplitude and mean stress, range ratio and 
maximum stress, alternating stress amplitude and maximum 
stress, alternating stress amplitude and minimum stress, and so on 


PREV mus W ORK 


The effect of range of stress has been investigated and discussed 
The problem was reviewed by Peterson (3) in 1937 and 
Some of the sub- 


widely. 
existing data interpreted by Smith (2) in 1942. 
sequent investigations (4 to 13) were reviewed, and Smith's 
interpretation for tensile mean stresses was brought up to date 
by Schwartz (14) in 1948. 

Various empirical relations have been proposed to deseribe 
the observed effect of mean stresses in fatigue Among these are 
the Gerber parabola (16), the 


Smith’s for brittle 


the modified-Goodman law (15), 


Soderberg linear relation (17) equation 
metals (2), and Seliger’s parameter (18). 
The most widely used of these expressions for tension or bend 


ing are of the form 
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as the alternating 
is the 


is the lutigue strength e\pressed 


Where a, 


stress lor a given mean stress, d,, 18 the mean stress, o, 


fatigue strength tor completely reversed stresses, and oO, 18 either 


the ultimate strength or the vield strength. Equation {1} has 


been modified by some by introducing a constant before either 


the first or second term 
For torsion fatigue, Smith (2) observed that the fatigue 

strength was nearly independent of the mean stress 

August, 1042, 


tests of aluminum alloys under combined bending and torsion 


At the time these tests were started in fatigue 
were unknown to the author (although it is now known that tests 
by Nisihara and had published 
in Japan) and no tests had been reported for combined stress 


Kawamoto (19), just been 
fatigue tests with different values of mean stress superimposed on 
the alternating stresses tecently H. J. Gough (20) published 
results of such tests on steels, but so far as is known the test data 
contained herein are the first to be reported for an aluminum 
alloy under combined bending and torsion with superimposed 


mean stresses. 
Fatriaus Tests 


The material, apparatus, specimen, and testing technique em- 
ployed have been described in a previous paper (1). In Figs. 1 to 
% are shown the S-N diagrams for fatigue tests in bending, com- 
bined bending and torsion, and torsion, respectively. In each, 
several values of mean stress have been employed. It should be 
noted that the proportion of bending to torsion is the same for 
all tests shown in Fig. 2. S-N diagrams for other combinations 
of bending and torsion with zero mean stress are reported in 
another paper (1). Fatigue data in bending of notched speci 
mens were reported by Dolan (5) for the same alloy under dif- 
ferent mean stresses 

The curves for al] diagrams have log-log co-ordinates and were 
drawn on separate sheets by inspection before being combined as 
shown. The ordinate in Fig. 2 represents only the bending com 
ponent of the applied stress. The torsion component is equal to 
one half the bending stress for all stresses given in this figure 

It was observed that as the mean stress increased the S-N dia 
grams for bending and for combined bending and torsion showed 
a greater tendency toward an endurance limit like that of ferrous 
metals and some plastics. This trend was not apparent for tor- 
sion. It also appeared that there was greater seatter in the re- 
sults of the torsion tests than the other states of stress 


In Fig 1 are also plotted data reported earlier by Dolan (5) 
from bending tests of the same material using a specimen with a 
larger radius. The agreement is satisfactory 

Fatigue tests in torsion are shown in Fig. 3 for two different- 


the H 


bined bending and torsion machine 


type machines: F. Moore torsion machine, and the com- 
Initially it was planned to 
use the Moore machine for all torsion tests. However, the plan 


was changed because of the seatter of data and because it was 
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observed that unpredictable static bending stresses could not be 
avoided in clamping the specimen in the Moore machine. How- 
ever, the results show that the amount of scatter from the two 
machines was comparable and the results agree fairly well. The 
results obtained from the Moore machine were not considered in 
drawing the curves in Fig. 3 nor in the analysis which follows. 

During many of the tests reported in Figs. 1 to 3 the specimens 
were subjected to loads which caused yielding to occur in the test 
section of the specimen. Because of this vielding the stress distri- 
bution in the specimen changed so that the actual stresses pro- 
duced were unknown. Hence the stresses plotted in Figs. 1 to 3 
are the nominal values obtained by the ordinary formulas and not 
necessarily the actual stresses, 

In order to determine more accurately the actual stresses in the 
specimens when yielding occurred, plasticity theory was employed 


as described in another section of this paper. The application of 


10” 


to Fracture 


S-N Diacrams ror Torsion Fatigue 


the theory required the determination of stress-strain relations 
for the material both on loading and unloading. Results of 
these static tests are described in the next section, 
Sratic Tests 

Representative stress-strain curves for tension, compression, 
and torsion, together with a representative curve of strain versus 
time obtained during the compression tests, are shown in Fig. 4 
The tension tests are taken from the report by Dolan (5). Several 
statie properties measured from such curves are given in Table 1 

Because of the shortage of material for these tests, supple- 
mentary static tests were made on specimens cut lengthwise 
from the root section of a propeller blade forged of the same alloy 
The data obtained are listed also in Table 1. 

The values of stress in the torsion test from an original bar of 
the alloy have been corrected as described later for the nonlinear 
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TABLE 1 


Tension tests 
Data as reported by Dolan (5), avg of 6 tests 
Revised from Dolan's Fig. 8, avg of 3 tests 
Normal stress and strain 
Shearing stress and strain 
Specimens from propeller blade, avg of 2 tests 


Normal stress and strain 10 


Shearing stress and strain 
Compression tests 
Specimens from original bars, avg of 2 tests 
Normal stress and strain 
Shearing stress and strain 
Specimens from propeller blade, one test 
Normal stress and strain 
Shearing stress and strain 
Data from average curve of tension and compression 
Average of 4 tests 


Normal stress and strain 
Shearing stress and strain 


Torsion tests, data based on shear stress and strain 
Data as reported by Dolan (5), avg of 3 teats 
Specimens 0.56 in. diam, nominal stress 
Specimen from original bars, 1 test, 0.261 in, diam 
Nominal values of stress 
Stresses corrected for yielding 
Specimens from propeller blade, avg of 2 tests 
Nominal stresses, specimen 0.261 in. diam 
a 


Load was still increasing; did not fracture 














s 
Strom, » perm 210 


kia. 4 Srress-Srrain Curves ror Tension, COMPRESSION, AND 


Torston 
stress distribution resulting from vielding. The corrected stress- 
values of 
Table 1, 


together with a corrected value of the fracture stress in torsion. 


strain diagram is also given in Fig. 4. Corrected 


vield strength and proportional limit are given in 
The latter was calculated on the assumption that the stress on 
the cross section of the test bar was constant along any diameter 
that 


the corrected ultimate strength is equal to 9/4 the nominal value 


at the ultimate torque, This calculation vields the result 
regardless of the diameter. 

For purposes of comparison the vield strengths in tension and 
compression tests have been calculated in terms of shearing stresses 
at the offset 


strain; that is, for the same value of shearing strain (or offset) in 


given values of corresponding to shearing 
both tension and torsion the normal strain in the tension test 
would equal the shearing strain in the torsion test divided by 
l + yw, where Mis Poisson’s ratio. A value of Poisson’s ratio of 
0.3 was used. It was observed from Table 1 that the shearing 


stress from the tensicn tests was nearly equal that from the torsion 


tests at the proportional limit, yield strength, and fracture stress 
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hic. 5 Loav-DerLection Tests or Fatiaue Specimens in Torston 
Thus the static test data are in good agreement with the prinei 
pal shear-stress theory. 

Static tests beyond the proportional limit) are illustrated in 
Fig 5 tor torsion of two specimens A and B of the same shape 1s 
the fatigue specimens For the first loading of the virgin speci- 
men A, deflections were ipplied in increments until the maximum 


the specimen Was unloaded until a substantial negative loud was 


deflection encountered in the fatigue tests was reached 


reached, which was less than the corresponding minimum load in 


a fatigue test Above the proportion il limit a decided curvature 


in the di: gram Was observed llowever, on unloading a nearly 


linear relation was obtained at the same slope is the initial 


tangent. Subsequent loading and unloading between these two 


deflections produced curves which followed the first unloading 


line rather closely but showed a small hyster« SIs loop 


On the fifth and sixth loadings the maximum deflection wa 


increased somewhat. The curve showing the increase in de 


flection followed approximately the trend of the original plastic- 
Th 


flow curve maximum strain was increased again for the 





568 


eighth A slight 
was Observed in the last four unloadings 


seventh and loadings with similar results. 
Bauschinger effect 

The presence of a Bauschinger effect is shown much more 
clearly in the test of specimen B, Fig. 5. The two complete 
cycles of loading and unloading illustrated were obtained by 
loading the specimen to the maximum deflection, unloading, 
applying reverse loading until the reverse-loading curve inter- 
sected the negative extension of the initial tangent line, and then 
The second loading duplicated the 
the remainder of the 


removing the reverse load, 
first loading almost exactly. However 


second eycle did not repeat exactly, possibly because the maxi- 


mum deflection was somewhat greater, 

Since the maximum variation in shearing stress (twice the 
alternating stress) in the torsion-fatigue tests was 60,000. psi, 
it is evident from Fig. 5 that the minimum stress was never low 
enough for the Bauschinger effect to be significant even at the 
highest mean stress, where the Bauschinger effect would be most 
pronounced, 

Since the unloading curves and subsequent reloading curves 
were linear as long as the unloading proceeded no farther than 
was required in the fatigue tests (as shown by Fig. 5, specimen A), 
changes in load within this linear region produce changes in stress 
which are elastic and can be ealeulated by ordinary formulas. 
Thus the nominal values of the alternating stresses caleulated 
on the assumption of elastic behavior and reported in Figs. 1 to 
3 are the correct values and were not influenced by vielding 


CorkECTION OF MEAN SrREsSSES FOR L:erECT OF YIELDING 


Inasmuch as the object of this investigation was to determine 
the effect of the mean stress it seemed necessary to extend the 
range of mean stresses to as large values as possible and then to 
correct the nominal mean stresses for yielding. 

In instances in which the maximum stress of the cycle was 
above the proportional limit the actual maximum stress was less 
than the nominal maximum stress calculated from the deflee- 
tion of the specimen. Thus the mean stress also was lower by 
an equal amount since the mean stress was equal to the maxi- 
mum stress minus the alternating stress and the latter was not 
influenced by yielding. 

The tests at zero mean stress and at some of the small values of 
mean stress did not require correction, Also, no correction was 
attempted for vielding under combined bending and torsion 
Plasticity theory and experiment have not vet been developed to 
a point where the problem of yielding under combined bending 
and torsion of a material having a curved stress-strain diagram is 
readily solved. 

Corrections were made where needed for all tests in bending 
and torsion, The correction of the maximum stress (and from 
that the mean stresses) required a knowledge of the maximum 
load applied to the specimen, Since in these fatigue tests only 
the maximum and minimum deflection and the elastic stiffness 
were determined, it Was necessary to prepare calibration curves of 
load versus deflection for the shape of specimen and test condi- 
these curves the 
Instead 


tions employed in the fatigue tests. From 
maximum load in a given fatigue test was determined, 
of correcting the mean stress of each individual specimen, the 


fatigue strength was measured from all S-N diagrams at 3 &X 
10% 10°, 10%, 107, and 10° evcles and the corrections and all subse- 


quent caleulations and diagrams were based on these values 


CORRECTIONS FOR BENDING 
The correction employed was a semigraphical procedure based 
on an extension of the Herbert equation by Morkovin and Side- 


bottom (21). 
The stress-strain curve in tension was found to be nearly the 


The steps involved were as follows: 


same as that in compression for the range of strain employed in 


JOURNAL OF APPLIED MECHANICS 


SEPTEMBER, 1955 
the fatigue tests. Hence the analysis was based on relationships 
applicable only when the stress-strain relation was the same in 
tension and compression. 

From two static tension and two static compression tests an 
average stress-strain curve was constructed and the stress and 
strain at the apparent proportional limit were obtained. 

From this curve a dimensionless stress-strain curve was con- 
structed by dividing the stresses and strains by their correspond- 
ing value at the proportional limit. Since the plastic stress- 
strain diagram for this aluminum alloy was a curve above the 
proportional limit a point-by-point graphical procedure described 
by Sidebottom (22) was employed to construct a dimensionless 
moment-strain diagram. 

The corrected maximum stress for any specimen could then be 
obtained by determining the dimensionless bending moment for 
the specimen and locating the corresponding value of the dimen- 
sionless strain from the moment-strain curve. The dimension- 
less stress corresponding to the maximum stress was then found 
from the dimensionless stress-strain curve at the same value of 
dimensionless strain. From the dimensionless stress the maxi- 
mum stress and mean stress were calculated 

It should be noted that this correction is probably not exact 
because of several simplifications from actual material behavior 
among which are the following: The yielding probably was not 
homogeneous or continuous and the specimen shape confined 
yielding to a small region which may have further complicated 
the geometry of plastic straining; and the rate of straining in the 
static tests was much slower than the rate of straining during the 
first load application in the fatigue tests. 


CorRECTION FOR TORSION 


The graphical technique employed was that outlined by 
Nadai (23) for determining the shearing stress at the surface of a 
specimen of circular cross section having a nonlinear stress-strain 
relation and subjected to a torque. This technique required a 
curve of torque versus angle of twist for a cylindrical specimen of 
circular cross section. The graphical procedure was applied to 
this curve to determine the corrected shearing stress at the ex- 
treme fiber caused by the torque. 

From the results of these calculations a corrected shearing- 
stress versus shearing-strain curve was constructed as shown in 
and a curve of nominal shearing stress versus corrected 
By means of the latter curve 


Fig. 4, 
shearing stress was constructed. 
the corrected maximum stress was determined and from this the 
mean stress was calculated. It should be observed that the same 
limitations apply to this correction procedure as apply to the 


bending procedure 


THeortes or Fatigue Farcure UNperR ComMBINeED STRESS 


On the basis of the results and the analysis reported in another 
paper (1) for the tests at several combinations of bending and 
twisting for zero mean stress, several of the more promising 
theories were selected for a complete study at all values of mean 
stress. The theories selected were principal shear stress cor- 
rected for anisotropy (24), complete Guest’s law, magnitude of 
state of stress vector, and total energy of deformation. As re- 
ported by Gough (20) and discussed by the author (24) the 
ellipse-are “theory” is related to che complete Guest law and in a 
way which makes the ellipse are too general. Hence in the 
complete analysis the ellipse are was not considered, Similarly, 
the ellipse-quadrant “theory’’ was not considered since, as de- 
scribed in a discussion (24), the ellipse quadrant is indentical to a 
squared form of the equation for the greatest principal shear 
stress when corrected for anisotropy 

The principal shear-stress theory corrected for anisotropy really 


represents six different theories as explained later. The correc- 
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tion for anisotropy proposed earlier (24) is based on the idea 
that rolled bars may have internal ‘“‘shape’’ characteristics caused 
by slag or other inclusions, and so on, which may produce an effect 
similar to the anisotropic stress concentration of a straight 
groove on the surface of a flat plate of isotropic material 
The groove would raise the local stress above the nominal stress 
for stresses normal or at an angle to the direction of the groove 
but not for stresses parallel to it. 

Thus in specimens cut lengthwise from bar stock and tested 
so that the plane of bending and axis of twisting are always 
parallel to the lengthwise direction of the stock, one may expect 
that anisotropy of the material will raise (or lower) the nominal 
stress computed from the twisting moment more than (or less 
than) the stress computed from the bending moment; the re- 
sulting bending or twisting stresses caused by anisotropy will be 
linear functions of the nominal bending or twisting stresses, re- 
spectively; and the resulting bending and twisting stresses will 
be the same functions of the nominal stresses regardless of the 
combination of bending and twisting employed. 

Under these conditions all the rational theories of inelastic 
action can be re-examined by multiplying the nominal twisting 
stress T by a correction constant for each material of such mag- 
nitude that the resulting equation agrees with the test data for 
pure bending and pure twisting. A correction constant could 
just as well be applied to the bending stress instead of the twist- 
ing stress or to both; the result would be the same. 

For example, the theory of a limiting principal shearing stress 
rT, may be written for combined bending and torsion as follows 

45 V ao? + 47? = a const, such as 7 [2] 
where o and 7 are the applied bending and torsion (shear) stress, 
This equation requires that the ratio of the fatigue 
There- 


fore, in accordance with the foregoing suggestions one can correct 


respectively 
strength in bending ) to that in torsion ¢ must equal 2. 


for anisotropy by multiplying every value of 7 introduced in 
Equation [2] by 6,/24, where b; and (; are the measured values of 
the fatigue strength in bending and in torsion, respectively. 
The number of eveles for which 4; and (, are determined is the 
same as the number which is expected to produce failure under 
the given values of ag and tr. If the adjusted value 
Int 
T) oy 
~l 


is substituted in Equation [2] the following results 


hb, \2 
2 a + ( ) r? T) 
ty 
In « similar way this correction may be applied to the other 
rational theories of failure. The resulting equations are given in 
reference (1) It is significant to note that the equations for six 
of these theories, when rationalized, are identical and the same as 
the empirical ellipse-quadrant equation proposed by Gough 
The six (a) Principal shear stress, (6) principal 
shear strain 
(e) total energy of deformatcon, and (f) magnitude of state-of- 


theories are 
(ec) energy of distortion, (d) octahedral shear stress, 


stress vector 

By the theory of a limiting magnitude of the state-of-stress 
vector it is suggested that fatigue failure may be expected when a 
limiting value of the vector sum of the three principal stress 
vectors is reached. The vector representing this sum is called 
the state-of-stress vector since it uniquely describes the given 
combination of principal stresses. No physical significance is 
attached to this theory. 
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keerect or MEAN STRESS 


The following quantities were computed from the alternating 
stresses corresponding to the fatigue strength and from = the 
mean stresses (corrected for yielding whenever possible) at each 
value of fatigue strength considered: 


Principal shear stress corrected for anisotropy 


a 


Complete Guest's law 


We= — [ot + 201 + yw) rf 


where the symbols are the same as described before. Values of 
9.69 & 10° psi for the elastic modulus and 0.3 for Poisson's ratio 
were employed in these calculations as deseribed previously (1). 
Poisson's ratio during yielding probably has a higher value as 
shown by Stang, Greenspan, and Newman (25). However, on 
unloading and reloading after yielding it seems probable that 
Poisson’s ratio would be similar to that of virgin material. 

The value of each of the four theories (iLe., the right-hand side 
of Equations [3] to [6]) based on the alternating stresses was 


plotted as a function of the corresponding value of the same 


theories based on the mean stresses. The resulting curves were 
similar to Figs. i} to &, for the first three theories but not for the 
fourth (strain energy). One of the diagrams for the total strain- 
energy theory is shown in Fig. 9. The magnitude of the correction 
for vielding and its effect on the amplitude-of-stress versus mean 
stress diagram is also illustrated in Figs. 6 and S in which both 
values are plotted. In addition to 


corrected and uncorrected 


the data obtained under dynamic conditions, the value of each 
theory computed from the vield strength at 0.05 per cent offset 
was represented by a diagonal line in the diagrams for bending 
fatigue and torsion fatigue 

The values of b; and 4; used in correcting for anisotropy and in 
calculating Guest's law were the same for all mean values at a 
given number of eveles and equal to the bending and twisting 


fatigue strengths, respectively, at zero mean stress and the given 


number of eyeles, There is no reason to think that the values 
than the fatyzue strength at 
Thus 


the data might be 


of b and f; are anv more accurate 


any other combination of be nding and twisting 1 certam 


latitude commensurate with the seatter of 


allowed in the value of 4) /f; used in correcting for anisotropy i 


indicated by the trend of data for combined bending and torsion 


The following observations were made from these alternating 


versus mean diagrams: 


all four theories, at any of the number-of-eyveles-to 


l bor 
failure considered, the value of the theory based on the alternating 
stress decreased with increase in the value of the theory wed on 
the mean stress 

2 In bending and in combined bending and torsion the effect 
which an increase in the value of the theory, based on the mean 


stress, had on the value of the theory, based on the alternat- 


ing stress, Was less at large numbers of cycles to failure than small 


numbers of eveles to failure. This suggests that the material may 
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have an endurance limit which for some states of stress and for 
high mean stresses may be reached at about 10° cycles, but for 
lower mean stresses may not be reached until perhaps 10'? cycles 
(see also Figs. 1 and 2). 

3 There is poor agreement between the test data and com- 
mon empirical formulas such as the modified Goodman or Soder- 
berg linear equations or the Gerber parabola, although the latter 
is the best representation. This is true whether the ordinary 
stresses or the quantities corresponding to the theories are 
plotted. The slopes of the curves for the first three theories 
were not steep enough, the curves for torsion did not converge 
with increasing mean stress, and the lower four curves for bending 
curved in the wrong sense for the Gerber parabola. These em- 
pirical formulas are not shown in the figures in order to avoid con- 
fusing them. 

1 In all except the energy theory there was only a slight de- 
crease in fatigue strength with increasing mean stress for maxi- 
mum stresses below the proportional limit. As the maximum 
stresses began to cause yielding the fatigue strength decreased 
more rapidly in the torsion tests and in the bending tests at high 
alternating stresses than in tests at other combinations of stresses. 
This may be the effect on the fatigue strength of changes in micro- 
structure resulting first from a nominally elastic static stress and 
next from the plastic deformation at yielding. 

5 Examination of these curves revealed poor correlation be- 
tween (a) the values of maximum stress beyond which the fatigue 
strength decreased markedly and (4) the yield strength from 
A marked decrease in fatigue strength was apparent 
in the torsion tests. For bending, however, the fatigue strengths 
at 3 & 10! eycles suggested only that a marked decrease in fatigue 
strength may be impending at higher values of maximum stress. 
Little could be said about the combined bending and torsion tests, 
The indications 


static tests. 


since corrections for yielding were not made. 
were that no marked decrease occurred within the range of the 
tests under combined bending and torsion. 


An excellent correlation was observed between the yield 
strengths at 0.05 per cent offset from static tests and static 
yielding predicted by the principal shear theory. The yield 
strengths based on shearing stress and shearing strain were nearly 
identical for tension, compression, and torsion tests when the 
stresses in the torsion tests were corrected for the stress distribu- 
tion resulting from yielding, Table 1. This suggests that the orig- 
inal material may have been nearly isotropic in so far as general 
vielding is concerned and that the material may have been an- 
isotropic only at the level of the localized action which initiated 
fatigue failure. 

If this was the case then the correction for anisotropy should 
have been applied only to the alternating components of the 
Curves which were prepared in this way are shown in 
the correlation between 


the fatigue 


stress 
Figs. 6 to 8, It was observed that 
(a) the values of maximum stress beyond which 
strength decreased markedly and (6) the statie yield strength was 
satisfactory in Figs. 6 and 8; that is, the apparent effeet of vield- 
ing on the fatigue strength resulting from a high mean stress was 
in much better agreement with statie vielding when the correc- 
tion for anisotropy was applied only to the alternating compo- 
nent 

The same reasoning when applied to the Guest theory had a 
similar result although the agreement was not as favorable. 


Srrain ENerGy AND MEAN SrREss 


A difliculty arises in trying to apply any energy theory to the 
problem of fatigue failure when the mean stress is not zero. The 
variation of strain energy with time when calculated from stresses 
must be based on the variation of the total stress——-net compo- 
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nents such as alternating and mean stress. Residual stresses also 
must be added to the applied stresses before calculating the 
If this is not done, large errors in energy will result 
Thus 
diagrams such as Fig. 9 in which the alternating and mean 
energies are computed directly alternating and 
mean stresses, respectively, do not present the correct relation 


energy. 
since stresses are squared in computing the strain energy. 


from the 
For example, the mean 


between the components of energy. 


value, Wimean, of a evele of total-energy-of-deformation com- 


puted for pure bending is 


Wve a = 


] 
: [(o,, + 0,)? (a 
tk 





FINDLEY—STRESS ON FATIGUE OF 7658-T61 

















ergy Basea erect ° tress 


EnerGy Bastp oN ALTERNATING Stress Verses 
ENERGY Basep ON MEAN STRESS 


Toral 
Te iTAI 


2b 


An attempt to make « more accurate presentation of the energy 
relation discloses the following difficulties: 


1 When the minimum stress of the cycle is of the same sign 
as the maximum stress the only difficulty is that the energy evcle 
is not sinusoidal as the stress cycle was. The maximum energy 


is calculated from the maximum stress and the minimum 


energy from the minimum stress. The alternating and mean 
energies are calculated as one half the difference and one half the 
sum of these maxima and minima (see Equation {7}). 

2 Since energy is a sealar and always positive, a completely 
reversed sinusoidal cycle of stress will produce not a com- 
pletely reversed cycle of strain energy but a evele of energy vary- 
ing from zero (at zero stress) to a maximum (at both maximum 
or minimum stress) which is not sinusoidal and has a frequency 
twice the frequency of the stress cyele (see inset in Fig. 10) 
Thus the total number of energy cycles sustained before frac- 
ture is twice the total number of stress cycles sustained, These 
facts have not been discussed (in so far as is known) in previous 
studies of energy theories of failure applied to fatigue. 

3 When the stress during the cycle is partly of one sign but 
mostly of the opposite sign, the energy cycle consists of two 
alternate pulses of the same sign but different magnitude. The 
frequency of the largest pulse is the same as that of the stress 
cycle (see inset in Fig. 10). 
tuken 
diagram representing the actual alternating energy versus actual 
This is 
accomplished by computing the alternating and mean energies as 
described in item 1 of the preceding paragraph, by accounting 
for the change in frequency noted in item 2, and by neglecting the 


When the foregoing factors are into account, a new 


mean energy may be constructed as shown in Fig. 10. 


smallest pulse described in item 3. A zero value of mean energy 


is not possible. Fig. 10 shows that the alternating energy for 
fatigue failure increases equally with increase in mean energy 
until the minimum energy of the eycle becomes greater than zere. 
This behavior does not seem reasonable as a theory of fatigue 
failure under combined stress. The stress and corresponding 
energy cycles are also illustrated in Fig. 10 for typical values of 
mean stress. While the relations shown in Fig. 10 are for total 
energy, similar relations would obtain for distortion energy. 
Another possible way of handling the strain-energy relation- 


ship that avoids the difficulties just enumerated is to give energy 
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an arbitrary sign the same as the sign of the corresponding stress 
If this is done the alternating energy decreases, then increases 
markedly with increase in mean stress 

The least unreasonable of these methods of handling energy is 
that shown in Fig. 9. However, the most reasonable explanation 
for this Interpretation seems to require that fatigue failure is 
associated with the dynamic (fluctuating) strain energy inde- 
pendent of the mean strain energy; and that the mean energy 
whether from externally applied mean stress, macro- or micro- 
residual stresses, merely acts in a manner similar to a change in 
the internal structure of the alloy. Such a change in structure 
may or may not affect the fatigue strength of the alloy greatly. 
Of course it may be that the change in structure is caused by 
some other factor than mean energy such as mean shearing stress 
while the alternating energy controls the initiation of fatigue 
fracture 

The foregoing explanation of the relation between strain energy 
(either total or distortional) and fatigue failure at different values 
of mean stress would seem rather plausible if it were not for the 
other difficulties with an energy theory which are discussed in 
another paper (26) 

SravTe-OF-SrTReEss AT DirreRENT MEAN STRESSES 

From ordinates at four values of mean stress (or mean energy, 
and so on) in diagrams such as Figs. 6 to 9 and the data at other 
states of stress for zero mean stress, diagrams showing the effect 
11 for 
the theory of a limiting value of principal shear stress (with a 


of state of stress were constructed such as shown in Fig 


correction for anisotropy applied to the alternating stress), 

For each value of the theory based on the mean stress the value 
of the theory based on the alternating stress was plotted as a 
function of the state of stress for each of the theories, as illus- 
trated in Fig. 11, for the principal shear-stress theory with a 
correction for anisotropy applied to the alternating stress. The 
measure used for the state of stress was the least direction cosine 
n, of the state-of-stress vector S. 

19) 
where the state-of-stress vector is the vector sum of the three 
principal stresses and a; is the smallest principal stress. For the 
range of states-of-stress employed in this investigation only one 
direction cosine was necessary to identify the state-of-stress since 
all the state-of-stress vectors lay in one plane. The direction 
cosine n was chosen because it spaced the test values of state-of- 
stress more evenly than the first direction cosine 
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On the type of diagram shown in Fig. 11 exact agreement with 
the theory would be represented by straight horizontal lines, A 
logarithmic ordinate was used in all of these diagrams because the 
per cent change in a quantity is represented by the same linear 
distance on a logarithmic scale regardless of the magnitude of the 
quantity. Thus logarithmic diagrams permit direct comparison 
(between the various curves) of the relative deviation of the test 
values from the theory. A scale is inset in Fig. 11 by which the 
per cent deviation from the theory may be measured. An 
examination of these diagrams indicated the following order of 
merit (as indicated by the present data) for the theories con- 


sidered: 


1 Principal shear stress corrected for anisotropy. 
2 Complete Guest's law. 

3 Magnitude of state-of-stress vector. 

4 Total strain energy. 


The first of the theories represented the test data the closest. 
There was, however, not much choice between the first two 
theories, 

Tt should be reealled that the alternating values in Fig. 11 are 
the same, except for a constant factor, for six theories when cor- 
rected for anisotropy The 
shape of the diagrams for mean stresses above zero are, however, 


not just the shear-stress theory. 


dependent on the particular theory chosen since the mean com- 
ponent does not contain a correction for anisotropy. 

The effect of the correction for yielding is indicated in Fig. 11 
by showing the ordinates of both the corrected aad uncorrected 
curves of alternating versus mean stress 


ALTERNATING Stress Versus Maximum Stress 


If, as seems to be the case, general yielding affects the fatigue 
strength then perhaps it should be questioned whether the 
fatigue strength should be expressed in terms of the mean stress. 
Perhaps the maximum stress would be a more logical parameter. 
The alternating principal shear stress as corrected for anisotropy 


has been plotted as a function of the maximum value (occurring 
in a cycle of stress) of the principal shearing stress (corrected for 
vielding). This is shown in Fig. 12 for bending and in Fig. 13 
for torsion. The limit of proportionality, yield strength, ulti- 
mate strength, and fracture stress are also shown?in Figs. 12 and 
13. AT b.-0 f 

It is evident that the region of the alternating stress versus 
maximum stress diagrams above the diagonal line is unavailable 
for testing—-especially in torsion. In bending or at least for 
axial loading this region would be available if the material had a 
much higher yield strength in compression than in tension, Since 
this is not the case for ductile metals we can only speculate on the 
shape of curves in this region. Points on the vertical axis would 
represent the fatigue strength of virgin material unaffected by 
stresses which might cause yielding or other alterations of the 
material, 

The reason for the difference in shape and slope of these curves 
for bending and for torsion may be found in the mode of fractur- 
ing in fatigue as discussed in another paper (27) in the light of the 
observed fractures of this alloy. In the torsion tests it was ob- 
served that the fatigue cracks propagated mostly by repeated 
slip under eyelic shearing stress (or shearing strain) and the 
major effect of an increase in the maximum stress was to produce 
a change in the structure of the material, especially when the 
maximum stress produced yielding. 

In bending, however, there was the additional factor of tension 
stresses on the slip planes which tended to change the mechanism 
of crack propagation and perhaps to accelerate it. It was 
shown (27) that the initiation of fatygue cracks always resulted 
from alternating shear stress but that for bending, the mechanism 
of crack propagation changed quickly from a shear crack to a 
tensile fracture which was dependent on the maximum principal 
stress. Since the magnitude of the maximum (tension) princi- 
pal stress increased with the maximum stress of the cycle whereas 
the alternating shear stress was independent of the maximum 
stress, the rate of crack propagation may have been greater at 
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higher maximum stresses for bending tests. ‘Thus it seems en- 


tirely possible that both anisotropy and the factors controlling 
crack propagation may influence the results of fatigue tests 

The curves in the unavailable region may be as shown by the 
dash lines in Figs. 12 and 13 
count at least in part for the divergence observed between the 


These considerations might ac- 


test data and the uncorrected principal shear-stress theory 
The values of the alternating stress at zero mean stress (uncor- 
rected) obtained from the torsion tests are shown plotted on the 
eurve for bending tests Fig. 12, as short dash lines on the vertical 
axis. This corresponds to an assumption that the principal shear 


these conditions and that the 


theory under 
maximum stress has no effect on the fatigue strength within the 


governs tatigue 


unavailable region of the torsion diagram, Fig. 13. It wos ob 
served that the values from the torsion tests were consisten! with 
a possible shape of the dashed curves for the bending tes!s as 
shown in Fig. 12 

While the maximum stress seems to be the most logieal ja- 
rameter from a theoretical standpoint, it is probable that from a 
design standpoint the mean stress is the more useful in deseri} 
ing the range of stress because of the unavailable region in the 


altern iting Stress versus Maximum stress diagram 


CONCLUSIONS 


An increase in the mean stress of the stress evele caused a 
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decrease in the fatigue strength for all states of combined stress 
studied. 

2 In bending and in combined bending and torsion the effect 
of the mean stress on the fatigue strength decreased as the num- 
ber of cycles to fracture decreased 

3 As the maximum stress began to cause vielding the fatigue 
strength decreased more rapidly in the torsion tests and in the 
bending tests at high alternating stresses than in tests at other 
combinations of stress 

4 There was poor agreement between the test data and com- 
mon empirical formulas for the effect of range of stress. 

5 A correction for possible anisotropy of the material appeared 
to be applicable to the alternating stresses but not to the mean 
stresses 

6 There are several observations concerning the effect of 
range of stress which make energy theories of fatigue failure of 
doubtful validity 

7 When the data of all states of combined stress, all values of 
mean stress, and all eycles to failure were considered the theories 
of fatigue failure were found to have the following order of merit 
(where the first theory represented the test data the closest): 


(a) Principal shear stress corrected for anisotropy 
(b) Guest's law (complete) 

(c) Magnitude ol state-ol-stress vector 

(d) Total strain energy 


8 The analysis presented suggests that the effeet of the mean 
stress on the fatigue strength results from two phenomena distinct 
from the fatigue process: (a) The maximum stress may produce 
elastic or plastic structural changes in the material which affect 
its fatigue strength 
peated slip) Is apparently dependent on the alternating principal 


(4) one mode of crack propagation (by re- 


shear stress and the magnitude and sign of the normal stress on 
the plane of the principal shear stress The other mode of crack 
(propagation by tension se peiration) is a function of 


( racks 


propagation 
the maximum (alternating plus mean) principal stress 
which propagate by tension separation propagate more rapidly 
under high mean (i.e, maximum) stresses 
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Calculation of Elastic Displacements 


From Photoelastic Curves 


By H. PORITSKY! axb R. P. JERRARD,? SCHENECTADY, N. ¥ 


A method of utilizing photoelastic fringe patterns for 
purposes of calculating elastic displacements of stressed 
members is developed. This method utilizes only the lines 
of constant principal stress difference and does not require 
The 
method developed should prove useful in many cases where 
measurements of elastic displacements cannot be carried 
out conveniently but photoelastic fringe patterns are 
readily available. As an example, the two-dimensional 
case of a beam in bending with a change in thickness is 
treated. The correction that must be applied to simple 
beam theory is determined. 


knowledge of the directions of the principal stresses. 


1 INrRopUCcTION 


NHERE are many occasions where the exact analysis of the 
performance and behavior of a machine member or a strue- 
ture requires accurate knowledge of elastic displacements 

As an example, consider the action of a mating gear and a pin- 
ion under load, The geometrical theory by means of which the 
shapes of the mating teeth are designed is based upon the as- 
sumptions that the teeth are infinitely rigid and do not yield 
load. 


mating between a pinion and a gear; that is, will transform a 


under Thus involute tooth shapes will produce perfect 
uniform rotation about the axis of the one into a uniform rota- 
tion about the axis of the other, provided the teeth are rigid 
Actually, under load the teeth will bend, and also compress at 
the contact area. These displacements will disturb the relative 
angular motions of the pinion and the gear by an amount which 
will vary as contact proceeds along the teeth. Further changes in 
the relative angular motions are caused by the number of teeth in 
the are of action. The resulting nonuniform rotation ratio is one 
of the factors leading to higher dynamical stresses in gears and 
may limit their load-carrying ability. 

One further example where knowledge of the elastic displace- 
ments would be useful will be mentiéned, namely, in bending of 


The bend- 
ing of such plates is generally computed by ignoring the actual 


a plate (or beam) with a sudden change of thickness 
stress distribution at the site of the thickness change, and merely 


assuming a uniform curvature to each side of it) More exact in- 
formation regarding the bending is useful in the calculation, say, 
by Ravyleigh’s method, of frequencies of bending vibration of 
The stress pattern, it will 
For 


this reason the « xample to be given is applic able to a plate or a 


disks with sudden changes of thickness 
be recalled, is the same for both plane stress and plane strain 
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thin beam in bending. A slight difference occurs in the caleula 
tion of the displacements 

The direet measurement of the very small displacements and 
the deformation of contacting gear teeth, while it can be carried 
out by properly refined techniques, is a difficult procedure, A 
method of computing these displacements purely from photo 
elastic patterns which are available and are often relatively easy 
to obtain in other CUSCS, could be ust ful ‘I he following mw Con 
cerned with such a method, 


Denoting the sum ot the principal stresses by 


the method utilizes the (p 4 q)-curves, Or 1sopi hies, and the 
The basic expressions for the «cis 
placements in terms of these functions are given in Section 2. 
There 
(p+q 
ments 


eurves orthogonal to them 


are several expe rimental wavs of obtaining the function 
by means of interference fringes or by direct measure- 
In addition, the required functions can be obtained by 
various Classical methods from the “boundary values” of (pq) 
The 


q)-patterns (which are widely 


which are available from photoelastic stress patterns 


authors have started with (p 
available), and have used a free-hand drawing method known as 
“flux plotting.” 
authors wish to emphasize that the calculation of the displace 


While this procedure is rapid and convenient the 


ments in no way depends upon the method of obtaining the Cp 
+ g)-curves and their orthogonal curves 


2 ANaryric EXPRESSION OF STRESSES AND DIsPLACEMENTS 


Airv’s stress function can be « Xpress “lin terms of two analytic 


functions f(z), g(z) of the complex variable 


as follows* 


where 2 is the conjugate of 


and Re denotes ‘ the real part of.’ ileulation of the stresses 


from Airv’s function® leads to 


Ref" 
Im[f” + 29° 
Re [f" + £9” 

, 


The sum of the two principal stresses p + q is thus equal to 


p+q=NX,+) erg’ “] 


4 


From Equations [5] one may derive expressions for the traction 


‘See for instance, “Photoelasticity,”’ by M. M. Frocht, John Wiley 
& Sons, Inc., New York, N. Y., first edition, 1948, pp. 193-230 
Application of Analytic Functions to Two 
Dimensional Biharmonie Analysis,” by H. Poritsky, Trans. of the 
American Mathematical Society, vol, 59, 1946, pp. 248-279 

“A Treatise on the Mathematical Theory of Elasticity,”’ by 
A. E. H Cambridge University (Cambridge, England 
fourth edition, 1927 


‘ For example, refer to 


Love Press 
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components X, Y across any curve segment® P,P; 
, , , . 5 P 
X iY = if’ +9 + 29’)\p; 


where i denotes the difference between the values at 2», /;. 

A portion of the boundary across which no tractions are applied 
will be referred to as a “free boundary.”” From Equation [7] 
follows that along a free boundary the following relation holds 


f' +9 + 2g = const [8] 
We denote the real and imaginary parts of g’ by ¢, ¥ 


e+ 
¢ = Rely’) = (p + q)/4? [9] 
y = In(g’) 


The functions g, ¥ are conjugate harmonic functions and satisfy 
the Cauchy-Riemann equations. As shown by Love's equations’ 
for plane strain, g and W are, respectively, proportional to the 
dilatation A and the local rotation or angular displacement w 


7; = 


e 
. 


p+q A+G 
4 2 
GX + G) 


dealt OS Baal 


A= 


where 


FE = Young's modulus 

ao = Poisson’s ratio 

shear modulus = //2(1 + @) 
Lamé’s constant = Ea/(1 + o)(1 


’ 
'= 


A = 20) 


For plane strain, as shown elsewhere,‘ the displacement vector 
(u, v) is given by 


(u + w)2G = yg--f' 2g'.. {11] 
where ® 


y¥=3 do... {12] 


Addition of Equations [8] and [12] leads to the following equa- 
tion for the displacement along a free boundary 


(u + w)2G}h? = (y + Dglh [13] 


Hquations [9], [10], and [13] do not involve the function f(z) at 
all, and will be used in the following to determine the displace- 
ments. The more general equation [11] requiring the knowledge 
of f, too, will be discussed in Section 6. 


or DiseLacemMents From PHoroecastic 


FRINGE PATTERNS 


3. DererMINATION 


From the foregoing relations it follows that one may utilize 
photoelastic patterns to obtain displacements along a_ free 
boundary as follows: Along a free boundary q vanishes, and the 
following relations obtain 


Gg = 
q=p- 


p+ (14] 
Thus the p —- q fringe lines of the photoelastic pattern cross the 
free boundary at the same points at which the value (p +- q) in- 
creases by a constant amount equal to the fringe difference be- 
tween adjacent fringes. As indicated in the foregoing the sum 
(p + @)/4 = gisa harmonic function. 


* Reference 4, p. 254. 
? Reference 5, equations [2], [4], pp. 204 and 205, respectively 
* In reference 5, v is used instead of y for this constant. 
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In order to obtain the functions g’, g which are related by means 
of Equations [9], [10], [13] to the rotation w and the displace- 
ments, one must first determine y, the conjugate harmonic of ¢. 

As mentioned in Section 1, there are several methods available 
for the determination of the harmonic function ¢. Once ¢ is de- 
termined and the curves 


{15} 


¢g = const... 


drawn, one proceeds to calculate the function y, particularly 
along the boundary. This may be done by utilizing the Cauchy- 
Riemann equations, and integrating these numerically; or again, 
by utilizing the property of the curves 

y = const [16] 
which states that the curves [15], [16] intersect each other at 
right. angles, and when drawn for equal increments Ag = Ay of 
the right-hand values, divide the plane into small squares. The 
direct free-hand construction of the curves [15], [16] based on 
these rules, is known as “flux plotting.”’ 

The small-square rule applies, in general, though at the excep- 
tional points at which the gradients Vg, VW vanish, this con- 
struction breaks down and the small squares are replaced by con- 
figuration of Fig. 1, involving arcs of rectangular hyperbolas. 








Fic. 1 Aspreer or Smact Square Piotr Near Point or VANIsH- 


ING FIELD STRENGTH 


After the determination of g and W has been carried out to the 
desired accuracy (by whatever method), both the real and the 
imaginary part of the function g’ are known, and the function g is 
found by means of the integration 

gz) = fg"(z)dz.. [17] 
especially along the boundary. Equation [13] is then used to 
calculate the displacement along the free boundary. The angular 
displacement can be determined directly from Equations [10] 
without carrying out the Integration [17]. 


BenpDING OF A Pirate Wire CHANGE or Tuick- 
Fiux PLor 


4 EXAMPLE. 
NESS. 

As an example of the foregoing we shall consider the second ex- 
ample mentioned in Section 1, namely, an elastic plate with a 
change of thickness carried out through a quarter-circle fillet, 
and assume that this plate is stressed by means of a bending 
moment as shown in Figs. 2 and 3. As stated in Section 1, cus- 
tomarily the bending of such a plate is calculated by assuming 
that over the thinner section the curvature is constant as for a 
plate of constant thickness 2h, subject to a linear stress distribu- 
tion of moment V clear down to the section BB, and that similar 
uniform bending takes place over the thicker section as for a 
plate of uniform thickness 2H, subject to a similar linear stress 
distribution of moment MW while at the transition BB the moment 
M is transmitted from one portion to the other as if there were an 
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hic. 3 PLATE 


infinitely thjn and rigid strip BB (see Fig. 3), connecting the two 
portions. Actually, of course, no such magic strip BB exists and 
the stress transition takes place in quite a different way, and as a 
result the net angular displacement of the plate between two 
ends such as AA and CC which are far enough away from the 
change of section area for the stress to have become uniform, is 
larger than the value obtained above. 

Fig. 4° shows the pattern of photoelastic p q curves for a 
thin beam in bending of the dimensions shown in Fig. 2. This 
corresponds more nearly to a case of plane stress rather than 
plane strain, but, as known, for simply connected regions the 
stress patterns are the same for both cases if the applied tractions 
are similar. 

In the photograph in Fig. 4 neither the fringes nor the boundary 
values of p — q can be considered to correspond to the manner of 
stress application at z = + © shown in Fig. 3. For the actual 
specimen the distance BC was too short, and there was a further 
enlargement of thickness. This, however, does not matter, be- 
cause in terms of the stress difference corresponding to one fringe 
space, there are 7.5 fringe spaces in the left half of the figure, and 
only 1.123 fringe spaces on the right. Thus only a single (p — q)- 
and (p + q)-curve will emerge over the free boundary BC; any 
reasonable manner of increase of (p + q) from zero at B to 1.123 
to the right, reaching 1/e of this value, say, within a distance H 
from B, will do. 

From the equations of the preceding section it follows that to 
determine the displacements on the boundary one must deter- 
mine the values of Y, the conjugate harmonic of g = (p + q)/4, 
then carry out the Integration [17] and apply I:quation [15]. To 
determine the angular displacement w a knowledge of W is suf- 
ficient (see Equation [10}). Flux-plotting methods will be used to 
find y. 

The photoelastic data in Fig. 4 are used only to copy the points 
at which the fringe lines cross the boundary. A flux plot is then 
drawn for g and y, the real and imaginary parts of the function 
g’, insuch a way that the curves of constant ¢g cross the bound- 
aries of the region under consideration at the same points as the 
successive photoelastic fringe lines At the corner point B all 
stress components vanish, and therefore the real part of g’ also 

*From “Theory of Elasticity,” by S. Timoshenko, MeGraw- 


Hill Book Company, Inc., New York, N. Y., first edition, 1934, p 
133. 
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CHANGE OF SECTION IN BENDING 


hic. 4 


vanishes. From the oddness of the Airy function in y it will be 
seen that the real part of g’ also vanishes along y = 0 so that the 
z-axis constitutes one of the g-curves of the flux plot, namely, 
¢ = 0. The pattern of Fig 4 may be restricted to y > 0. 

Along the left-hand half of the beam the stress distribution 
eventually becomes linear in y as indicated in Fig. 3 and is given 
by 

ee ay 


= a 


[18] 
where VM is the applied moment per unit z. On the right-hand 
side the stress approaches similarly the values 


= 0 


12M, 
r x «@ ¥ 


r 9 {19} 


The ratio of the maximum stress to the left and to the right is 
given by 
H? 


ht 


{20} 


and corresponding to the 7.5 fringe spaces on the left over half 
the plate thickness, there are 1.123 spaces to the right 

The flux plot under consideration giving the curves [15], [16] 
is shown in Fig. 5. One of the difficulties encountered in the con- 
struction of this plot turned out to be the existence of a point of 
the type shown in Fig. 1 at which the gradient of ¢ (and hence 


also of Y) vanishes; that is, a point at which 
21) 
and where “small squares’’ are replaced by a configuration pre- 
viously shown in Fig. 1 
The presence of such a point was first suspected after at 
tempts to carry through a flux plot without it proved unsuccess- 
ful. Its existence can be inferred by noting that if the curves 
¢g = 
country map, the level ¢ 
of Fig. 5 as well as at the corner point B, while the height of the 


const be considered as “level” or “contour lines” of a 


0 occurs along the lower boundary 


upper boundary starts with 7.5 at A, rises to a high value at the 
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stress-concentration point in the fillet, descends to zero at point 
B, and rises to the value 1,123 to the right. In crossing over 
from the lower boundary y = 0 to B there is a rising hill both to 
the right and to the left, and there must be a “mountain pass”’ in 
the region; this is the point in question, Considerable amount of 
trial and error in regard to its position was required before the 
plot was judged to be sufficiently accurate. 
From Equations [9] and [18] follows for z = - 
3My 3My 


She 


The fringe spaces in Fig. 4 thus correspond to a change of ¢ of 
amount 
3M M 


a¢= ~ 90h? 


Bh? & 7.5 
and this is also the increase of Win the plot in Fig. 5 


M 
as an O41) 
a « by 20h? [24] 
In Fig. 6 are plotted versus x, the values of ~/Ayw obtained 
from the plot in Fig. 5 (curve A-B-C). The slopes in Fig. 6 for 
agree with the curvatures of uniform thickness plates to 
1.6 per cent accuracy (see Appendix, Comparison With 
Simple Beam Theory). Also shown in Fig. 6, as the line 
A-D-H, is the angular displacement corresponding to the ordi- 
nary approximate treatment of bending in the manner indicated 
in Fig. 3, for the plate in Fig. 2. One can ealeulate the added 
angular displacement dw which is shown by the vertical portion 
This angular displacement can be expressed in turn 


I t 


within 


FG in Fig. 6 
as the equivalent of an added plate length Ar = AF, of the 
smaller thickness 2h, which for the present example is given by 


(Ar), = 0.200 h [25 


or again, as an added length, Ar = GE, of the greater thickness 
2H 

(Ar)y = 1.33 H [26] 

It is to be understood that if other methods of determining ¢ 

and W are to be used, the final result will be a figure similar to Fig 
6, but obtained differently. 


5 ALTERNATIVE ProcepURE 


Since the foregoing graphical procedure depends to a considera- 
ble extent on the flux plot in Fig. 5, it is desirable to check the 
result in other ways. To this end we shall vary the procedure by 


Smarty Square Prior or (p + q)-Lines 


%- 


¥ 


i sani : , a= 
5 20 * 25 


RoratTion CALCULATED BY SimpLe Beam 


AND BY Present Meruop 


COMPARISON OF 
THeory 


hic. 6 


Free-Hanp Fiux Plot Usep To Map Plate Cross Section 
ON UNIFORM STRIP 


hic. 7 


making a conformal map of the region in Fig. 2 upon a strip of 
uniform thickness hk’ shown in Fig. 8, and proceed to determine 
W in the latter plane. 

This mapping is effected by means of the flux plot shown in 
Fig. 7. This plot, too, has been constructed freehand by means 
of the small square rule. 
siderably easier to draw than the one in Fig. 5; in particular, it 
possesses no singular points of the type shown in Fig. 1, and both 
its upper and lower boundaries coincide with flux (or potential) 
The plot also can be adapted more easily to experimental 
Fig. 


However, it is a plot which is con- 


lines, 
methods, such as the electrolytic tank or conducting paper. 
7 may be considered to constitute a change of co-ordinates from 
the zx, y-co-ordinates in Figs. 2 and 7 to the (£,)-co-ordinates in 
the (-plane in Fig. 8, € = & + 77; its objective is to simplify the 
upper boundary in Fig. 2 by “straightening it out.” 

As known, an analytic function, such as g’(z), is transformed 
into an analytic function of ¢ by means of conformal mapping of 
the 2-plane onto the ¢-plane. The boundary values of ¢ = Re(qg’) 
along the upper boundary in Fig. 4 are carried over into boundary 
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of the strip in Fig. 8. Beeause the region in 


Fig. 8 has a relatively simple boundary, the values of ¢ and its 


values along n = h’ 


conjugate harmonic y through this region can be computed in 
terms of the boundary values of ¢ analytically, by means of cer- 
tain definite integrals. Thus if ¢ vanishes along 7 = 0, the values 
of Y there are expressed in terms of the g-values along 7 = h’ as 


follows 


'=+2 


l anes ee 
In [et§/* 4 ert /h 1g 
Tv 


é 
where 
C = 


lim gf &,h')/h’ 
t—> 


and Disaconstant. The derivation of Equation [27] is indicated 
in the Appendix. 

From the boundary values of ¢ along the upper boundary in 
Fig. 4 and Fig. 7, the boundary values of g(&) were found for 
Fig. 8. 


Fig. 9 shows a plot of ¢g versus & along the upper boundary of 
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Fig. 8; along the lower boundary ¢ vanishes. 
Equation [27] was applied for kh’ = 1 for the two points marked 
P,, Ps, 0) — &,) = 4, in Figs. 6and 7, and the difference of the 


¥-values determined by numerical integration. There resulted 
Ay = 18.82 (28 | 


In Fig. 6 the corresponding points are also indicated by P,, P2 
and vield 


Ay = 17.74 eee 
The value, Equation [28], is regarded as the more accurate one 
6 Bounpvary Wrru Tracrions 


Suppose the boundary is not free but has known tractions 
Let the boundary be parallel locally to the y- 
X,. Consider the Mohr 


applied over it. 


axis; then the applied tractions are X,, 


CALCULATION OF ELASTIC DISPLACEMENTS 


circle for the local boundary point, in an (a, B)-plane 


points 


lie on this circle, whose diameter end points are at 


and its center lies at 
a= (p+ ae S| 


Thus the Mohr cirele may be constructed from the known trac 


ol (p q 
Mohr circle diagram shown in 


tion [31] and the known valu by plotting the point 


PP: (N,,N,) in the plane of the 


z . 


A 
4 
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Fig. 10, and locating the center C of the Mohr circle by swinging 
an are of a circle of radius (p q)/2 with center at P. The 2- 
co-ordinate of C is then equal to (p + q)/2 

As shown in Fig. 10, the construction leads to two possible 


positions for C, yielding 
(X,)? 


The sign ambiguity must be settled so that the (p + q)-values 
over the nonfree boundary join on continuously to the correspond 
ing values over the free boundary 

For a general boundary point, Equation [36] holds with V,, .V, 
replaced by the normal tensile, and shear components of traction 

From here on the determination of displacements proceeds as 
follows: 

From the known values of p q, one determines qg/ again over 
is now utilized 
then ce 


the boundary, and g by integration 
to calculate f’ 
termined from I:quation [11] 


Iquation [7 | 


The displacement components (a, 0) are 
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It will be shown that the slopes of the curve in Fig. 6 agree 
with the slopes computed for simple beam theory when far 
The stress distribu 
h, by itself, 


would cause the lines parallel to the z-axis to be bent to a curva- 


enough away from the change of thickness 
tion, equation [18], in a uniform plate h « yY- 


ture 
VW 


FI 37] 
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about the z-axis, and lines parallel to the z-axis to an “anticlastic”’ 


curvature about the z-axis 


k, = --oM/El [38 


‘ 
In plane strain the latter curvature is prevented by means of 
the moment 


M. = —oM 


and Mquation [37 | is replaced by 


M Va MO a?) 
rl = [40 


hl kl kl 
The curvature, Equation [40], corresponds to the angular de- 
flection 


MO a*) 


@ = - hyd - KI > ee 


const i41 


This indeed checks for x = 


© with Mquations [10} and [1S 


which vield 


3My 
t 


[42] 


whence there follows from the Cauchy-Riemann equations 


3Mr Ver 


y = const 


: {43} 
e i/ 


const 


while equation [10{ yields 
12M 
he 
Wl a 
Kl 


const 


ret const 


tecnlling Iquation 24) one re places Mquation 14:3] by 


(2) 6) oa 


one obtains 


(5) i128 (7) + cons 


Proor or Equation [27! 


Simularly, for 2 — 4 


’ 


Son 
Il by means of the tranformation 


To prove Equation [27] we further map the strip in Fig 


the half plane 


> Oin big 


c; exp(r¢ a? £ (h'/r) log %, G1 = é, > 1m [47] 


The upper boundary 9 4’ in Pig. 8 is transformed into the 


negative &-axis, and the lower boundary » 0 into the positive 


f.-4xis 
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Por the half plane 7, > 0 consider the function 
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where f isreal. Along m, = 0 this reduces to 


x fe wv 


Thus In |&; £/) constitutes the boundary values of the conju- 
gate harmonic to the function ¢ which is constant to each side of 
£/ but discontinuous at &/ by the amount Ag = 1 

By Duhamel’s superposition it follows that the conjugate har 


monic boundary values of W for the half plane 7, > Oin Fig. 11 is 


given by 


The boundary values in Fig. 9 are plotted in Fig. 12. versus 
0 for & 
> € where € is any positive constant 


&. Since ¢(& > 0, the range of integration may be 


confined to &; There results 
for fg, > 0 
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where, as indicated, the integration is confined to &, 


term involving In &, arises from the discontinuity in ¢ at 
Transforming the variable of integration in Mquation 
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Twisted Beams 
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This paper presents an extension of Myklestad’s adapta- 
tion’ of the Holzer method of calculating natural fre- 
quencies and mode shapes of systems to the case of a 
tapered-twisted beam with certain elastic constraints. 
The details of the solution are so arranged that the bulk of 
the numerical calculations can be carried out by a tech- 
nician with only a high-school mathematical background. 
This extension makes possible the evaluation of the effect 
of rotation of a beam on a radial line, of certain elastic 
constraints such as the lashing wires and shrouding used 
on turbine blades, and of coupling between the torsional 
and flexural this paper, however, the 
effects of coupling between the torsional and flexural 
The basic differential 


vibrations. In 
vibrations will not be considered.‘ 
equation will be solved by the tabular method due to 


Holzer. 
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positive sense of axis indicated by subseripts 


X 
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Assuming simple harmonic motion 
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Integrating Mquations [2] the integration starting at the base of the beam 
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where the summation is due to the fact that the lashing wires produce a shear as well as a moment. 


Integrating Equations [3] 
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principal moments of inertia of the cross section 
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Equations [6] are basie. They replace the single equation used 
in single-plane beam theory (E7U'" = MM). The effect of coupling 
between the two planes is indicated by the second term on the 
right-hand side of Equations [6]. 
The solution is to be numerical, the beam being broken into 
discrete mass concentrations at the ends of 


sections with 
the sections, so by integrating Equations [6] and subtracting the 


derivatives at two consecutive mass concentrations we have 
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Integrating hequations 6/ twice and subtracting defleetions : 
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Since the mass of the beam is concentrated at the end of the 


sections of the beam 
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The procedure now is to substitute in Equations [12] the values of 7’, I’, M,, M,* given by lquations [3] and [4] 
First, however, the equations must be altered since the beam has been broken into sections with mass concentrations rather 


than distributed mass. Denoting by € an infinitesimal distance 
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By substituting Equations [13] into Equations [12], an. defining some new symbols as 
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we obtain the following equations 
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The other twelve F may be found by performing the substitution. This is not necessary fortunately, since by defining four 
new symbols from Equation [15], we may represent the F as follows 
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Equations [13], [14], and [16] are the basis for calculating the natural frequency of the beam, A frequency is assumed, and 
the values of the F are calculated. If the assumed frequency is a natural frequency, the boundary conditions at the free end of 
the beam will be satisfied; that is, P,"*S, Poe, MM +e morte, will all be equal to zero if VW is the last mass. To 
check this we return to Equations [13], but write them in terms of (6)"*€; (10)"*¢, and so on, that is 


’ 


M,Mt€ = M,*#(18),4 © + P,RUU18)@ *¢ + M,R(I8),™ * + PL BICI8),™ 
IPM +e = My*8(15),M © + PRIS) M Pe + MRIS) + + PRIS) 
Me™ +e = M,*#(10),™ *¢ + P,RI(10),4 *€ + M,R(10),M + + P,RU10)," *¢ 


IP Mt = M ,**(6),¥ *¢ + P,®U6)," +€ + M,R(6)M te + PFU 6) 4M +€ 





JARRETT, WARNER 


In order that .“*¢, M,*“*¢, IP,” *¢, and IP,” *¢ all equal 


zero the following determinant must equal zero 
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By plotting A versus w, the values of w at which A = 0 may 
be obtained. 

Once the natural frequency has been found, the detlection 
eurve may be obtained from Equations [14], and the moment 
and shear distribution from Equations [17]. To do this it is 
only necessary to set one of the shears or moments at the base 
of the beam equal to some arbitrary number, say 1, and cal- 
culate the other shears and moments at the base of the beam 
from Equations [17]. If in these Equations [17], we replace 
VU+e by NV +e, and allow \ to vary from 1 to M, we can cal- 
The same values 


moment distribution. 


at the base of the beam which were 


culate the shear and 
of the shears and moments 
calculated in the foregoing may be sub- 
stituted in to Equations [14], and the 
feflection curve calculated by letting 
N vary from 1 to M. P 
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in the preceding text are rather formidable in appearance, a 
numerical example will be worked in the hope that the procedure 
will be clarified 

The blade chosen for this illustration is a long, low-pressure 
turbine blade having two lashing wires and a shroud, Fig. 2 
The blade is mounted on a disk and rotates at a speed of LSOO 
After the curves of area distribution, moments of inertia, 
and the 


and angle between minimum moment-of-inertia axis 


axis of rotation have been obtained, the procedure is as follows 
| Locate Zk 


same in both planes, but for the purpose of this example this 


point of fixity This point need not be the 


will be assumed to be true The chosen pont of fixity os shown 
in Fig. 2 


2 Divide blade above Z* into a number of sections commen 


surate with the mode to be ealeulated In this ease where the 


third mode will be calculated, five sections should be adequate 


Calculate the volume of each section and place it at the center 


of gravity of the section. The volume of lashing wire and shroud 


are assumed to be concentrated at those points, making for our 


ABLE 1 CALCULATION OF A-FACTORS 
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example a total of eight concentrated masses, Fig. 2. 

3 Calculate AY, sy, Ba yey and C%,,., for the sections 
between mass concentrations by means of the formulas given 


For example 
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blade section between the second and third mass con 
Table 1 illustrates the method of calculation 


previously 
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Take the 
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By Simpson's rule 
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0.1994 = 0.836 


By and C' for all the sections 


mav be caleulated 


i similar procedure the A, B, 
These values for the beam under considera- 
tion are given in Table 2. 
t Calculate miscellaneous constants (A‘, C, S) as follows: 
Here we can consider the lashing-wire factor for an infinite 
row of blades and 
*) kr,* 


1 y 
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pitch of blades at wire 
flexible length of wire 
moment of inertia of wire 
area of wire 
numerical factor (4/3 for elliptical or circular wire; 


3/2 for rectangular wire 
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The blade under consideration has three wires, one 


of which is calculated as follows: For the bottom wire 
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blades are modes in which the blades move in uni- 


son approximately tangentially (first mode), approxi- 


mately axially (second mode), and again approximately 
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tangentially (third mode) 

Let us caleulate the third mode, which would cor- 
respond to the second mode of vibration in the tan- 
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calculated, we have all the information necessary for 
checking the assumed frequency of 235 cyeles per sec 
(eps). We now turn to Form | and fill in columns (1), 
2), (3), (7), C11), and (12), the data for which we now 
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have at hand. We also calculate the values of the terms 
esB,%, cx*A,%, and so on, for each mass location and 
place them ino the left-hand column under the ap- 
propriate heading. The typewritten numbers on Form | have 
now all been filled in and these numbers apply to the caleula- 
tions for all the F 


equations [15] that the F are calculated four at a time, se four 


for a particular frequency. We note from 
sheets similar to Form | will be required to process the trial fre- 
queney of 235 eps. From Equations [14] all the F 
ut Z Z") "The initial values of (6)4 4.4 WOoaeuw 
are given in Equations [15]. These initial values are the only 


equal zero 


and so on, 


As an illustration, 
Form 1 and #)". The 
column headings for Form | are such that the # may be caleulated 


difference between the calculation of the F. 
has been used to caleulate Fy, Fy’, F,, 
by merely following the headings and referring to l-quations 
{6}. After the have been ealeulated, we substitute the last 
ealeulated values of (6), 00 (lO one4 and so on, into the 
determinant A and calculate its value. Carrying this out for 
the beam under consideration gives a value of A 3IS. A 
230( 21) 100m rad /sec 
Am rad /see or 237 


previous calculation assuming w = 
gave A = L151, so by extrapolation w = 
cps. 

Since the last lashing wire enters the calculations at the very 
end, it is relatively easy to carry its mass and spring constant 
along as unknowns and determine the various values of mass and 
spring constant required to make 235 eps the natural frequeney. 
The mass of the lashing wire also enters the caleulations through 
its effect on Fo, but since other considerations limit the size of 


Form 1 TabLe or CALCULATIONS 


the lashing wires to a fairly limited range, any reasonable size 
will suffice for this part of the ealeulation Varying m? and 
A’ to make A 

We now undertake the caleulation of the shear and moment 
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= 0 gives « curve of the form shown in Fig. 3 
distribution. ‘To do this we turn to Equations [17 
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Pounm 1 Pasee or CancuLations 


then be substituted into the fourth of I.quations [17] to obtain of 17 Phese values of Wy*", M,", and so on may now be 

IP" Of course the selection of the equations to be set used in conjunction with Equations [17] to ealeulate the shear 

equal to zero and the shear or moment to be set equal to | is ind moment distribution by replicing Ute by Vie und 

arbitrary illowing \ to vary from | through &. This has been done for 

We have then for the beam under consideration both 235 and 230 eps. The results were then extrapolated to 

give the values at the natural frequeney of 237 eps hig. 4 is 

0 = 275 S408 17 * + 201 I7688P, 1 the result for the moments The values of the shears times the 

+ 49.009526.17" + 87.246161P "7 length J are given in Table % 

The ealeulation of the deflection curve is quite similar; the 

0 = 997.05683.*" + 1051. 5778P," previously calculated values of M,**, M,", and so on, are used 
+ 167 4436017," 4+ 292 AQ2P "1 in conjunction with Equations [14] to ealeulate 


0 = 9011.8034.M,*" + 9498. 1883P,"1 — 
v , Wey nw n'lw 
+ LE89. 19501," + 2592.4785P,' bit AZ” " AZ 

if TA a oxen! sa. 1. the enlation beeemen it the various mass locations Since itt the sh pe ol the de 
/ ’ > flection curve which is of interest, the factor mYV@tl’ has been 
* , ) : , 
_- 1.0000: / . 1.0425 ‘ tlled / with simuthar strnipolific tthons in the ease of 

IP! OS217 V, 2 0266 dl it 

a ae ind L 
Term (P,” *€ then equals 0.0233 or 2'/, per cent of the valur , = 


TABLE 3 VALUE OF SHEARS TIMES LENGTH 
N 0 | 4 ; { . ’ : 2 
iP, 1.0455 Oo. 83904 4 1) 4057 0 OOO8 4441 6278 4 O476 “ 4204 4 o OO168 


IPy 0 8285 0.7851 572 ) 2688 0 2436 0 O465 0 0422 0 O000 


* Should equal! zero, 
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Benpinc-Moment Distrisution ror THirp-Mope Vinka- 
TION 


The deflection curves have been calculated for both 235 and 230 
cps and extrapolated to obtain the curve for 237 eps. This 
curve is shown in Fig. 5. The values of the slopes have been 
used in the construction of the curves, and hence will not be 
tabulated. 

It is important to note that the deflections, slopes, moments, 
and shears are obtained from small differences of large numbers; 
hence it is better to calculate the curves for the trial frequencies 
and interpolate or extrapolate rather than interpolating or 
extrapolating the (18), (10), and so on, and F-values and eal- 
culating the required quantities. 


RESULTS AND Discussion 


In the consideration of any calculation method, it is, of course, 
of primary importance to have an experimental check of eal- 
culated values. Such a comparison is given in Table 4. 

COMPARISON OF THEORETICAL AND TEST RESULTS 

Average 
Caleulated experimental 
value, value, 
Mode eps eps 
lat (stationary) 63.6 2.76 
Ist (rotating) 79 5 5.54 


rABLE 4 


Error 
per cent 


oe 


2nd (rotating) 115 
Sed (rotating) 237 
quite large, and indicate an 


These percentage differences are 
behavior of the 


appreciable diserepancey between the actual 
physical system and the assumptions involved in the calculation 
A careful analysis of the situation reveals the following to be 


the source of the difficulty: 
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DeFLecTiIon Curves FoR THrrp-Mope ViBration 


@)— 


_- ASSUMED POINT 
OF FIxITY FOR 


CALCULATIONS 


hia. 6 Point or ArracHMENT oF BEAM IN Fig. 2 
Consider a schematic drawing of the root of the blade, Fig. 6 
When the blade is not rotating there is a force fit between the 
groove and the blade root at surfaces 2 and 3, as well as contact 
between adjacent blades at surface 1. This serves to make the 
point of fixity higher than surface 3; hence the actual stationary 
frequency will be higher than the calculated value. Table 4 
confirms this. When the blade is rotating, the centrifugal forees 
lift the blade and there is no contact at surfaces 1 and 2. This 
makes surface 3 the first contact between root and groove The 
dimensions of the root and groove are small compared to 
the dimensions of the blade, so during rotation the point of fixity 
will be below surface 3, and the actual frequencies will be lower 
than the caleulated values. This is again borne out by Table 4 
The second mode of vibration is predominantly in the Y-Z-plane 
and this mode will be lowered still further by disk flexibility 
Subsequent calculations by this method on other blades proved 
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to be more accurate, indicating that the method is sufficiently 
accurate for practical calculations 
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Two-Dimensional Flow Through a Diffuser 
With an Exit Length 


By K. R. GALLE! ano R. C. BINDER? 


A diffuser with an “exit length” is one with a channel of 
uniform cross section following the diffuser. Tests were 
made of different diffusers with and without exit lengths. 
The data were for steady, incompressible, two-dimen- 
The performance of each diffuser was im- 
As compared 


sional flow. 
proved by the presence of an exit length. 
to flow without an exit length, flow with an exit length is 
characterized by a reduced boundary-layer growth, by a 
small decrease in the pressure rise across the diverging 
section, and by a decrease in the static-pressure gradient 
at the diffuser inlet. 


NOMENCLATURE 
The following nomenclature is used in the paper 


DD = width of exit channel 
length of wall in diverging channel 
static pressure at any point along the diffuse: 
static pressure at end of exit length 
value of v in boundary laver 
value of v outside boundary layer 
velocity at any point in section 
average velocity at inlet to diffuser 
distance along wall from inlet to diffuser 
distance from and normal to diffuser boundary 
disturbance thickness of boundary laver, value of y when 
u=U 
kinematic viscosity of fluid 
density of fluid 


INTRODUCTION 


Various problems in fluid mechanics are associated with the flow 
in a diffuser. One problem is that of flow in a diffuser with a 
“discharge length’? or an exit length. The terms discharge 
length or exit length indicate «a channel of uniform cross section 
following the diffuser 

Some previous tests, such as those by Peters,* indicated that 
the pressure rise was incomplete in the diffuser section and that the 
point of maximum pressure was downstream from the diffuser 
These previous tests did not give all the de- 
The possibility of increasing the efficiency of a 


in the exit length, 
sired information 


' Research Engineer, Boeing Airplane Company, Seattle, Washing- 
ton. 

2? Professor of Mechanical Engineering, Purdue University, West 
Lafayette, Indiana. Mem. ASME. 

3“benergieumsetzung in Querschnittserweiteninger bei verschied- 
enen Zulaufbedingungen,”’ by H. Peters, Ingenieur Archiv, vol. 2, 
1931, pp. 92-107. 

Presented at the National Conference of the Applied Mechanics 
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Society or MecHaNicaL ENGINEERS 

Discussion of the paper should be addressed to the Secretary, 
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Division, October 10, 1952. Paper No. 53 —-APM-20 


diffuser by means of a discharge length is very attractive. It 
would be helpful to know the nature of the action. Accordingly, 
an experimental investigation was made to obtain further basic 
data. 


DescripTION OF APPARATUS 


Fig. 1 is a diagrammatic sketch of the apparatus. Air from a 


fan was passed through an inlet or plenum chamber, then 
through a diffuser with diverging walls, and then through a dis- 
charge length with parallel wails. The boundary layer was re- 
moved from the top and bottom flow-channel walls to maintain 


two-dimensional flow in the mid-plane. 
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Fic. 1) DiaGramMMatic SKETCH OF APPARATUS 

The static pressure distribution along the walls of the diffuser 
and the discharge length was measured by wall taps at the mid- 
plane and a multiple manometer, Boundary-layer traverses, nor- 
mal to the wall, at different stations at the mid-plane, were made 
with a cylindrical total-head tube mounted with a micrometer 
With this arrangement, a evlinder was held with its axis 
An opening in the cylinder pointing directly 
One tube was 0.049 in. diam., 


head. 
normal to the flow. 
upstream gave the total pressure. 
and another was '/j;. in. diam. 
Table 1 gives the main dimensions of three different channels 
used in the tests 
TABLE | DIMENSIONS OF CHANNELS 
Channel . A B 


Throat width, in —- 2.18 


Exit width, in . 75 6 63 5 75 
Total angle, deg, between walls of diverging 


section . 8 14 10 20 14 


In channe) C, wires were stretched at the throat to produce the 
effect of an inrtial boundary laver. 
The surfaces in contact with the flowing fluid were smooth, 


shellacked wood 
Test Resvuts 


The flow velocities were low enough so that the flow could be 


regarded as incompressible. Thus the following data apply to 


300 





301 


GALLE, BINDER—TW0O-DIMENSIONAL FLOW THROUGIL A DIFFUSI R WITH AN EATT LENGTH 


the steady, incompressible two-dimensional flow in the mid 
plane. 

In Fig 2 the pressure at each position in terms of a dimenston- HOVCATES CENTER OF CHAMWEL 
less ratio is plotted as a function of distance. The value X/L of 
one refers to the end of the diverging section. The circles in Fig 
2 refer to the flow in the combination of diverging section with 
exit length, whereas the crosses refer to the flow in the diverging 
section with no exit length. The boundary laver was induced at 
the diffuser inlet by a wire. Fig. 3 shows a similar type of plot for 


a different diffuse: 
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Rise in Dirruser anp Discuarce Lenara With decreasing velocity, retarding the main flow should result in a 


No Initiat Bounpary Laver 
IniT1AL B VARY rising pressure 
The “displacement thickness’ is defined by the 


In each channel tested there was a pressure rise in the dis 


charge length. The pressure rise in the case of the diffuser with an 


initial boundary layer was greater than the corresponding pressure 
rise in the channel with no initial boundary laver 


t shows typical velocity profiles in the diverging section is the uniform velocity in the frictionless or potential core 


Fig where ( 
Fig. 5 shows typical velocity profiles in the discharge length 
Tests of all channels revealed a tendeney of the velocity profile 


outside the boundary layer lhe disturbance thickness 6 is the 


value of y at u ( Studies of all test results showed that the 
to flatten out in the discharge length, so that the velocity of the displacen ent thickness deereased in the discharge length, and 
main flow continued to decrease beyond the end of the diverging growth of the boundary 


(As long as a core of potential flow exists in the region of 


that the discharge length reduced the 


section laver in the diverging portion 
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ADAPTATION OF Data 


Various adaptations or organizations of data are possible. One 
method will be used, primarily because it is convenient for caleu- 
lation of diffuser efficiency. Binder‘ called attention to a method 
of calculating boundary-layer growth in extending some work by 
Buri.* 

Let the functions Y and [’ represent the following dimensionless 


quantities. 
d | [= ‘Ve 
- fr (27) 
di v 
i T’ dp (' T\'/s 
7 pl’? dz v 


A simple relation between the two foregoing relations is assumed 
I x “ 


is 


where a and } are dimensionless constants. Experimental data 
checked this relation for flow without separation. 
plot of W as a function of T for all the tests. Fig. 6 applies only to 
the diverging portion. In the diverging portion, Equation [3] was 
satisfied by a = 0.013 and b = 5.94. 
flow with a discharge length were essentially unchanged from 
Integration of 


Fig. 6 shows a 


The constants a and b for 


those found in tests without a discharge length. 


Equation [3] gives a relation which can be used for calculating 
boundary-layer growth 

The function [ may be used as a criterion for separation. For 
values of I’ less than 0.08, the possibility of separation is remote, 
although the possibility of separation is strong if T exceeds 0.12, 


averaged from values obtained on opposite sides of the channel. 
In tests on diffuser channels, values of I as high as 0.19 were ob- 
tained on one side before separation occurred, owing to unsym- 
metrical development of the boundary layer. When exit lengths 
were added to these channels, the maximum value of I’ was 0.13, 


‘Calculation of Diffuser Efficiency for Two-Dimensional Flow,” 
by R. C. Binder, Journat or Appiiep Mecuanics, Trans. ASME, 
vol, 69, 1947, p. A-213. 

*“Fine Berechnungsgrundlage fiir die turbulente Grenzschicht bei 
hesachleurigter und vezogerter Grundstromung,” by A. Buri, disserta- 
tion. Zurich, Switzerland, 1931 
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due to a reduction in boundary-layer growth and greater sym- 
metry of flow, 


CONCLUSION 


To summarize, the performance of each diffuser tested was im- 
proved by the presence of a discharge length. As compared to 
flow without a discharge length, flow with a discharge length is 
characterized by a reduced boundary-layer growth, by a small de- 
crease in the pressure rise across the diverging channel alone, and 
by a decrease in the statie-pressure gradient at the diffuser en- 
trance. If the state of flow at the entrance and the over-all pres- 
sure rise are the same, the tendency for separation to occur is re- 
duced substantially by the presence of a discharge length which 
retards the growth of the boundary layer. 
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Axisvmmetric Flow of an Ideal Incompressi- 
ble Fluid About a Solid Torus 


By E. STERNBERG? ano M. A. SADOWSKY,' CHICAGO, ILL. 


This paper contains an exact solution in series form to 
the problem presented by the irrotational, axisymmetric 
flow of an ideal, incompressible fluid past a solid torus of 
circular cross section. At infinity the fluid is assumed to 
be in a state of uniform motion parallel to the axis of the 
torus. The solution is based on the use of toroidal co- 
ordinates, and is given in terms of Legendre functions 
of fractional order as well as complete and incomplete 
elliptic integrals of the first and second kind. The indi- 
vidual component solutions employed here are inter- 
preted physically through their relation to the basic ring 
singularities represented by the source ring and the vortex 
ring. The problem is first approached via Stokes’s stream 
function exclusively and is subsequently re-solved inde- 
pendently in terms of the velocity potential alone. The 
convergence of the pertinent series developments is found 
to be unusually favorable, and a complete streamline 
illustrative numerical 


vattern, correspondin to an 
I 


example, is included. 
INTRODUCTION 


OTENT I AL problems invols ing toroidal boundaries have 
received repeated attention in the literature Apparently 

the first investigation of this kind is due to Carl Neumann 
(1)* who dealt with the distribution of temperature in a solid 
The 
corresponding axisymmetric problem in ideal fluid flow was first 
Dyson 


torus and with the analogous problem in electrostatics 
investigated by Hicks (2) and was reconsidered later by 
3), who also examined certain unsymmetric flow cases associated 
with the torus. The rigorous treatment of allied problems in the 
theory of elasticity is more recent; Freiberger (4) disposed of the 
problem of pure torsion of a torus of circular cross section, W hereas 
the case of pure bending was treated by the current authors (5 
It is this last investigation which motivated the present study, 
and the analytical prerequisites ceded here were established to a 
considerable extent in connection with the work deseribed in (5 
Although the hydrodynamic investigations cited previously 
vielded formal solutions characterizing the irrotational aXISVm- 
metric flow of an inviscid, incompressible fluid past a torus of 
circular center line and circular cross section, the problem appears 


1 The results presented in this paper were obtained in the course of 
an investigation conducted under N7onr-32906 with the 
Office of Naval Research, Department of the Navy, Washington 

i 
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Hicks (2 


to be in need of further attention bused his analyser on 
toroidal co-ordinates and toroidal harmonies but did not deal with 
the determination of the stream function, which is of primary 
physical interest I) son (3), on the other hand, arrived ata 
representation ol the potential and stream functions in termes of 
series of definite integrals; the significance of this re presentation 
for numerical evaluations of the results appears to be rather 


limited, In view of the currently available numerical tabulations 


of the Legendre functions of fractional order (6), a re-examina 
tion of the problem would seem to serve a usetul PUT pose 
In 1948S Weinsteim (7 


flows and, hi particular, consicde red an extension of the me tho 


discussed axially symmetric potential 
of sources and sinks to cases in which the singularities are no 
This paper stimulated 


, with the 


longer confined to the axis of symmetry 


further interest in related problems, ‘Thus Streeter (8 


aid of ring and disk singularities, obtained streamline patterns 


corresponding to flows around various blunt-nosed half bodies 


and annular shaped baondios this approach is based on & sell 


numerical procedure At the same time elliptic integral repre 


sentations were established (9) for the potential and stream: fume 


tions appropriate to rotationally symmetric distributions of 


sources and vorticity ever cireular rings and disks. Coneurrently, 


Van Tuyl (10) deduced a similar analytical representation of the 
to the 


flow generated by a uniform seuree disk, and applied it 


inew family of half bodies. Still more recently, Streeter 


flow 


study of 
(11 irrived at the 


section by superposition of a ring doublet upon a uniform stream 


round a torus of nearly circular cross 


This solution will be identified later as a first approximation to the 


torus of exactly cireular cross section: 


rigorous solution for the 


moreover, the results to be developed here are free from the in 


direct) trial 


Refs rence 


ind-error features inherent in’ Streeter’s approach 


ilse should be made to praprer by Seliffinan and 


Spencer (12) in which toroidal co-ordinates are used to study the 
flow about a lens shia wd object 
I ; 
In what 


singular solutions of the gove rhing equations rete rred to toroidal 


follows we examine certain pertinent sequences of 


co-ordin ites s | he phiy sit al sigetaatnc inee ol the Pal hd COMP ne nt solu 


tions, in terms of which the solution to the torus problem ulti 


mately will be expanded, is investigated with particular attention 


to the presence or thsence of a circulation in the corresponding 


potential ind stream funetions It is shown how the lorepoing 


component solutions may be generated through successive limit 


processes applied to the basie axisymmetric ring singularities of 


the source ring and the vortex ring. This part of the paper may be 


of interest bevond the present application 1 he torus probe mi 


then formulated and solved on the basis of the stream-function 


appro h A second, inde yj» ndent solution, resting on the pote l- 


tial-function approach, is indicated merely since it) provides 


further insight into the problem under consideration In order 


to render the present EXPOSITION se neibly self-contained, some of 


the material given in (5) also has been included here briefly 
, 


THe Governine bquarions. Toromar Co-Onpinart 


For the sake of convenience we summarize at this ples the 
in ideal 


With 
where the z 


basie equations governing the steady irrotational flaw of 


incompressible fluid in the presence of axial symmetry 


reference to the cylindrical co-ordinates (p, ¥, 
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axis is assumed ‘coincident with the axis of symmetry, the ve- 
locity potential @(p, z) satisfies Laplace’s equation in the form 


a) 


( Q 
(pb,) + — (po,) = 0. 
op Ov 


and the velocity components are given by 
”) 
ty =O % = 2 


Stokes’s stream function W(p, 2) is introduced through the rela 


tions 
v, Ph», Vp 


and, alternatively, admits the representation 


pg, 


tus 
¥(p,z) = f ‘ (pp, dp — po, d 
wm, 2 

in which (po, 29) are the co-ordinates of an arbitrary fixed point in 
the meridional half plane p > 0. In view of Equation [1], which 
may be regarded as an integrability condition for Equations {3}, 
the line Integral [4] is independent of the path, and Y(p, 2) is 
single valued, in any simply connected domain throughout which 
@(p,z)isregular. As was emphasized by Weinstein (7), the single 
valuedness of Y no longer can be inferred if the domain of regular- 
ity of @ is multiply connected. Similarly, and under analogous 
circumstances, a single-valued stream function may give rise to a 
multiple-valued velocity potential. A potential funetion and a 
stream function which are related according to Equations [3 
henceforth will be called conjugate with respect to each other 

It follows from Equations [1], [3] that WY conforms to the 


“stream equation” 


and Equations [2], 


A specific velocity field determines its associated potential as well 
as the conjugate stream function only within an arbitrary addi- 
tive constant. Finally, we recall that the curves Y(p, z) = const 
are the streamlines and that 24(y~.— yy) constitutes the total 
flow between the stream surfaces generated by YW = yy and Y 
va. 

In what follows we shall have occasion to refer to toroidal co- 
ordinates (a, 8, y) which are defined through the transformation 

q cos ¥Y, " : sin Y: 

P q p 


where (x, ¥, 2) are the Cartesian co-ordinates and 


p cos a, Pp sina, 4 cosh B, sinh B 
The ranges of the curvilinear co-ordinates are given by 
0s as 27, 0<86 
80 that 
Pps ’ = 
Furthermore, with the auxiliary notation 
a= (q—p)”? 11} 


Subscripts attached to functions which originally bear no sub- 
acript denote differentiation with respect to the argument indicated. 
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we hia e 


I.quations [7], 


(> ‘fat = t+ 2 Oe... (3) 


The co-ordinate surfaces @ = const are thus spherical bowls of 
radius |p p/p. The surfaces 
8 = const are tori, the meridional cross sections of which are the 
circles of radius g~! centered on the p-axis at p = q/g. As B—> @ 
Fig. 1 shows the 


' centered on the z-axis at 


the tori degenerate into the circle’ p lz =0 
traces of the foregoing two mutually orthogonal families of co- 
ordinate surfaces upon a meridional half plane y = const. 


An 
Fs a:s™3 
Ps 


Poroman Co-ORpDINATES 


(Traces of surfaces a = const and 3 


= const, on a half plane 


The differential of are length is defined by 
is (“2 2 ‘3 2 ( ly ) 
hy he h 
and the metric coefficients here appear as 


hy = [15] 
t 
‘ 


hy = he = p’, 


A routine computation now yields for Laplace's Equation [1 | 


in toroidal co-ordinates 


H4(daa + $33) — Pida + (1 — paids = 0 
*This normalization of the co-ordinate transformation {7 | 
course, unessential 
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whereas the stream Equation [5] becomes 


HY Waa T Was) T Piva (1 Pq ¥s 0 


The toroidal transform of Equations 
Qa 


and the toroidal components of the velocity vector assume 
form 


ToromwaAL POTENTIAL AND STREAM FUNCTIONS? 


In this section we consider certain aggregates of solutions to 
Laplace’s Equation [16] and to the stream Equation [17], in 
toroidal co-ordinates. Neither of these two equations is separable 
in the strict sense. There do exist, however, pseudo-product solu- 
tions of the form 


dla, B) = pA(aj)R(p 120] 


to Laplace's equation, whereas the stream equation admits the 


pseudo- produc t solutions 


ia, B) = © Ca) (Bp (21) 
u 


Substitution of Hquations [20], [21] into equations [16], [17], 
subsequent separation of variables, and adherence to the restrie- 
tion that the solutions sought have a period 27 in a, ultimately 


yield 


d(a, B) = w(cos na@ or sin na)|P,, (q) or Qn —1lq 


2 
i 
¥(a, B) = d (ros ma orsin na 


Qn i! 4 ] 


where P,,—~1/, and Y,—1/, are the Legendre functions of the 
and second kind, respectively. 
For future reference, we cite Legendre’s equation 


7’ P*. t 24P 7 


and recall the recursion formulas 
ae 
ingP, 
24°P''n - 
Equations [24] are valid for all integral values of n, and remain 


valid if Pr. —t/s is replaced with Gn-1 A Wealso note the bilinear 
identity 


Pon 'n 


7 See (13), chapter x, for a discussion of toroidal harmonics. Toroi 
dal stream functions are also dealt with in (5 

* The primes denote differentiation with respect to the argument q 

*See (13), art. 45 


FLOW OF IDEAL INCOMPRESSIBLE FLUID 


Furthermore, we shall need to refer to Laplace's integral 
da 


+ COS 
Y a 


and to the integral representation 


] *s cos na 
On (q) da 
\ . 0 ad 


Which gives rise to the Fourier expansion 


2vV/2 


¢ 


where uw is defined in Equation [11] 
[27] supply the link to the representation of the 


equations [26], [ 
Legendre functions of fractional index in terms of elliptic integrals, 


Thus let 


‘ 20) 
\, cosh p 7 iss 


Setting @ 2 in Equation (26), we arrive : 


dé 
P 
hk? 


und se thing i )2in Mquation 27h, we 


a kk $1] 


where K and A‘ are the « omplete elliptic integrals of the first kind 
referred to the modulus & and the complementary modulus 4’, re 
spectively. Alternatively, we may define moduli 


in which 


(p 


The new moduli are related to & and k’, introduced in Equations 
{29}, through the Landen transformation" 


44] 


Here A, and £, are the complete elliptic integrals of the first and 
second kind based on ky The moduli 4y, ky’ are identieal with 
those pres jously ¢ miplos ed by Hieks (2 q Fouquet (15), and the 


eurrent authors (9, 5 


1 See (13), p. SS] 

1 See (14), p. 443 

2 The argument of I’n , and Gn is henceforth asst 
be q, unless otherwise specified 

1S See (14), p. 507 

The second Equation [45] is obtained by differentiating the first 
with resfiect to k’ 
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SYMMETRIC AND ANTISYMMETRIC FLOW FIELDS 


Among the potential and stream functions listed in Equations 
[22|, those involving the Legendre functions of the second kind 
become infinite as q — 1, and therefore violate the regularity re- 
quirements on the z-axis inherent in the torus problem to be con- 
Thus we shall limit the present discussion 
'/s and its 


sidered subsequently, 
to the potential and stream functions involving P, 
derivative, which remain analytic for every finite q and vanish at 
Cartesian infinity; they become singular on the “limit circle,’’ as 
q ——> » 

We may distinguish between two basic flow cases according as 
the velocity field is symmetric or antisymmetric with respect to 
the plane z = 0, that is, aecording as the velocity potential is an 
even or odd function of z and @. Symmetric flows are generated 
by the potentials and stream functions 


?, = uP, —1/, cos na 


? p 
Y, = P’, 1,810 na 


It is Hmiportant to observe that ?, and Vv, do not constitute a 
conjugate pair in the sense of Equations [18]. We now seek to 
establish the stream function w, and the velocity potential , 
which are conjugate to ®, and W,, respectively. To this end we 
confirm with the aid of Equations [18] that 


” 
- 
(Wass W,) 


Wart Va 


] 
(P,4, — ®,) 


Since Vy = 0, we may take dy to be zero, and the foregoing recur- 


sion relations vield 


Wo t 


y, = 


In order to complete the determination of yw, for n = 0, 1, 2, 
, we need to find yo. For this purpose we introduce the 
parameter ¢ through 


Tv a 


am(t,k) = 0 = [39] 


or, equivalently, through 


F(A) : nn 10 
t MAK) ] 
i. <0 A? sin? J)? 


am(¢,4) being the amplitude funetion and /(6,4) the incomplete 
elliptic integral of the first kind, both referred to the modulus & 
given in Hquations [29]. Thus 


dnt = 


a 
cos 0 = sin |, 
» 


- 


a 
sin 0 sy ent 


ku 
an ¢ v/a fal 


where sn, en, dn denote the Jacobian elliptic functions'® for the 
modulus 4 


18 See (14), chapter xxii, for a discussion of Jacobian elliptic fune- 
. 


tions and integrals. 
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According to Equations [30], [36], and [41], we may write 


a. /8 
2V2 


& = pP_1, = K’dnt 12) 


Equations [18], applied to the conjugate pair (®o, yo), by virtue 


_, ent 
yy 
=| 


psntent 


dn¥ 


of Equation [42], now lead to 
OWo .¥ 2 E’ 
wa )8OUd dnt 
Oo 


op T 


43 
V2 kk’ | 


where £’ is the complete elliptic integral of the second kind based 
on the modulus k’, 
recourse to identities listed in reference (14)." 


9./9 
you — [cx E')t + kK’ 
T 


Equations [43] are explicitly integrable by 
There results 


KE | [44 


in which E(t) designates the incomplete elliptic integral of the 
second kind for the modulus k. We note from Equations [38] that 
wy, and ®,, which are conjugate to the pseudo-product solutions 
¢, and yw, of the potential and stream equations, no longer possess 
the pseudo-product structure. Indeed, a single potential function 
®, gives rise to a conjugate stream function w, Whose representa- 
tion requires an infinite series of stream funetions in pseudo- 


snicnt 
dn ¢ 


product form; the closed representation given by Equations [38 }, 
[44] was made possible only through the introduction of elliptic 
functions and integrals 

Since 


am(t + 2A amt + 7 


h(t + 2K = H(t) + 2E 


and recalling Legendre’s identity 


T 
KK’ = 


» 


- 


EK’ + E’kh 
as well as the periodicity properties of the Jacobian elliptie fune- 
tions, we conciude from Equations [44], [38] that 

[47] 


w,(a@ + 27,8) —w,(a,8) = 24 ‘PiawG12..) 


The single-valued potentials ®, thus correspond to associated 
conjugate stream functions w, which are many valued for -—- < 
a< o, or else discontinuous along the cut a= 0 in the meridional 
half plane corresponding to0 < a <27,0<B< o. This result 
is consistent with our previous observations regarding the singular 
character of ®, as q-* ©. On the other hand, the conjugate se- 
quences (@,, V,) (n = 1, 2, 3, .. .) are both single-valued. 

The treatment of the antisymmetric flow fields generated by 
>, = UP, 
ry Th P', [48 ] 

mM 


is strictly analogous to the preceding discussion of symmetric 


t/y sin na 


1/7, COS na 


fields, and we may confine ourselves to stating the pertinent re- 
sults. If (da,Wn ) and (@,, v,, ) are conjugate pairs of potential and 
stream functions, then 


(n = 0,1,2,... 


'® Reference (14), p. 516. 
17 It should be noted that the Jacobian elliptic functions appearing 
here may be eliminated by means of Equations [41] 
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and consequentiy 


n 


7 4 
2 fund 


Here we may take ¥, 0 since @» Vanishes, whereas @p turns out 


to be given by 


78) [ | ad K'E()| {51} 


The functions @,, ¥,, and y,, are periodic with period 27 ina. On 
the other hand, we find that 


(no 


d,(a + 27,8)--,(a, 9) v/ : er [52 
which indicates a circulation in the velocity potentials @, conju- 
gate to the single -valued stream functions V,, 

We now turn to a physical interpretation of the potential and 
stream functions discussed in this section. With regard to sym- 
metric flows, we note on the basis of equation [3.9] of reference 
(9) that the potential of a uniform source ring of total strength m 
and unit radius (coincident with the limit circle of the toroidal 
co-ordinate system) in our present notation appears as 

2m k, 


Ww 7; 


[53] 


with 7; and A, defined as in Equations [33], [351. 
133], [32] 


A trivial com- 
and [30], 


putation, involving Equations [53], [35], 


identifies 
[54] 


as the potential and stream functions appropriate to the source 
ring under consideration. Moreover, we confirm" with the aid of 
I-quation [47] that the stream function possesses a cyclic period 
of 2m, as is consistent with hydrodynamic theory. 


In a similar manner, guided by equation [7.5] of reference (9), 


we recognize 


as the potential and stream functions belonging to the antisym- 
metric flow generated by a uniform vortex ring of unit radius and 
total circulation [. The cireulation constant T of the velocity 
potential is readily verified by means of Equation [52]. 
Equations [54], [55] establish the significance of the initial 
members in the sequences of symmetric and antisymmetric flows 
discussed previously. The remaining members in these two aggre- 
gates of singular flows, which are characterized by singularities of 
progressively higher order on the limit eircle, may be generated 
through successive 2-differentiations applied to the basic singular 
solutions which represent the source ring and the vortex ring. 
Indeed, a somewhat tedious computation, depending on the re- 
peated use of the Legendre Relations [24], yields the result 


18 See (9), equation [5.7). 


AXISYMMETRIC FLOW OF IDEAL INCOMPRESSIBLE FLUID 


Moreover, these recursion formulas remain valid if ® and @, as 
well as V and y, are interchanged while the signs of the right- 
hand members are reversed As an illustrative example we deter 
mine the solution corresponding to a ring doublet, whose poten- 
tial is the first derivative with respect to of the potential fora 
By Equations [54], [56!, [50], the ring doublet is 


thus repre sented by 


source ring 


m 
2vV2 
and these formulas are readily transformed into the expressions 


derived by Streeter (11) 


So.iuTtion or Torus PRropiem 


{pproach. We are now in a position to cor 


Stream-F unction 
Let the boundary 
Bo, Fig. 1 


sider the main problem of this investigation 
of the torus coincide with the parametric surface 3 
Then, according to Equations [13 
b 
A ! cosh ref 


a 


where a and b are the radu of the cross section and of the center 
line, respectively, and A will be ealled the “shape-ratio” of the 
torus. 

The problem consists in de termining a stream funetion ¥ ay 
Equation [17] throughout the domain 0 < a 
Bo, and conforms to the boundary and regularity 


which satisfies 
27,0 < £6 < 
conditions 


where ¢ is the initially unknown value of W on the surface of the 
torus, and ~. designates the stream function associated with the 
uniform velocity field r, = 0,7, = 

Guided by the antisymmetric nature of the uniform 


I at infinity 
velocity 


field at infinity, we aseume the desired solution in the form 


/ ~ 
¥y(a,p 


that 
iutomatically conforms to the condition at infinity since 


The coefficients of superposition a, (» ie & 4 


with ,, defined by the second of Equations [48], and note 


(a, 0 
¥,,(, 0 0 
2 are to be determined consistent with the boundary eondition 
for B y} By virtue of Equations [60], [59], [48], (12), thi 
leads to 


% Observe that ¢ und © ¥;, according to Equa 
tions [24 36], [48] 
20 The subscript, zero, attached to any function of 6, henceforth will 


indicate its evaluation for 8 = Bo 
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In order to expand the right-hand member of Equation [61] in a 
With the aid of this 
expansion, and making use of the Identities [24] applied to the 
Legendre functions of the second kind, we thus arrive at 


Fourier series, we recall the Expansion [28]. 


x 


} a.» ! (Yo) cos na 


ne 


He 
Tv tn? 


n 0] 


Q n Yo ate 
9 cos na {62 
I 1 + dno 


in which 6,, designates the Kronecker delta, Equation {62} im- 


2c 
a, = ( { ') A,, 
tn? l 


20/2 Q'n (qo) 
A, , [tot | 
ml 4+ Gas iP n—'/,(qYo) 


plies 


provided 


and, in accordance with Equation [60], the appropriate velocity 


potential appears as 


dla, B) = + ad, 


’ 0) 


the functions @, being defined in Equations {50} and [51 |. 
that the 


boundary Conditions [59] do not suffice to determine the yet un- 


It is apparent from the preceding developments 
known value ¢ of Yon the surface of the torus. This observation 
is in agreement with the well-known fact that the boundary con 
ditions fail to characterize uniquely the solution to a steady- 
It fol- 


lows from [equation [52] that the velocity potential represented 


flow problem if the flow domain is multiply connected.?! 


by Equation [65] is multiple-valued unless ¢ is chosen ap- 


propriately, In view of Equation [52], « circulation-free poten- 


tial is assured if and only if 


or, by Mquation 16:3 | 


PRL } iene 


ne ne 


The complete solution to our problem is now given by Iequa- 
tions [60], [65], where Y, and @, are defined in Equations [48], 
{50}, [51], and the coefficients a, follow from Equations [63], 
[64], [67]. The toroidal velocity components 
tained from Equations [60], [48], [12], with the aid of equations 
[18] 


are readily ob- 


@ 


) , : 
%*= La ‘ t c a, (2@P"» V/s 
ue 4 


n i] 


(in? 1 )u?l’, —1/,] cos na [G8 | 


« qe ° 

8 = a ss a,P' » i [2nu? sinna + Pp Cos na) 
# "8 n=O 

Finally, we note for future reference, that the Series [60] admits 

the rearrangement 


*t This statement, of course, in no way contradicts the uniqueness 
theorems of hydrodynamics, which require also the specification of the 


initial conditions; see, for example (16), p. 422. 


JOURNAL OF APPLIED MECHANICS 


1953 
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>> a (W, —- Wns 


m=O 


[69] 


eae? 


Potential-Function Approach. In this we sketch a 
second, independent approach to the problem, in terms of the 
velocity potential. Although this method of attack is more 
cumbersome than the one adopted previously, nevertheless it 
The alternative formulation of 


section 


should prove to be instructive. 
the problem as a problem of Neumann, requires the determination 
of a function @(a, 8B) which is harmonic in the domain 0 < a < 
27,0 < 8B < B®), and obeys the boundary and regularity condi- 


tions 


op 
op 
where @» is the potential of the uniform velocity field at in- 
We thus put 


=0, ofa, B)—~+d2 = 2:8 (a, B) + (0,0)... (70) 


finits 


da, B) =z 


with reference to the definition, Equations [48], of the potential 
functions @,. Applying the first of Conditions [70], we reach with 
the aid of Equation [28] 


(bas 6, )P’ 41 (qo) (h,, h,, wr’. 3/y (qo) 


5 


Ve ’ , ’ 
(Q'n —1/x qo) Ont lq 
Tr 


equation [72] is a finite-difference equation of the second order 
for the unknown coefficients of superposition b,(n = 1, 2, 3,...) 
which possesses an integrating factor P’, —14(qo) 
Now let 

c. = (be — be-1)P's-1/P'n—0/, 


and Iquation [72] may be written as 


ty2 
ee —— We, — Pata o=' 74] 
rs 


This difference equation of the first order is integrable; by use of 
the bilinear Identity [25], we obtain 


€ 
= =h b, 1 


, nn 
P’ 1/2’ n a 


2 19°X Qn 
» | (2» 3 4 : ) 4 wt 
TT 2n LF fant 
ig°A Q'n 
(2 “sa 2 ] 
2n a? Pathe 


in which A is an arbitrary constant of integration. A second inte- 


gration, based on Equation [75], yields 


4q°X { 
4m?7—1] ™ 


4q°r 
Met 
. 2n + i) “™ 


22 The argument of the Legendre functions appearing in this and the 
following equations is understood to be qo 


eee ae 
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64). In order that the 


Series [71] be convergent, it is necessary that 


the notation being that of Equation 


lim 6, = 0 


n> « 


This formal convergence condition, which here takes the place of 
the single-valuedness Condition [66],?° serves to determine the 


parameter A. Indeed, since 


lim nA, = 0 \78] 


n-> «= 


we conclude from Equations [77], [76 


l, that 


with c defined by Equation [67], and thus 


the coefficients a, retaining their previous definition given by 
Equations [63], [64], [67]. This completes the independent deter- 
mination of the velocity potential introduced in Equation [71]. 

With a view toward demonstrating the equivalence of the solu 
tions derived in this and the preceding sections, we note from 
hquation ISO} that 


" 


may be written : 


} Recall that the functions @n entering Equation [71] and the con- 


jugate stream functions Vn are all single valued 








Fic, 2) STREAMLINES Fo! 


AXISYMMETRIC 


FLOW OF IDEAL INCOMPRESSIBLE FLUID 


It now follows from Equations [S82], [49] that the conjugate ve 


locity potential appears as 


n=O0 


which, after a permissible rearrangement, » form 


Since @y = 0, Equation [S84] is identical with Equation (71 It is 


interesting to observe that the Representation 71] lor dla, P), 
in contrast to that given by Equation (65), does not involve any 
elliptic functions or integrals 


Discussion NUMERICAL EXAMPLE 


\ comparison ol equations Ol of S33!) with the second of 


Equations [57], or of equation |71| with the first of equations 


aT}, re veals that the lending term in the series contributions to 


¥(a, 8) and @(a, B) are precisely the stream and potential func 


tions belonging to the ring doublet. This observation identifies 
(11), for the 
section, a8 4 first approximation to the exact solution presented 
The fact that 


sponds to a torus whose cross section is very close to a ere le, Is 


Streeter’s solution torus of nearly circular 


Cross 


here already uw one-term IpPpProsimation corre 


accounted for by the extremely 4 ypid convergence of the series 
under consideration 

Although the convergence of the Representation [69] for the 
stream funetion is even more favorable than that given in | qua 
tion [60], it was still found to be more expedient to use the latter 


the The 


the 


representation in numerical imple whieh follows 


reason for this lies in the loss of numerical wecuraey caused by 
difference formations inherent in bequation [69 

The stream pattern shown mn big 
A hia ; 


of z, and by subsequently selecting @ and £ judiciously 
kor thene 


2 applies to am shiny ratio 
It Wits obt uned bey choosing Vartnis fixenl \ ilues 
ind con 
Values of @ and 


sistent with the last of I quintions 7 
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6B the corresponding values of W were computed from Equation 
[60] with the aid of the numerical tables (6 A maximum of five 
terms in the series for Y was needed in order to reach an accuracy 
of four significant figures, Once a sufficient number of z-profiles 
of the stream surface had been established, the streamlines W 
const, were determined graphically. In order to locate the stag 
nation pom the point of intersection of the se pauration stream 
line with the meridional section of the torus Mquation [6S] was 
solved forvgla, B) = 0. A suitable method of successive approxi 
mations revealed that »,(a, By) vanishes to four significant figures 
for cos @ 0.121 
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Analvsis of Viscous Laminar Incompressible 


Flow Through Axial- 


Flow Turbomachines 


With Infinitesimal Blade Spacing 


By T. P. TORDA,? H. H 

The Lorenz theory has been extended to the viscous, 
laminar, incompressible flow through avxial-flow turbo- 
machines with infinitesimal blade spacing. Expressions 
are derived for the velocity components, pressure, power 
input and output for arbitrary blade surfaces. A numeri- 
cal example is presented and the flow variables and blade 


surfaces are plotted. 


INrTRODU TION 


“HE several methods which have been dev eloped to analyze 
turbomachines may be divided into 
In the nethod the 


variables are derived from given geometric configurations, while 


flow through axial 


two main categories, direct flow 
in the indirect method the geometric configuration of the blades 
is determined from a desired distribution of the flow parameters, 

Sources and sinks, vortex distribution, or conformal mapping 
may be employed in the direct method of analysis to determine 
the flow field around the individual blades of turbomachines 
Hlowever, the interference of the blades when arranged in cas 
cades is difficult to determine by the use of this method and the 
results are valid only if the cascade blades are far apart 

The indirect method of analysis treats the passages between 
the cascade blades as channels and is, therefore, the more suitable 
of the two for the analysis of viscous effects in turbomachines. 
Hf. Lorenz (1)° was the first to develop the indirect method of 
analysis. He simplified the mathematical formulation of the 
problem of flow through blade systems by 
axially field. The 
representing an infinitesimally spaced blade system, can be used 


means of a con- 


tinuous symmetric force Lorenz theory, 


as @ first approximation for calculating the pressure distribution, 
velocity distribution, blade shape, and the torque of modern 
turbomachines with their closely spaced blades 

H. J. Reissner (2, 3, 4, 5) has extended Lorenz’s method to the 
compressible two and three-dimensional cases of nonviscous 
5) the two-dimen- 


flows through turbomachines. In reference 
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Statements and opinions advanced in papers are to be 


of the Society. 
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HILTON,! 


AN ’.. HALL,* URBANA, ILI 


sional, viscous, laminar steady compressible flow through a 


system of equidistant narrowly spaced stationary blades is 
treated 

In the present paper the effect of viscosity is taken into a 
count for the ease of steady ine ompressible flow through rotating 
blade systems. Only the case of infinitesimal blade spacing is 
treated here. This analysis forms the basis of the finitely spaced 
blade problem ind its extension to the latter ease will be pre- 
sented mou subsequent paper 

Although this analvsis is carried out for an axial-flow com 


pressor, it is equally applicable to all types of turbomachines 


ANALYSIS 


An axially symmetric incompressible viscous flow through a 
rotating infinitesimally spaced blade svstem is considered with 
the reference co-ordinate system rotating at a constant angular 
flow 


velocity The Navier-Stokes equations defining such a 


are in evlindrical co-ordinates 


plu Ou /Or + w OUu/Oz w*r) = —Op/or + 


plu ov/or 
plu Ow Or 
where 


eyvlindrical co-ordinates 
respective velocity components relative to rotating 
blade system 
pressure 
density 
constant angular velox ity 
force field per unit of volume 
5 > subscripts denoting directions 


In the viscous case, the force field f, is inelined to the stream 
lines in order to account for the effects of shear and dilatation 
stresses. This force field is composed of two components, such 
that 

1] 
where 

q force components per unit of volume in jth direction 
perpendicular to streamlines 
unit of 


foree components per volume in jth direction 


due to shear 
The total relative velocity vector is given by 
| 
For laminar Viscous flow the shear stress 7 equals 


ulloV /on}, OV /o(-—n)] n 
where 
7 direction normal to streamlines 
d = blade spacing 
= viscosity (taken as constant) 
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Pia. 2 


The blade spacing, Fig. 1, is 
d = rf [7] 
and ® is the pitch angle. 
Since the flow is laminar, one may assume that the velocity 
distribution in each channel between the blades is a nonsym- 


metric parabola, Fig. 2, 


&)/(1 


of the nondimensional form® 


2ak 


n= (1 
where 


| ion V/ V max 
a = e/b 


= 9 ‘b \ 
= d/2 | (9) 
and ¢ is the eccentricity. 

The resultant shear foree per unit volume may now be cal- 
culated from Equations [6] and [8] 


h = 7/d = —l2pVave(l + a?) /kb*%(1 a’)? {10} 


where 


Vinaz = 3Vavg/2h 


For 0 < lal <1 
(3/8)} {U1 a®)*/2a4) In| (1 

’ i 

+ a®)/a®} 


and for 


The three components of the resultant shear force h are 


h, = hu/V, hg = hv/V, h, = hw/V [13] 


’ ? . 


Multiplication of Equation [5] by the quantity A/V results 
in 
wh, + vhg + wh, = hV 


For infinitesimally spaced blades, the assumption 
V = V ave 


® The concept of parabolic velocity distribution in the channel 
was first introduced in reference (6). 
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is valid. Equations [10) and [14] yield 


uh, + vhs + wh, = BT om = 


12uV2%1 + a®)/kb(1 a’*)? as [16] 


Since the g-forces, Equation [4], are perpendicular to the 
streamlines, one finds that 


ug, + 09g + wg, = 0 [17] 


The continuity equation in an axially symmetric ineom- 


pressible flow in eylindrical co-ordinates is 


ploru)/or + Wrw)/dz] = 0 {18} 


In an axial-flow compressor, the velocity component in the 
axial direction is usually constant, or 
w= Us» 19) 
The continuity Equation [18] now reduces to 
Aru)/or = 0 {20} 
with the solution 


i= Zi(z)/r {21] 


where Z,(z) is an arbitrary function of z to be determined by 
the boundary conditions of the problem. 

Multiplying the Navier-Stokes Equations [1], [2], 
respectively, by u, v, and w, adding the results and using Equa- 
one finds that 


and [3] 


tions [16] and [17], 


DA/Dt = --12nV%1 + a®)/pkb*(1 


Ww here 


D/Dt = ud/or wo/Oz 23 


j 


2/2 wr? /2 + P 


P= S(\/p)dp 


Equation [9], 


24] 
[25] 


If the quantity a, is taken as constant, then 
essentially all the points of maximum velocity Vinax in the channel 


lie along a radius at any particular z. Substitution for 6? from 


} 


Equation [9] and use of Equations [7] and [9] reduces Equation 
129) to 


udA/Or + wOA/O0z AV?/r? 26) 
with 
A= 


ull + a®)/pkd(1 a’)? 


Equation (26) is a Lagrange partial differential equation 
and the solution is obtained from its subsidiary equation 


dz/w redX/AV?2, 


dr/u 


The subsidiary equation yields three total differential 
tions 


wdr = udz. 
rwdd = AV%dz 
rudX = AV%dr 


By substituting Equation [29] into [31], one can see that 
latter is equivalent to Equation [30], 
A solution of Equation [26] is obtainable from Equation {: 


Substituting for w from Equation [19], one obtains 


AX =(A wo) SJ (V2/r2) dz + C; 
where C; is an arbitrary constant. 
Let 


V2/r? = 00/dz, 80 = Or,z) 
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then Equation [42] becomes 
AN = AO/u 


Eliminating A and V?2/r? with help of Equations 
the differential Equation [26] simplifies to 


1 Of Oy 0 

Since u ~ 0, the solution is 
6 ZAz 
where Z,.(2 


is an arbitrary function of 


With the use of Equations 36), [33 34], [24 21) 
Thus 


the solution of the problem is completed. 
V2 = r2Z," 
2 + AZAz)/u 
[Z,(2)/r]? — wo? 


where the primes denote differentiation with respect to z 
The velocity and pressure fields in the compressor are de- 
scribed completely by the foregoing equations. The traces of 


the streamlines may be determined from 


dr/u = rdo/v = dz/u 140 


The integration of pairs of differential equations will then yield 
the streamline traces in any plane 

For any given stage ol the compressor, the angular velocity 
w, the magnitude and direction of the entrance velocity, the 
entrance pressure, and hub and shroud radii at the entrance 
are preseribed.’ 

These known quantities are used to determine the 
functions Z,(2) and Z.(z) and the constant C,. It 
remembered that since these latter functions are 


arbitrary 

should be 
arbitrary it is 
permissible to assume their type. Such assumptions in no way 
detract from the uniqueness of the solution, since for any given 
combination of Z;, Z2, and C; one and only one blade profile is 
found. Different fields naturally 
require different blade shapes 


velocity and pressure will 


NUMERICAL EXAMPLt 


The aim of the numerical work was to determine under which 
conditions & maximum pressure rise could be achieved through 
one rotating stage of infinitesim illy spaced blades (stream sur- 
faces), At the same time large twist and large curvatures of 
these surfaces were to be avoided. Several numerical examples 


were worked: however, only one 18 presented in this paper 
showing trend and limitations of the design. 
functions of z, Z;(< 


one arbitrary constant (, in the analysis. (C; 


), and Z.(z), and 
be deter- 
Thus 


There are two arbitrary 
muy 


mined from Equation [38] with the intake conditions, 
C, = p;/p + V3 wr? /2 — AZ,(0)/wo [41] 


where subscript ¢ denotes values at the intake of the rotating 
stuge 

The choice of the arbitrary functions, Zi z) and Zi 2), deter- 
mines the blade shape. 

Equation [21] shows that the variation of the radial com- 
ponent u of the resultant velocity Vo depends on the arbitrary 
function Z,. 
{40}, Z, also determines the r-z variation of shroud and hub. 
The 


restricts the choice of functions used for Z,. 


Through the equation of the streamiines, Equation 


requirement of small curvature of the stream = surfaces 


’ Appropriate entrance conditions have to be prescribed if the 
analysis is to be applied to turbines 
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The pressure rise through the rotating stage along each stream 


line is due to dynamic recovery and centrifugal action 


The pressure rise due to dynamic recovery is a maximum if 


the resultant velocity at the exit J is zero. (Subscript e 


denotes exit conditions Since, however, the axial component 


of the relative velocity wy is taken as constant and since the 


influence of the radial-velocity component is small, the tan 


gential velocity component at the exit rp, was taken as zero 


2 


Thus from Mquations [5], [19], [21], and [87 


wy? +- [Z,(1)/r,}* *Z "(1 12) 


With the condition of v,, the 


plane 


where / is the value of z at exit 
stream surface at the exit is tangential to the 7 

The pressure rise resulting from centrifugal action is directly 
dependent on the ratio of the exit and intake radii 


, r 
1.@., '/ Ve 


and on the angular velocity w. Use of Equation [414 in bqua- 
tion [38] vields 
pp pi/p + (V,? 


Z r2/2 + AZ/u 13) 


The 


problem 


ingular velocity is) preserthed for any particule design 


Then the pressure ise due to centrifugal action is a 


function of the exit radius r, If this radius is chosen, e.g., 


the exit hub radius might be pres¢ nibed as an allowable maxi 


mum, then the maximum pressure is defined. The shape of 


each streamline in the r-z plane is, thus, completely determined 
by press ribed values of the respective ry and by a COMpProTn ise 
between the value of a maximum pressure rise and a reasonable 
und by the requirement of gentle variation from 


The choice ol Z; 
slightly conical hub shape is thought to be ap 


hub exit radius 


intake to enit, vielding a straight conieal 


shroud and 


propriate, and this is the reason for the choice of the funetion 


Z (2 wy Or, /Oz), r./¢ 4 


For the case of straight coni 
const Vf, 
variation of the streamlines is given, the 
since V2/,? VAM In 


order to reduce the length of the stream surfaces and 


where subseript s denotes shroud 
cal shroud it should be noted that or,/o 

Once the 7 
of the stream surface is defined by Z 


twist 


thus 
reduce the magnitude of the viseous dissipation the twist angle 
should he 
avoiding sharp curvatures of the 
choice of Zz 


bolic form was selected 


small This requirement and also the necessity of 


stream surfaces allow the 


From the various functions examined, a hyper 


r) + ow 


Z,'(2) Z;? 


w?*} | p} j . 15) 


in which the parameter 6 permits the choice of the total twist 
angle. 

It should be noted that the numerical work for the infinitesimal 
blade spacing is exploratory at best, and the final design of 


axial-flow turbomachines will be the result of the analvsis 
involving « finite number of blades 


From the condition on the selected shroud shape, ile 
ur, — const = Mf. 
the shroud radius may be obtained as 
Hence Z akes the form 
4, 


From Equation [21] 





JOURNAL OF APPLIED MECHANICS 


u = wM f(r, + M,z)/r... a 


Equation [40] yields for the r-z variation of the streamlines 


2M,r,.2 (50) 


2 «os of 
ran 7,7 + dei 


+ M222 


From Equation [45] the tangential component of the velocity 


is 
+ (z/l)/B).. [51] 


|40| vields for the @-z variation of the streamlines 


v = rw(l — (2/1) /|[1 


and Mquation 


= (wB/w)} UB + 1) In [(2/1B) + 1] — 2} 52) 


At the exit 


dL) = (wBl/w){(B + 1) In (11/8) + 1) 


1} [53] 
This represents the total twist of the “blade” (streamline sur- 
face), The arbitrary constant 8 which appears in Equation [53} 
allows the selection of the total twist. 

The expression for the pressure distribution is obtained by 
substituting Equation [41] into Equation [38]. This gives 
2 


4 2, 2 
(V2 — w?r,?) 


2 
+ (w*r? V2)/2 + (A/wy) ['(V2/r?)dz [54] 
0 


For the case of no prerotation of the flow entering the rotating 


stage, vu, = wr, If the total energy is taken as constant for all 


entering streamlines, then 


P, _ Py, 


(wy? + u,?)/2 : [55] 
where Py, denotes the ratio of the total pressure to the density 
at entrance. Use of Equation [55] in Equation [54) yields 


z 
P = P7, + (wr? V2)/2 + (A/wo) ['(V2/r? dz {56} 
0 


The pressure-density ratio distribution at the entrance is 


Po = Pr wy?/2 — (we? M ,?r,,?)(1/r,2)/2 . [57] 


The power input to rotor, i.e., the power required, is given by 


(Power) = Tw [58] 
where (Power) is the power input, 7’ is the torque. The 
torque is equal to the net change in angular momentum per unit 
time through the rotor. For the case of no prerotation, the 
torque becomes 


T= (00/2) reg? + rue?) (r ye? — rue?) (59) 
where r,, and ry, are the radii of the shroud and hub at exit, 
respectively, 

Since the mass rate of flow (MRF) is given by 


(MRF) = pwor(r,.? — ry?) = pwo W(r,.? — rn,*). . - [60] 


Equation [59] may be written as 


T = (w/2)(r,,? + ry.2)(MRF) .. [61] 


Hence from Equation [58] the power input becomes 


(Powerin) = (w?/2)(7,.2 + ry?)(MRF) [62] 

The useful power output to tne flow is defined as the net change 

in pressure energy per unit time through the rotor. 
The power output is given by 

~ THe") [63] 


(Powerou) = (Pr, Pp ipuot(r,,? - 


where (Powerout) is the power output, and Py, and Pz, are the 
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ratios of total pressure to density (at exit and inlet, respectively) 
averaged over their respective cross-sectional areas. 
Use of Equation [60] yields 
/ Ik 
P;,)(MRI 


(Power ut) 


(Pr. 
Pr, is given by 
Pr = S2Pyerar/{r,2 
He 


Similarly 


= S2P yp .rar Tos" [66] 


"Hy 


Tue 


Py, 
It should be noted that Py, was assumed constant and there- 
fore 
{66a] 


Py, Py; 


Tai 


Po = S2Pear/r,2 


THY 


2 
Tuy) 


ee 

me . 5 

P, = JS 2P 7dr *, Tu?) 
"He 


The average pressure ratio n is given by the ratio of the 
average static pressure at exit to the average static pressure at 
entrance as 

n = p./pi = P./PX.. [68] 


Substitution from Equation [67] into Equation [68] yields 


n= SP rar/S Pyar [69] 


"He Tis 
Table 1 contains the numerical values used in the illustrative 
Table 2 is a summary of significant over-all properties 
This in- 


example. 
of the compressor with infinitesimally spaced blades. 
cludes torque, revolutions per minute, power input and output, 
mass rate of flow, average total and static pressures at inlet and 
exit, and the average pressure ratio. 

The r-z variation of streamlines is shown in Fig. 3 and their 
@-z variation in Fig. 4. The radius variation with z is pre- 
sented in Fig. 5 in nondimensional form. Figs. 6 and 7 show 


PARAMETERS FOR NUMERICAL EXAMPLE 


= 0.250 ft 


TABLE 1 DESIGN 
Length of stage (1) 
Intake radii: 

Hub (ra) = 0.250 ft 

Medium (rox) = 0.293 ft 

Shroud (rei) = 0.333 ft 
Slope of shroud (constant) (M,) 0.5 
Number of blades = 16 
Parameter in Equation [45] (8) 
Pitch angle (® #/8 radians 
Axial-velocity component (wo) 100 fps 
Intake radial-velocity component at shroud (us, 
Angular velocity (w) 15,000 rpm 
Eecentricity of velocity parabola (a) 0 
Intake pressure-density ratios 

Hub (Pas) = 882,770 ft?/sec* 

Medium (mi) = 883,377 {t2/sec? 

Shroud (2's) = 883,742 ft?/sec? 
Density (p) = 0.002378 slugs/ft® 


= 0.043 


) 


TABLE 2 SUMMARY OF OVER-ALL STAGE PROPERTIES 


Average pressure-density ratios (ft?/sec*): 
Static 

Intake Pj, = 883 , 330 PT; = 889 992 
Exit Pe 1,112,480 PTe = 1,348,200 
Average pressure ratio: nm = 1.2596 

Power (hp) 

Input (Powerin) 30. 2646 
Torque (ft-lb): 7 = 10.597 
Mass rate of flow (slugs/sec): (MRF) = 0.03632 


Total 


Output (Powerout) = 30.2550 
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the variation along z of the velocity components and of the 
resultant velocity. The pressure-ratio distribution is presented 
in Fig. 8. Fig. 9 is a schematic drawing of the resulting stream- 


line surface (‘‘blade’’). 
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Temperature Distribution in the Wake 


of a Heated Sphere 
By D. H. BAER,’ W. G. SCHLINGER,? V. J. BERRY,* anno B. H. SAGE* 


The temperature distribution in the wake of a heated A difference operator 
sphere 0.5 in. diam was determined at a gross stream o partial differential operator 
velocity of 30 fps. Measurements were carried out in a € eddy conductivity, ft? se 
channel 0.70 in. in height and 12 in. in width. The sur- K = thermometric conductivity, ft? 
face temperature of the sphere and the energy dissipation 0 specific weight, Ib /ft' 
from it were determined as a function of gross stream 2 electrical resistance, ohms 
velocities between 10 and 90 fps. The temperature dis- Subecripte 
tribution in the wake was correlated on the basis of ete 


methods developed for cylinders and satisfactory agree- ‘ 
; air boundary layer 


ment was obtained. 
constantan 
copper 

NOMENCLATURE f free-stream value 


The following nomenclature is used in the paper node in analog circuit 
surface of sphere 


surface area of sphere, ft 
heat capacity at constant pressure, Btu Ib deg F 


thermocouple wire 


diameter of sphere, ft INTRODUCTION 


diameter of wire, ft Both theoretieal and ¢ \periment il studies have been ma le of 
differential operator the velocity and temperature distribution in the wake of a evlin- 
base of natural logarithm der mounted transverse to an airstream. The theoretical studies 
coefficient of heat transfer, Btu/see ft? deg I (1, 2,3, 4, 5)® were limited to low Reynolds numbers when based 
thermal conductivity, Btu/see ft deg F on the evlinder diameter, Experimental data in this region (6, 7) 
vertical distance from center of sphere, ft have shown satisfactory agreement with theory. In the region 
vertical distance from center of sphere to upper or lower of high Revnolds numbers detailed measurements of velocity 

wall of channel, ft (Ss. o, 10, 11, 12) ane temperature (S, 10 11, 13) are available 


natural logarithm Additional measurements of the over-all thermal transfers have 


turbulent or total Prandtl] number been reports db by many investigators (6, 7, 14). Correlations of 
? suc hh me urements over a wide range ol variables have been pre 
thermal flux, Btu, see p ez 
sented by MeAdams (15) and Jakob (16 The detailed experi 
resistance, ohms . 
mental data indicate rather comple \ behavior in the immediate 
Reynolds number . 
. vicinity of the eylinder (10) but the distributions of both speed 
radius of sphere , it 
x ind temperature in the wake 10 or more diameters downstream 
average surface temperature of sphe re, deg | e 
: have been generalized (11, 17, 18, 19) with an aecuracy adequate 


point temperature, deg bk 
for mest engineering: PUrpoOses 


gross ve lene ity, Ips 
. Studies of the temperature and velocity distributions in the 
point velocity, Ips 
: wakes of spohie res have not been as extensive as for evimnders 
distance downstream from center of sphere, ft ; 
P Stokes (4) was y™ rhiaypes the first to prediet the velocity distribu 
distance downstream from lending pomt al sphere, it 
tion around a sphere and Lamb (3) reviewed the early analytical 
considerations. The drag of spolie res Was Investigated analytically 
over « limited range of Reynolds numbers (20, 21, 22 | ri 
separation between parallel walls, ft : ‘ , eat 
mental measurements of Allen (23) and Arnold (24) indicate that 
horizontal distance from center of sphere, ft 


characteristic width of wake, ft 


vertical distance from lower wall, ft 


the gener ilizations of Croldstein (22) deseribe the dr w with 
‘ : , accuracy for Reynolds numbers less than 2 bexpertmental me 

Engineer, Phillips Petroleum Company, Bartlesville, Okla : 

Chemical Engineer » Texas Company, Montebello, Calif urements of drag are available throughout a wide range of flow 


Jind Oi} and Gas Company, Tulsa rates and this work was summarized for subsonie conditions by 


Research Engineer ar 
(Okla. 

sp 2 7 mi ng ring. forni state Oo ‘ech 

Professor of Chemical Engineering, California Institute of Teel contrast to the numerous investigations of drag coefficient of 


Schiller (25 ind presented by Croldstein (22) and Rouse 2h In 


—. | jects detailed t } loeit 
8 , . “ s ! itso Tr distrib 

Contributed by the Applied Mechanics Division and presented PNEMCA het detaved Measuremet ol the ve ! listritu 
at the Semi-Annual Meeting, Los Angeles, Calif., June 28-July 2, tion in the wake of a sphe re do not appear to be availible Phere 
1953, of THe AMERICAN Socigry or MECHANICAL EyGINEERS. is still need for further studies to determine the influence of sur 

“uss f this paper shoul » ar sed to the Secrets 

4 ee th paper ~ ul won _. ed ; “4 ecret nid face roughne ss upon the transition from a laminar to a turbulent 
As “ue oo est 30th Street, New ork, 2 and wi  accepter 
until October 10, 1953, for publication at a later date Discussion 
received after the closing date will be returned 

NoTE Statements and opinions advanced in papers are to be drag on both evlinders and spheres an labundant information as 
understood as individual expressions of their authors and not those 
of the Society. Manuscript received by ASME Applied Mechanics * Numbers it 
Division, July 14, 1952. Paper No. 53—SA-2 paper 


107 


boundary layer 
In comparison with the rather COPIOUS data coneerning the 


parentheses refer to the Bibliography at the end of the 
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to the thermal transfer from cylinders, detailed experimental 
measurements of the temperature profiles in the wake of a heated 
sphere as well as the over-all thermal transfer from spheres are 
and Johnstone (28) studied the 
Kronig (29) de- 


with the data of 


fewer However, Kramers (27 


over-all thermal transfer from spheres, and 
veloped a theoretical expression which agrees 
Kramers (27) for low Reynolds numbers 

The present study is coneerned with the temperature distribu- 
tion in the wake and the over-all thermal transfer from a sphere 


The 


total thermal transfer from the sphere was determined as a fune- 


O.5 in. diam mounted in a flow channel 0.70 in. in height 


tion of flow rate up to a maximum gross velocity of 90 fps whereas 
the temperature distribution in the wake was measured only at a 


gross velocity of 30 Ips 


APPARATUS 


The apparatus employed for this investigation was deseribed 
(10, 30) in some detail. 
air stream Which passes through «a rectangular channel 0.70 in. in 
height, 12 in. in width, and 13 ft in length. The upper and lower 
surfaces of the channel may be kept at any fixed temperatures be- 
tween 70 and 160 F 
entire interior of the flow channel could be traversed. 


In principle, it involves a recirculating 


The equipment was so arranged that the 
Air was 
circulated through the flow channel at gross velocities up to 00 
fps. In the present instance a sphere was mounted in the channel 
as shown in Fig. 1. 


kia. 1) Schematic ARRANGEMENT OF SPHERE IN FLOW CHANNEL 


The details of construction of this sphere are shown in the cut- 
away sectional view, Fig. 2. A small hardened steel wire A 
passes through the assembly and supports the sphere in the flow 
channel as indicated in Fig. 1. A stainless-steel tube B, 0.096 in 
diam, is silver-soldered at C to the thin shell D whieh is con- 
structed from silver and is 0.016 in. thick. The inner sphere EF is 
composed of copper and is provided with a spiral groove 0.015 in 
in width. A short piece of silk-insulated chrome] wire was placed 
in this groove and secured with glyptal cement. The ends of this 
heater were connected to copper leads which were brought out- 
side the sphere in the annular space between the stainless-steel 
tube B and the support wire A. In addition, four thermo- 
couples were located around the sphere at points F, G, H, and J 
The leads from the thermocouples were placed in the groove K ot 
the silver shell and brought out through the tube B. Rotation of 
the sphere about the axis A-A permitted the determination of the 
surface temperature along four circular paths whose planes were 
normal to the supporting axis. In order to afford good thermal 
transfer between the inner sphere FE. and the shell D a soft solder 
was employed in assembly. The outer surface of the sphere was 
polished to a surface roughness of 15 microinches. 

The temperature of the surface was determined from the indica- 
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tions of the copper-constantan thermocouples located at F,G, H 
and J, Fig. 2. 
ing the electromotive force applied to the heater and the electro 


Electrical energy input was measured by determin 


standard resistance connected in series 


The electromotive force developed by th 


motive force across the 
with the heater leads. 

thermocouples was measured with a White double potentiometer 
having a range of 10,000 microvolts, whereas the energy messure 

ments were made with a calibrated “type K’’ potentiometer. It 
is believed that the temperature of the surface of the sphere was 
within 0.3 F the 
scale, and the energy input was established with an uncertainty ot 


known relative to international platinun 
not more than 0.1 per cent. 

The temperature of the air stream in the wake of the sphere 
was determined with a 3-mil or in some instances a 10-mil copper 
constantan thermocouple which was without enlargement at the 
junction and which was mounted upon a traversing mechanism 
(30), permitting controlled movement along any of the three co- 
ordinate axes. This thermocouple was calibrated in position by 
bringing both walls of the flow channel to each of series of pre 
scribed femperatures and determining the electromotive force of 
the thermocouple under quiescent conditions as a function of the 
The 


thermocouples on the surface of the sphere were calibrated by 


temperature of the oil baths surrounding the channel! 


There was little tendeney for the ealibration 
The posi- 


the same procedure 
of thermocouples of either size to drift with time 
tion of the sphere and of the traversing thermocouple relative to 
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the walls of the channel was determined by means of a eathetome- 
It is believed that 
Some 


ter mounted upon the traversing gear (30 
their relative positions were established within 0.001 in. 
minor variations in the distance between the plates occurred in 
Differences of as much as 0.002 
in, were encountered as a result of changes in room temperature 


the course of the measurements. 


All measurements of position were made during flow in order to 
take into sxccount minor distortions resulting from the dynamic 
forces acting on the sphere or on the traversing thermocouple. 


EXPERIMENTAL RESULTS 


Experimental measurements of temperature were made during 
some 50 vertical traverses each of which involved approximately 
15 positions. A period of approximately 30 min was required to 
obtain the points for a given traverse after the equipment had 
reached equilibrium. Fig. 3 shows in plan the location of the trav- 
erses relative to the vertical walls of the flow channel and to the 
sphere. In each case the traverses were taken vertically at the 
point shown in the figure and the numbers and letters correspond 


to the identification number assigned to each traverse. Fig. 4 


presents three typical traverses identified as C-10, D-7, and G-8 
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in accordance with co-ordinates shown in Fig.3. The standard de- 
viation of the experimental points from the smooth curves relat- 
ing apparent temperature to position in the wake was 0.07 F. 
This deviation assigns all the error to the temperature measure- 
ments and none to the determination of position, 

All the traverses were made with the average surface air stream 
The gross air velocity 
was 30 fps and the temperature of the sphere was 243.7 FP. Under 
these conditions the gross thermal flux from the sphere was 
0.006147 Btu per sec. The velocity as a function of vertical posi 
tion in the unobstructed channel during these me 
Table 1 The corresponding 
(31) and of the total Prandtl 
The total Prandtl number, 


and the upper and lower plates at 100 F. 


wureinnents is 


shown in Fig. 5 and recorded in 


values of the eddy conductivity 


32) are included in Table 1, 


number ( 


which is often known as the turbulent Prandtl number, is de- 
fined as the ratio of the sum of the eddy viscosity and kinematic 


viscosity to the sum of the eddy conductivity and thermometric 


conductivits 

Measurements of the divergence of the wake from a small wire 
in this channel at the same gross velocity established a value of 
the intensity of turbulence of 3.8 per cent (11) whieh compared 
favorably with preliminary messurements made with a hot-wire 
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TABLE 1 EFFECT OF POSITION UPON 
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0 
20 
30 
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Ww 
i 
70 
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uw 
mH 
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0 ( 0 


Unobstructed channel 
® Point velocity expressed in ft per sec 
© Eddy conductivity expressed in aq ft per sec. 
4 Turbulent or total Prandtl! number 


LDDY 
MBER®* 


RE DISTRIBUTION, WAKE OF HEATED SPHERE 100 


imemometer, The sphere was located 70 in. downstream from 
the end of the approach section and velocity measurements (30 


Indieate that the flow was uniform at this point in the channel 


In a part of Table 1 are presented a limited number of values of 
eddy conductivity, and total Prandtl number for gross 


! 
wernt 


velocities of 6O and 90 fps ($2). These measurements serve to 
establish the flow pattern in which the over-all thermal transfer 


from the sphere was determined 


With the exception of the temperature measurements made 
vith the 3-mil thermocouple upstream trom the trailing pomt ol 
the sph re, call the ipparent temperatures indicated by the ther 
Thien ouple electromotive force were corrected to compensate tor 
conduction along the thermocouple leads, This correction was 
established by means of the electrical analogy shown in Fig. 6 
The electrical resistances Rg represent the loe il average resistance 
to thermal transfer through the boundary layer surrounding the 
and Pvo 


the rmocouple wire whereas Pew represent the total re 
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sistances to thermal conduction along the copper and constantan 


wires. The analog provides a solution to the following differential 


equation and allows appropriate boundary conditions to be ap- 


(2) hots Zron + 
t 
oUF th Az? 


must satisfy the following 


plied 
(72) dt, 
i, =, 
th dz? 


The ratio between Ry and Reu or Re. 


bointt 


[1] 


equat ion 


Rp Duk u 
Rew ~ fhAz? 


9) 
j 


As a part of the boundary condition it was assumed that each of 
the needles supporting the thermocouple remained at the free- 
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TEMPERATURE Fie_p IN PLANe& NorMaAv To Axis oF FLow 
0.35 In. DownsTREAM From CENTER LINE OF SPHERE 


Fria. 8 


stream temperature of 100 F. The detailed measurements of the 
apparent temperatures as a funetion of position as well as the 
corrections corresponding to Equation [1] and the mae roscopic 
thermal-transfer data are available (33) 

In Fig. 7 are presented three sectional views of t mperature 
contours in the wake. The upper diagram corresponds toa vertical 
plane thre muigh the center of the sphere and the two lower diagrams 
are for vertical planes 0.125 and 0.25 in. from the center of the 
The data 
presented in Fig. 7 represent the average of the values obtained 
These data serve to 


sphere as shown by the lines F-F and E-B in Fig. 3. 


upon both sides of the center of the sphere. 
show the marked changes in the wake that oceur at different lon- 
gitudinal positions. The supporting tube does not influence the 
wake greatly except near the point C adj went to the sphere in 
Fig. 2. The magnitude of this effeet may be estimated from Fig 
8 which presents the temperacure tield in a vertical plane normal 
to the direction of flow and located 0.35 in. downstream from the 
center of the sphere. The effect of the supporting tube may be 
seen, but the greater part of the axial asymmetry results from a 
combination of the velocity distribution shown in Fig. 5 with the 
flow about the sphere, The combined effects of the two types of 


symmetrical flow yield the asymmetric pattern shown in Fig. 8. 
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The values of temperature as a funetion of position in the wake TT net ial 
obtained by smoothing the experimental data and applying the 
corrections obtained from Equation [1] have been made available 


(33). A sample of this tabular information constitates Table 2. 


TABLE 2 SAMPLE OF SMOOTHED TEMPERATURE DISTRIBL 
PION IN WAKE OF HEATED SPHERE 


Posi 
tion Lateral distance from center of sphere, z, in, 
lo 0.0 0.125 0.250 0, 500 0.750 
09 100 2404 100.00 100 00 100. O01 100.00 
Ss 7 100.28 100 00 a0 ou 100 00 
104.38 100.00 “u u7 100 00 


TEMPERAT 


23 1OL. 1: au 100.06 
56 104.67 100.05 100 18 
5 111.0: 100.23 100 20 

114.05 100.2 100. 54 


LINE 


115.3 104. 35 101.43 
114 10s 102.73 
113 108 31 103. 22 








The temperature distribution in the wake of eylinders has been 

correlated satisfactorily (11, 18). If the same considerations ure hic. 9 Maximum Temperature Risk in Wake as FUNCTION oF 
applied to the wake of i sphere, it. is possible to predict the RecipRocaL OF DOWNSTREAM DISTANCE 
temperature distribution with useful accuracy. If thermal 
transfer by conduction along the axis of flow is neglected and if The foregoing derivation involves little that is new sinee it 
nverage ve locity veetors normal to the direction of flow are as- applic s conventional methods of analvsis which have been used 
sumed to be everywhere zero, the basic differential expression effectively for evlinders qu ition [4 indieates that the tenipers 
describing the te mperature distribution in the wake may be de- ture along the center line of the channel should inerease linearly 
scribed as follows with the reciprocal of the downstream distance. Fig. presents 
the temperature change along the center line as a funetion of this 

: 4 + ° i K ned u o my Viarial le The origin has been shifted to the leading pomt al the 

vy OV Oy or sphere to compensate in part for the dispersed souree ob energy 


, from the 0.5-in sph re 
If the velocity and the sum of the eddy conductivity and the T! 
Yi 


wreement of the experiment il data with the pred tions 


thermometric conductivity are assumed to be constant in the wake 
ol hqu ition [4] is satisfaetory to within Tin. of the leading point 


and if the sphere may be treated as a point source in an infinite 
: as I of the sphere, where the assumptions involved in the derivation 


stream, Equation [3] may be integrated to yield are not applicable. In the enee of a cylinder the temperature at 
the center line of the wake Increases linearly with the rec 1pren il of 
the square root of the downstream distance 

Equation [6] may be employed to predict the temperature dis 
tribution in the wake In Fig. 10 is presented the ratio of the 


actual temperature rise to the maximum temperature rise a8 4 


At At 


A combination of hequations 1) and [5] gives the 


following ratio for the relative temperature at any 





point in the wake 


/ 


A 





For convenience the characteristic width of a wake 
is defined as the distance between points in the 
same lateral section at which the temperature rise 
is one half the maximum for that section. Under 
these circumstances the characteristic width be- 


comes 
In 2 


vields 





A combination of Equations [6] and [7 


? : . t 
= In 2 — . ‘ 
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function of the distance from the center line expressed as a fraction 
of the characteristic width. All experimental data corresponding 
to a downstream distance of more than | diam have been included. 
They indicate a standard deviation of 0.02 in. temperature ratio 
from the predictions if it is assumed that all of the error is in the 
prediction of the temperature with no uncertainty as to the 


| 





LATERAL O'S TANCE Fe 


DistRIBUTION ON FRONT SURFACE 


SPHERE 


hia. 11 Temperature 


position of the thermocouple. The primary error in the prediction 
of the temperature distribution results from the relative size of 
the sphere and the flow channel. The sphere is large enough to 
bring the wake in contact with the walls of the channel at a rela- 
tively small downstream distance. The standard deviation found 


here was larger than that encountered in a similar correlation of 
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the temperature distribution in a wake of a cylinder (11). It is 
probable that the increased error resulted from the larger relative 
size of the sphere with respect to the channel. 

As indicated in Fig. 2, thermocouples were located upon the 
surface of the sphere at azimuths of —45, 0, 22'/s, and 67'!/2, deg 


from the lead point. Figs. 11 and 12 present the temperature dis- 


tribution on the surface of the sphere as measured with these 


thermocouples. The measurements were obtained by rotating 


the sphere about the supporting tube under conditions of steady 
flow ata velocity of 30 fps. Table 3 presents the measurements of 


SURFACE OF 


TABLE 3 TEMPERATURE DISTRIBUTION ON 


HEATED SPHERE« 
Angle of —-— — -Azimuth © 

dis place- 4: 67/3 
ment, ° deg . deg » deg 
62 ‘ 238.23 
4.70 f 237.75 
7.31 24: 2 238. 20 
Us < 238.95 


80 ; 239.32 
10 246. 6: 239.36 
09 } 239.10 
96 246.45 238.70 


* Gross velocity of unobstructed air stream, 30 fps 
Displacement measured from vertical about horizontal axis with top of 
sphere rotating into air stream 
© Locations of thermocouples depicted in Fig. 2 Azimuth 
from lead point of sphere 
Air temperatures, deg F. 


measured 


the surface temperature distribution of the heated sphere for this 
gross velocity. The character of the temperature distribution 
about a circle on the sphere normal to the axis of the supporting 
tubes is not greatly different from that found for evlinders. How- 
ever, the high thermal conductivity of the silver shell minimizes 
the temperature variation over the spherical surface. Isothermal 
contours near the supporting axis indicate slightly lower tem- 
peratures resulting from the conduction along the stainless-steel 
supporting tube. Isotherms in the wake of the sphere in the plane 
z = Oare included in Fig. 12 for the sake of completeness. 

The gross thermal transfer from the sphere, expressed in terms 
of the total area and the average surface temperature, was meas- 


ured at gross velocities of 10, 30, 60, and 90 fps. The average 
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was established from the following expression 
1 i 
f td A f td A 
0 0 
es . 
1 


Sorry 2 
For each condition of flow the average temperature of the surface 


temperature 


of the sphere was determined as a function of energy dissipation 
The results of this series of measurements are presented in Table 
# and shown in Fig. 13 for several values of Reynolds number, 
rRANSFER FROM HEATED SPHERI 
Temp 
ion 


PFABLE 4 GROSS THERMAI 


Temp . 
Y deg t y 
10 fps 
2410° Re 
0 006147° 
0 003073 
0 001470 
0. 000765 


30 fps* 
= 7010° 


OOS300" 
OO14565 
OOUTHS 


60 fps — 00 fps 

Re 13,900 Re 20 
0 006136 0 006143 
0 003070 0. 003073 
0.001470 0.001470 
0 00076 0 000821 


100 
200 
1 
124 
112 
* Gross velocity of unobstructed air stream 

Reynolds number based on sphere diameter 
© Thermal flux expressed, Btu per sec 

Average surface temperature 
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based upon the diameter of the sphere. This number was ealcu- 
lated from the gross velocity in the unobstrueted channel as de- 
fined by the following integral 


. 


f, udy 


Yo 


(10 


The viscosity and specific weight of the fluid in the free stream, 
which was maintained at 100 F, were employed to establish the 
The re- 


sults show a nearly linear relationship of the average surface tem- 


tevnolds number at each velocity indicated in Fig. 13. 


perature to the gross thermal transfer at a given Reynolds num- 
Fig. 14 presents the measurements of gross thermal transfer 
McAdams (15). The 


values of the dimensionless parameters have been computed in 


ber, 
correlated by the method suggested by 
In one instance the thermal conductivity, specific 


two wavs 


TEMPERATURE DISTRIBUTION 


WAKE OF HEATED SPHERE HS 
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Fig. 14 


weight and viscosity were base | on the free-stream temperature 


Whereas the second set corresponds to the temperature of the 
surface of the sphere, Both sets of points form a single curve with 


higher coefficients of thermal transfer than 


MeAdams (15 
coefficient probably results primarily from a higher level of turbu 


somew hat recom 


mended by This increase in the thermal transfer 
lence generated within the present flow channel than was ob 
tained from measurements on freely falling spheres. The meus 
urements of Kramers (27) and the theoretical relation of John 
stone (28) have been included. The measurements and theory of 
Johnstone were based on spheres moving through quiescent media 
whereas the studies of Kramers were conducted under conditions 
these sets of 


approximating potential flow. The difference in 


data serves to show the magnitude of the effect of turbulence 


upon the thermal transfer, 
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Skin Friction and Heat Transfer for Laminar 


Boundary-Laver Flow With Variable Proper- 


ties and Variable Free-Stream Velocity 


By S. LEVY? ann R. A. SEBAN,*? BERKELEY, CALII 


Numerical solutions of the momentum and energy 
equations are presented for particular types of laminar 
boundary-layer flow analogous to the Hartree “‘wedge 
flows.”’ Variation of the viscosity and of the thermal con- 
ductivity is considered under the circumstances of no dis- 
sipation, favorable pressure gradient, and the product of 


The 


based on approximate representations of the velocity and 


conductivity and density a constant. solution is 
temperature profiles in the boundary layer and these are 
of such character that the labor of calculation is minimized 
and the accuracy of the results preserved. The differential 
equations are reduced to two algebraic equations which 
rapidly yield the skin friction and the heat transfer in 
terms of the wall to free-stream temperature ratio for 
the desired value of Prandtl number. Numerical results 
are given for a range of wedge flows with gases of Prandtl 
number 0.70 and 1.0. These results reveal that when the 
free-stream velocity is variable the temperature difference 
between the wall and the free stream exerts a substantial 
effect on the velocity distribution in the boundary layer 
and on the skin-friction coefficient. 
heat-transfer coeflicient is not affected radically. 


Alternatively, the 
A cal- 
culation method is presented for the determination of the 
heat transfer and skin friction for a flow with an arbitrary 
This 


method utilizes the results of the present analysis for the 


variation of velocity over an isothermal surface. 
variable property wedge flows. 


NOMENCLATURE 
The following nomen | iture Is used in the paper: 


constants appearing in Equation [0] 
constants appearing in l:quation [8 
specifie heat at constant pressure, Btu lb deg | 
significant dimension of the body, ft 
11) 


function of the independent variable 


function appearing in Equation 
temperature ratio rT; 
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heat-transfer coefficient, Btu/hr sq ft deg I 
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thermal conductivity, Btu, hr sq ft deg 1 
exponent appearing in lequation [43 
pressure in boundary laver, pat 

constant appearing in Equation [43] 

r defined by ds Mipriyds 
temperature in boundary layer, deg R 


function ol 


temperature at edge of the boundary layer, deg R 
wall temperature, deg R 

velocity component of tlow in a dire: thon, [pes 
irbitrarily selected constant velocity tps 
velocity at edge of boundary layer, fps 
velocity perpendicular to body surface, fps 
distance along body surface, ft 

distance normal to body surface, ft 
nondimensional displ wcement thickness 
nondimension il Inomentum thickness 
velocity distribution parameter 

constant defined by equation US 
constant defined by | quation [20] 
constant defined by | quation 35] 
independent variable defined by Iequation {4 
exponent determining effect of Prandtl! number 
ibsolute Viscosity, Ib see ‘ft? 
kinematic viscosity, [t®/ see 
density of the flowing fluid, Ib see? /ft* 
Prandtl number ue, / nondimensional 
shear stress, psi 

! 


era 


error int 


conditions at edge of the boundary laver 
conditions at surface of the body 
INTRODUCTION 


ind 


the variation of these 


Because of the dependence of the thermal conductivity 
Viscosity of a gus Upon the temperature 
properties must be secounted for in the ealeulation of the skin 
heat 


between the 


boundary laver when the 


and the 


franster to, a 
vall 


Lr luston of the 


friction of, and 


difference temperature free-stream 


temperature ts large irhition of these phi spond 
vsis le ding to the desired qqusenitithe ly 


bout thy 


properties in the an 


stantially increnases the comple xity of the analysis 


nnportance of the evaluation of the effeet of property variation 
has directed much attention to the problem and has produced 
flow 


variable free-stream 


with constant free-stream 
the differential 


‘for the case of 


numerous results for the case of 
With 


equations have heen set up by Illingworth (i 


velocit velocities, 
wedge flows 

kor flat hate flows { 4) 
laver, the that 


lamin ir bound iy 


const vith a 


the product ol thermal con 


isstimiption 


4 Numbers in parentheses refer to the Bibliography at the end of 


the paper 
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ductivity and the density is a constant (py const),® simplifies 
the problem considerably. Chapman and Rubesin (2) have 
presented the most complete solution on this basis, accounting 
for the effeets of frictional heating and allowing a power-function 
variation of the wall temperature, for a gas having a Prandtl 
number of 0.70. When the product, up, is not a constant the 
difficulty of solution (3), postulating 


viscosity variation with temperature according to Sutherland’s 


is magnified. Crocco ° 
equation, has given results for a gas with a Prandtl number of 
0.725, including dissipation, and assuming the wall to be iso- 
thermal. Johnson and Rubesin (4) have formulated equations 
defining the appropriate temperature for property evaluations so 
that, with properties evaluated at this temperature, the correct 
skin friction and heat transfer can be calculated from the results 
for constant property flow. 

For the circumstances in which the free-stream velocity is 
variable, some solutions are available for cases restricted to a 
Prandtl number of unity, the product wp a constant, and no heat 
transfer at the wall. Weil (5) and Low (6) have presented such 
solutions bused on the Kaérmdén-Pohlhausen integral method. 
Ferrari (7) has indicated a more general method which involves 
solutions of the external and internal regions of the boundary 
layer for the particular case where the free-stream velocity 
can be expressed as a power series of the distance measured along 


the The 


results appear to be laborious because of the successive approxi- 


body. calculations needed to arrive at numerical 
mations required. 

When the wall is not insulated and the free-stream velocity 
is variable, ordinary differential equations ean be obtained for 
the momentum and energy equations for particular types of flow 
(analogous to the Hartree wedge flows) if the effeet of fric- 
tional heating is negleeted. Illingworth gave these equations 
and, by a method of suecessive approximations, arrived at a 
result for one particular ease. Numerical solutions have also 
been obtained by Brown and Donoughe (13) for a range of cases 
A large amount of labor would be required to obtain solutions 
covering a large range of possible conditions. These ean be 
obtained easily if the product yp is taken as constant and an 
approximate method is employed. This approximate method, 
here presented, requires the assumption of velocity distributions 
and temperature distributions in the manner already used) by 
Ringleb (8) for the approximate solution of the laminar boundary 
laver with suction. Certain definite types of flows are considered 
quite exactly by this method, which, in the second part of this 
paper, is extended more approximately to the more general case 
of flow about an arbitrary bods 
Lawinak Frow Wir Varianie Prorerties aNp Wrrn Powrr- 


FuNerion Free-Srream Vevociry 


The the 


momentum, and energy equations for the two-dimensional flow, 


Analysis. boundary-layer forms of continuity, 
over a surface of large curvature, of a gas with constant Prandtl 
number and specific heat, are 
) 0 
(pu) + (pr) = 0 
/ 


Ou oO! 
( ou o ') o ( ") dp 
rf u +. == iv 
, Ou Oy 7) oY dx 
or °) dp «92 ( or) (2) 
”” u t tl u = ra uM . 
i or Ou dx o OV ov OV 
The boundary conditions considered are 
* If the Prandtl number and specific heat are constants, kp = con- 


tant means wp constant 


APPLIED MECHANICS 


SEPTEMBER, 1953 


“ = in 


7 
u= T=T, 


Taking u/uw = f' (prime indicates order of differentiation with 
respect to 7) in such a way as to satisfy the continuity equation, 
defining g = 7/7), neglecting the dissipation term in the energy 
equation, and transforming the independent variables (27, y 
to (s, 9) as 


. 


© *” T , 
Mipyiad - d = - 
| J 7, ’ 2s 


yields for the momentum and energy equations the formes 


8g du 
+o" + (2 ‘\ig —f" 
cs u, ds 


q” t afy’ =) 


with the transformed boundary conditions 


f(s,0) f'(s,0) =0) g(s,0 


s du 
p = 2 
i, ds 


is a constant Hquations [5| and [6| become ordinary differential 


equations, and they were derived in this form by Ulingworth 
through similar transformations. 
mal 


The present method involves the assumption of 3 oust 


of solutions of the form 


With these solutions, all boundary conditions at 1 — are 
sutistied if the coefficient of the highest power of 7 Ils negative 


Also, the conditions f(0) = O and g(0) = 1 K are satisfied 


s du 
” 


B=2 
u, ds 


With 


the velocity distribution over the body is of the form a, 


P,8/(2—-): this corresponds to the wedge flows considered by 
Hartree, the parameter B being identical in the present equ itions 
and in Hartree’s solutions. 

The unknown constants a, 4, c,d and A, B,C, De 
mined by satisfving the boundary-laver Equations (5 
along 7» = 0 (i.e, y = 
[5] and [6] three times with respect to » vields for 


n be deter 
and [6] 
0) as far as practicable. Differentiation 
of Equations 
n 0 the following eight equations 


By(0) 
By'(0) = 0 

S(O) + f70) — 28f°%0) + By"(0) = 0 
SO) + afro") — 6BF"(07'""(0) 
g(0) =0 

9''(0) = 0 

a'*(O) + of"(0)g’(0) = 0 

g(O) + of’'(0)g(0) = 0 


f’’’(O) + 
(0) 


= 0 


Ba" 0) 


The derivatives that appear in these equations have to be 


calculated from Equations [8] and [9] for 7 = 0. Substitution 
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eight simultaneous algebraic equations 


ind D 


of these derivatives gives 
or the terms a é <4, 4,8, ¢, 


A 0 

BAKA 

tuch +a + a? 2Bu? = () 
10ba* + a’ 


6Balh + gg? 


d 7 hare 


(ida + 10ca? 4+ lh547a 4 
+4dath 
A\B +A 0 
A(C + 3BA + A 0 
A(D 1AC + 3B HAB 


1Oh« 


a*) 


+ gKkKaA = 0 
15B?A 
ok 1h + 0 


100 
1OBA 


K(SDA 1LOw« 


1°) 
three of these 
the 


yin terms of a and A 


The first equations determine 6, ¢, d in terms 
ofaand A 


vield B 


ixth, and seventh of these equations 
Thus 


while fifth, 


4 
BA 1 
2Ba ipA lu 


1 


2A8 
6A* oaA 


ind the lust 


Substitution of ILquations [12] into the fourth 


equation of the System [11 ives the equations 


2 24a Da 2p(1 AK 25 
K}? 21 K 31 AK 
api KA 


1OBK A( 2a? p 
1] + 2B8a[158(1 


24A* — 5oaA? = 


two simultaneous differential equations 
The solution 


Phus the system 
I> reduced to asvstem of two algebraic equ itbotis 
to these equations Is obtained by trial and error for fixed values 


aand A are ob- 


of B, a, and K. Two real values of quantities 
tained, the desired solutions being those which 
With quantities a 


the 


ield the smaller 
ind i] 


ina 


value of quantities d and D deter- 
velocity tem- 


The skin-frie- 


mined, all quantities associated with 


perature profiles are given by Equations [12] 
ind the heat-transfer coefficient are determined 


The she il 


tion coeflicient 


by quantities a and A alone. stress und heat rate 


at the wall are 


Ou 


M., , 
B \ Ut Dy Pol 


1 , 
g'(0) 
9 


[iT Py 


BN u, 


it-transfer coefficients 


(T. 
V2 
nd he 


The loeal skin-frietion 


7p 


A measure of the accur f the solutions so obtained consists 
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in the comparison of them with exact solutions for the momentum 
ind by Eekert (10 
Equation [18 


and energy equations as given by Hartree (4 
For this « 


tor constant property flows ise 


becomes 
5a 108 4 + 26/128 + 2 


244‘ 


24a‘ 


5oadA t op 0 


Quantity a is given by kquation [18] as 


Dy 10g t -~y\ 1? + 1160 + 25 


\ is 


The comparison is made in terms of the equivalent values o 
quantities a and A tor 
Table l Accept ible { rrespondence ith 


the exact solutions, and is indicated in 


the vy ilues ola exits 


PRANSTER 
POR o l 
Ar j 
\ By \ 

Predicted 
0. 500 
0.509 
0. 5387 
oO oO) 


0.456 


AND HEAT 
PLOW 


TION 
WEDGE 


SKIN ERIE 
PROPERTY 


TABLE 1 


FOR 
CONSTANT v0 


flows for which exa 


the 


ecelerated 
1.4), maXimum 
With decelerating flows, £ Lt 
a 0) is indicated at 9 
0.20 obtained by 
fluid 
with 


the rutige ol 
tlable, O p 

per cent 
ises Aero he il 
substantially le 

Table 1 
Prandtl 
Lickert 


with error 
the 


O.167, a 


error 


value s than that of p 
Hartree 


with a 


calculated for a 


ilso ipret well 


contains quantity A 
number of unity These 
the results of 
Fig. 5 reveals the effect of changes in the Prandtl number on 
Phi the 
repre lor large 
for B (), This 


that and 


obtained indicate 
with A —» ! 


, for separation flow 


hickert 10 


quantity 1 nearly straight lines 
effect can be 
B, XA 
dependence Is 
Tifford (11 
These results 
for accelerating flows, and solutions have been obtained 


ented as a factor o* 


and \ 
pore viously predicted by 


indicate the approximate method to be satis 
lnetory 
for variable properties for various values of K, 

quantity 
the 
displace 
When d 


condition equation 7 


vielded negative Vv tlues of 
these 


The caleulations as made 
only 


d except for large values of 7/7). In 


suuiller of the positive values would lead to a finite 


the 


outer 


thickness and smaller value was chosen 


the 


no longer is satisfied, although termination of the 


ment 


hecomes positive boundary 
exponent il 
series with either ¢ or a fifth coefficient e, which remained nega 


This tendeney of the 


(on ~ 7 ) 


combined mall 


exponents d, ¢ 


signs in the serie 


tive, will do se 


to alternate with the irithmetien! differences 


involved in the caleulation of the ind so on 
terminates the usefulness of this ‘pPproXimation Svetem charac 


monotonically 
val! lead 
ve expected for large 
need tor Bg 0 


teristies for which O%u/dy? does not decrense 
from the wall valus to zero at large distances trom, the 
to these conditions Thus discrepancies 
values of T,/7, which are 
im the 1 constant property 


Resu ( 


enses to 


similar to those « \ peru 
flows 

out tor a sufficient 
effect of variable 
The ealeul 


were performed for Prandt! numbers of 0.70 and 1.0 


been carried 


theulations have 


number describe the combined 


properties and variable free-stream velocit tions 
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TABLI FOR VARIABLE PROPERTIES WEDGE FLOW; FOR @ 
i a O07 
8 8 0.5 B=0.2 
Tu/Ti/ 7 10 0.7 1.0 0 
o6 fi 72 *, 0 662 0 667 0. 456 0.459 0.5 
O8 2 2 7 22 0.700 0.703 0.454 0. 486 0: 
(Constant 
property : 0.759 0.759 0 510 0.510 0 
1.5 { { 0.922 O.G15 0. 567 0 563 0. 
20 : 3.3! ‘ 1.052 1.039 0.618 0.607 0% 
$0 : 1.172 0.710 0.681 0.% 


VARIABLE PROPERTIES WEDGE FI OR @ 


o 1.0 


a 1.0 O.5 8 

07 1.0 0 1.0 7 0 07 

06 0.757 0 879 0 471 0.541 0 378 0.430 0.32 0. 366 0 286 

Os 787 oul 0.486 0.558 0 4 0.432 0 326 0.370 0. 286 
Constant 

property 0 803 0.933 0.495 0.569 0.385 0.438 0 0.373 0 286 

1.5 O SIH 0. W57 0 SOS 0. 586 0 403 0.459 0% 0. 380 0.286 

20 0 BIS 0.972 0 516 0 57 0 403 0.472 os 0 385 0. 286 

$0 0 518 0 610 oO 412 0.470 Oo 347 Oo 380 i) JRO 


; 
The most important results, the skin-friction and heat-trans- 
fer coefheient, are presented for all eases in Tables 2 and 3 and 
also in Figs l and 2 The following enses are indi ited in the 


tabulation 


B 1.6, 1.0, 0.5, 0.2, 0 
K 0.4, 0.2, 0,-0.5 £0. —20 
o 0 70 and 1.0 


Discussion examination of Fig. 1 reveals that the skin 
friction increases considerably as the difference between the 
wall and free-stream temperatures becomes large. This effect 
becomes even more pronounced as the Prandtl number is re- 
duced from 1.0 to 0.70 For instance, for stagnation flow and a 


wall temperature 3 times Jarger than the free-stream tem- 





perature the skin frietion is 70 per cent higher than for the cor- 
responding constant-property case The effect of variable 
properties decreases as 6 decreases until no effect is observed 
for flat-plate flow (8 0), which verifies the classie result for 
this case. The present results indicate that no grounds exist 
for the use of the incompressible skin-friction relation in solving 
the momentum equation about an arbitrary body with high or 
very low surface temperatures 

Fig. 2 reveals that the heat-transfer coeflicient is not affected 
radically by variable properties. Thus for 8B = Land 7/7; 
3.0 the heat-transfer coefficient is only 6 per cent higher than 





the corresponding constant-property value 
Illingworth arrived at the same conclusions from his numerical 
caleulations for the particular case 8 1.0, 7/7; O.8, a 


0.725, and he obtained 








Tw / Ty 
My TP; 


Ty / Myr pr 1.OR4 ha 
: ADS arc 
2/ 
pris / \ Mh ky \ Lh ( Brown-Donoughe for 8 1.0. ¢ 0.7.) 


which compare favorably with the values of LAIL7 and 0.486 


0.502 hig. | Skin Friction ror VariasbLe Properties Wepcet blows 


computed trom the present analysis for ¢ 0.7. a Power Function Free-Stream Velocity The momentum inte- 


Further checking on the accuracy of the present results is gral equation for flow about an arbitrary body is 
possible by comparison with the computations of Brown and 
Donoughe. Their values are shown in Figs. 1 and 2. For 20,0 du. , d lat) - , ; 2] 
0.5 < F/T, < 2.0 the skin friction and heat transfer compare ee i dx y 
favorably. As the ratio of wail to free-stream temperature 
becomes increasingly larger, discrepancies are observed for the 
momentum thickness. The deficiency of the present method ness @ are defined as 


where the displacement thickness 6* and the momentum thick- 


in that range has been noted already, but further investigation 
of the negative values of the momentum thickness obtained by 
Brown and Donoughe may be of interest 


LamMINAR Frow Wirn Variasie Prorertivs AND VARIABLE 
FREE-STREAM VELOCITY 
Calculation of the Momentum and Displacement Thickness for 
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ConsTANT ProrertTies Wepge Lows 


Fie. 3 


Introduction of the variable 7 into Equations [22] and [23 
yields 


- gidn. . (25) 


For a power function of free-stream velocity the caleulated 


constants a and A enable the computations from Equations 


12] of the function f’ and g, ie., the Integrals [24] and [25] 


However, the calculations of the nondimensional displacement 
and momentum thickness are simplified considerably by ap 
proximating the velocity, and temperature profiles by a Gauss 


curve of the form 


/ 
/ 


where y and 7 sre constants determined by ascertaining that 


Mquations 26! and (27) piss through the same pomt tor 7 


l/a as Equations S}and [0 Thus 


mm 


a 


Equations (24) and [25] ean be written through bquations 


26) and [27 


tl 


* / ean ”* dn kK / eA 5 dn 
Zl Jt 


that 
through the use of the error integr il di 


Ringleb indicated these integrations can simplified 


where 


( aleulatior s lor ind a h ive been « irried cnt tow 


Ing CHses: 





JOURNAL OF APPLIED MECHANICS SEPTEMBER, 1953 


FABLE 4 DISPLACEMENT THICKNESS z* FOR VARIABLE PROPERTIES WEDGE FLOW 
FOR @ = 0.7 AND @ = 1.0 
A 1.0 8=0.5 
Tw/Ti/o 0.7 1.9 07 1.0 
08 176 0.502 0.620 0.642 0 805 
(Constant 
property 0 647 0.811 2 1 002 
5 217 1 050 ‘ 1.195 fit 516 
2.0 ‘ 1.474 1.597 
Constant 
property 
exact 0.645 0.648 0.804 0.804 


ABLES MOMENTUM THICKNESS 2 FOR VARIABLE PROPERTIES WEDGE FLOW: FOR 
0 = 0.7 AND @ = 1.0 
= 1.0 B = 0.5--— B 0.2 

Tw/Ti/a 1.0 0.7 1.0 0.7 10 
O.8 ; 0.320 0.377 0.371 0.422 0.425 
Constant 

property 0 202 0.202 0.354 0.354 0.414 0.414 a“ 0.453 

5 0 244 0.250 0 285 0.290 0.390 0. 406 5: 0 453 
20 0 218 0.220 0.251 0 258 0.390 0. 406 “ 0.4534 
Constant 

property 

exact 0.292 0.292 0.350 350 408 0.408 470 0.470 


= 1.0, 0.5, 0.2, 0 an arbitrary body are defined by a single parameter 8. Under 

= 0.2, 0, 0.5, —-1.0 such conditions the skin friction, the nondimensional momentum 

= 0.7, 1.0 thickness z;, and the nondimensional displacement thickness 2* 

The results are presented in Tables 4 and 5 and also in Fig. 4 see eneanes Snentens ter Che mange Gane and pod the eetatonry 
’ body for the same value of the parameter 8.6 This parameter 


is related to the momentum thickness 9, from the condition at 





T 24 
\ Ie nen the wall 


VT 

2.2 m) ( ~) du; 
ik = pil +. 

OV Oy) Jy=0 dr 


Introduction of the variable 7 yields 








‘ 





7; pipia? _,,, 
.*' 





From the first of Equations {10} 
f'''(0) = --Bg(0 


Substituting for 2s the value 


B2u,2p,? 
2;7 


as derived from Equation [24] gives 
=. 


(ii du, 
Bz,? = 139 | 


vy, da 


NON DIMENSIONAL DISPLACEMENT THICKNESS 2” 


N 
n 
” 
us 
z 
=x 
Y 
x 

= 

> 
2 
~ 

z 
w 
2 
°o 
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4 
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z 
oO 
w 
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z 
°o 
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The integral momentum equation, Equation [21], yields 


through Equations [39], [24], and [14] 


s* pidu, d 
+ t (pif) = az; 
pik de 


0.2 














Equation [40] can be written 
PRANOTL NUMBER = 0.70 


l ! ! l d (@ =) ; , 
° , = 2 2.25 ¢ = Ff 2,7) [41 
02 O04 O68 oO8 10 " az (") 2 | 6 


[39] and [41] together with the known velocity 


1 NonvimensionaL DispLaceMENT AND Momentum THick- _Equations , ae 
NESs FOR VARIABLE Provertries WepGE Frows distribution specify the boundary-layer grewth. Estimates of 


#2/y, yield values of Bz,? from Equation [89] and thus determine 











for a Prandtl number of 0.70. The accuracy of the results is ad {@ 

again very good as indicated by the close check between the pre- ra ( ) 

dicted values and the exact values in the ease of constant property 

flow. from Equation 
Extension of Results to Arbitrary Body. The method of solu- 

tion is based on the assumptionthat the velocity profiles about 


Vv; 
11]. This solution may be more rapidly obtained 


, 


Details of the calculation method can be found in reference (12 
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[41] through the approximate 
As evaluated from Fig. 5 


by direct integration of Equation 
linearity of the function F(Bz,?). 
@? du 


Vv; dx 


F( Bz, mB2,? m 


where r = 0.43 and m is given by 


T/T; 0.8 
m 4.32 


6 u,D ‘ 


u 
=f 
D \ Y% (‘ 


Here D is some significant dimension of the body and u, an 
At the stagnation point 


) d(x/D). . [43} 


arbitrarily selected, constant velocity. 


zc 0) 6 u,b 
b /}’ DN» 


is obtained directly from Equation [24] for 8 = 1.0. 

The local value of the skin friction and heat-transfer coefficient 
can be determined the Thus from 
Equations [14] and [15] 


from available results. 


T 2 
~— = 7 [44] 
1/opiuy? 

kD 5) 
5] 

ky 
Discussion. The equations determining the momentum thick- 
ness, skin friction, and heat-transfer coefficient are identical to 
the equations derived by Seban (12) for constant-property 
flow over an arbitrary body. The only change in Equation 
[43] is the variation of the exponent m with the ratio 7',/7;. 
To determine the exact effect of this variation the calculation 
method was applied to flow over the forward portion of a right 
circular cylinder over which the flow accelerates. The quantity 
T.,/7, was taken as 1.5 and the results were compared with the 


constant-property solution. Both 


0 uD 


DN y, 


and z, decreased for the case T/T, = 1.5. Their effect tends 
to cancel out so that the local heat-transfer coefficient expressed 
as 


AD/ky 


u,D 
\ a 


varies very little. The large increase in the value of the term 
a gave greater values of the skin friction in particular over the 
forward part of the cylinder. 

The present method accounts for any possible variation of 
the properties across the boundary layer, but it is restricted to 
isothermal surface systems in low-speed flow, ie., constant 
Most practical cases involve a varia- 


Account- 


free-stream temperature. 
tion of surface temperature and frictions] heating. 
ing for a variable wall temperature does not appear possible 
as the superposition method used for the constant-property 
flows is no longer valid 


CONCLUSIONS 


1 The present ni ethod of ealeulation accounts for the varia 
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PRANOTL NUMBER 0 7) 


EE — | 


a oe | == 
03 004 005 006 OC 


Q OO1 O02 O 


Fie. 5 Funcrion F(82,?) in Terms or Flow Paramerer 82, 


tion of the properties across a laminar boundary layer allowing 
the determination of the skin friction and heat transfer from 
an isothermal surface for a variable free-stream velocity. It 
is restricted to B > 0 and 7/7; not too large, so that many 
features of an arbitrary flow, such as separation, cannot be 
considered. 

2 The results of this analysis reveal that the skin friction 
is considerably affected by large or small ratios of wall to free- 
alternatively, the heat transfer as ob 


stream temperature; 


tuined from the energy equation without dissipation remains 
practically unchanged. 
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The Measurement of Acceleration Pulses With 


the Multifrequency Reed Gage 


By 


It is shown that the data recorded by a multifrequency 
reed gage can be used to derive information concerning the 
time history of the exciting motion. If the general shape 
of an exciting acceleration-time pulse is known approxi- 
mately, then reed-gage data alone will permit calculations 
of peak acceleration, time duration of pulse, and time to 
peak acceleration. A study of response curves for typical 
pulses will give design data on the proper frequencies, 
frequency distributions, and damping for the individual 
elements of the gage. 
typical pulse shapes are determined by electric-analog- 


Response curves for a series of 


computer methods, and are presented in dimensionless 
form. 


that while it might be 


desirable to have a complete magnitude versus time record 


T has been recognized generally 


of a shock motion so that the effect of the shock on a struc- 
ture could be computed accurately, the complexity of the meas- 
uring apparatus required often makes it impractical to obtain 
such a record. In an attempt to simplify such instrumentation, 
much work has been done on the development of various peak- 
reading accelerometers, The difficulty of obtaining any time- 
duration information from such peak-reading instruments, how- 
ever, has limited severely their usefulness. 

The multifrequeney reed gage stands midway in complexity 
between the seismic-type time-recording instrument, and the 
simplest forms of peak-reading devices, It consists of a series of 
single-degree-of-freedom systems of various frequencies so ar- 
ranged that the maximum displacements of each mass can be re- 
corded. The name is derived from the fact that the elements usu- 
ally take the form of cantilever beams, or reeds, with concen- 
trated end masses, Since the maximum displacements only are 
recorded, no time-recording mechanism needs to be incorporated 
into the instrument, and this not only simplifies the design con- 
siderably, but eliminates the need for a power supply 

Several practical versions of such multifrequency reed gages 
have been built and tested (1, 2, 3).5 Most of the difficulties 
Which have been encountered with these instruments are due to 
various specific mechanical design features whieh it is believed 
Such work has 
that the basic principle of the instrument is a sound one and that 


could be improved in future designs. shown 


there are certain types of shock-measuring problems where the 
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particular characteristics of the reed gage can be used to 
advantage, 

There are two ways in which the data from a multifrequency 
reed gage can be used to obtain information as to the effect ol 
mechanical shocks on structures. The first point of view con- 
ceives of the reed gage as a dynamic model, in which the various 
modes of vibration of an actual structure are represented by the 
various reeds of the instrument. The response of the instrument 
to a given shock thus indicates the behavior of the modes of the 
structure, from which, by superposition, an over-all pattern of 
the structural response can be constructed, Closely related to 
this view is the concept which regards the data from the reed 
gage as defining the “shock spectrum” of the exciting motion 
Knowing the natural frequency or frequencies of any structure 
which is subjected to this same shock spectrum, the response of 
the structure can be determined immediate, 

The second point of view regards the reed-gage record as data 
from which to compute as many features of the exciting motion 
as is possible. Once this exciting motion is determined, the ef- 
fects of this motion on structures having known characteristics 
ean be computed, In general, it will not be possible to determine 
from a reed-gage record alone the complete motion-time picture 
of complex exciting motions. For some simple motions such a 
complete picture can be obtained, and for almost any motion at 
least some of the important time parameters can be derived 

It is considered generally that for most work in the dvnamiecs of 
shock excitation a knowledge of the effects of the shock on a 
structure is more important than a deseription of the shoek it- 
self. leven if the exciting motion is known precisely, the caleula- 
tion of the response of complicated structures to the motion may 
be a difficult problem which can be solved only approximately 
It is probable that the first pomt of view represents the most 
There 


however, some applications for which «a knowledge of the exciting 


generally useful way of employing the reed gage are 
motion itself is desired, as, for example, in testing work in which 
the degree to which exciting shocks are duplicated may be im- 
portant. It is this use of the reed-gage record to define the ex- 
citing motion which shall be considered in the present paper 

The response ol the reed gage to exciting motions having the 
forms of step velocities and accelerations, rectangular pulses ol 
velocity and acceleration, a half-sine pulse of acceleration, and 
suddenly applied simple harmonic motion, and a consideration 
of the methods of determining these exciting motions from the 
reed-gage record itself, have been treated in a paper by Davidson 
and Adams (4) 
eiting pulses und shows how relatively complete Information con- 


The present paper considers other ty pes ol ex- 


cerning the pulse can be derived from a detailed study of the reed- 
gage data. 


. Respons&é oF A REED Gack 70 ExcrrinG PuLses 


The exciting motions to be cansidered all have the form of a 
single acceleration pulse which starts with a positive slope which 
decreases steadily through zero to a final negative slope, as shown 
The actual shapes are composed either of segments 
The ini- 


tial portions of the pulses up to the peak acceleration are in all 


in Fig. Ifa). 
of sine waves or of straight lines, as defined in Fig. 1(4 


cases identical quarter-sine waves 
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ACCELERATION PULSES USED 


COMPUTATIONS 


(2) GENERAL FORM OF 
EXCITING ACCELERATION 
PULSE 


ANALOG 
Pi 


The puirameters Which define such a pulse Hor tihast pore tical 
purposes are as follows 

(a) Maximum acceleration, a 

(hb Time to maximum acceleration, a 

(« Total time duration, 7. 

(d) Total area of pulse (impulse applied to system 

The response ot a typical reed-gage element to pulses having 
characteristic ranges of values of these major parameters will be 
the 
reed-gage responses could be used to derive values of these pa- 


determined first and then it will be shown how conversely 


rameters, 

The data which are obtained from the reed gage consist of the 
Maximum excursion Xmax, On either side of the equilibrium posi- 
The 


characteristics of the reeds which must be known are the natu- 


tion of the single-degree-of-freedom mass of each reed. 
ral frequeney @, and an approximate value of the damping 
In the following work, positive and negative-response magnitudes 
versus frequency for various values of damping will be plotted, 
so that the results also will indicate something of the design prob- 
lem involved in selecting the number of reeds, their frequencies, 
and their damping for the optimum design of the instrument. 

The responses of the damped single-degree-of-freedom systems 


representing the reeds were obtained using the electric-analog 


the California Institute of Technology (5). In 


this computer the mechanical reed is simulated by its electrical 


computer ol 


equivalent, consisting of an inductance, a capacitance, and a resist- 
ance in series. The pulse shapes in Fig. 1(b) were reproduced 
in the form of a variable width trace on a circular transparent 
film, which was rotated between a light source and a photoelec- 
trie cell In this wav a voltage proportional to the acceleration 
pulse was produced which then could be applied to the electric 
eireuit, 

For various values of the circuit parameters, the desired maxi- 
mum and minimum responses of the system to a particular pulse 
could be read directly from a cathode ray-oscilloscope trace 
Fig. 2 shows typical results observed on the oscillograph tube 
The lower trace is the exciting pulse, and the upper trace is the 
response to this pulse of an element having a known frequency 
and damping. It will be noted that this method of computation 
amounts, in effect, toan experimental determination of system re- 
sponse, The accuracy to be expected from this electric-analog 
computation may be estimated from Fig. 4 where the experi- 
mental points are shown along with an analytically determined 
curve, which readily may be obtained for the undamped one-halt 
sine-wave pulse 

Some typical results of these electric-analog solutions are cum- 
marized in Figs. 3, 4, and 5.) The abscissa in these figures is 
twice the rise time of the pulse divided by the natural period of 
the reed Tr. 


by the equivalent static deflection, which is the defleetion which 


The ordinate is the maximum reed deflection divided 


would be caused by a gradually applied acceleration of a magni- 


tude equal to the maximum pulse acceleration This ordinate is 


MEASUREMENT OF 


ACCELERATION PULSES 


REED GAGH 


bi ut Cagrmope-Ray Oscittoscore Traces bon bs 


\Natog Computes 


ulse equal to the equi slent stati ceveleration divided by the 
TaN TU pulse acceleration, where the equivalent static necelera 
tion is defined as the gradually applied acceleration which would 
produce the same maximum displacement asa given acceleration 
pulse The equi tlence of these two dimensionless parameters 


may be shown as 


(tas reeeleration 


equivalent stats 


(spring constant 


Kian | 


”" 


equivalent stutic seceleration. a, 


Xmas @,, 


The static 


celeration bs 


deflection corresponding to a parte ular peak a“ 


therefore 


plotted is the reed fre- 
The 


and 5 are 


The data frou the reed gaze can be 
quency versus the equivalent static acceleration of the reed 
co-ordinates used for the response curves in Figs. 3, 4 
dimensionless forms of those used for the reed-gage data; hence 
the shapes of the dimensionless response curves will be the same 
as those plotted from reed-gage data 

Response Curve 


ANALYSIS OF THE 


Phe 


from the reed-gage data, the maximum 


problem of determiming from response curves, derived 
Information 


co-ordinates for the reed Cage-response curves are the Treque neles 


amount of 


concermming the exciting acceleration pulse is considered 


of the individual reed plotted versus the equivalent static sa 

celerations of the reed, as « otnpute d from the measured maximum 
displacenie nts and the known single «le gree-ol freedom mass A 
mentioned previously, the response curves plotted in these co 
ordinates A ill h ive the siatiie sh ipe iis the dimensionte SS Curves ity 


I igs , 1 and 5 
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In Fig. 6 is shown a typical response curve as constructed from 
the reed-gage data, with an indication of some of the characteris- 
tic features to be used in the analysis. It is supposed that the in- 
strument contains a large enough number of elements properly 
spaced in frequency so that the following general features, as 


marked in Fig. 6, can be distinguished: 
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(a) The value of the equivalent static acceleration indicated 
by the high-frequency elements, i.e., for these elements for 
which the response is essentially independent of the reed fre- 


yak Corves, Excitine Purse C, Fre. 1b), 
T 2ta 


4 Reep-Gace Kispe 
quency, 
(b) The slope of the maximum negative tangent to the re- 

sponse curve, 
The slope of the initial maximum positive tangent to the 
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aw 


(ec) 
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response curve. 
(dq) The maximum indicated responses, in the positive and 
negative directions. 
Each of these items will be considered in turn. 
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(a) High-Frequency Response. It will be evident from Figs. 
3, 4, and 5 that for values of (2t,/7) greater than 3, the reed re- 
sponses rapidly approach a value of unity. In order to find the 
maximum acceleration of the exciting pulse it is theoretically 
necessary only to record the response of a reed which has a suffi- 
ciently high natural frequency to give the required accuracy. In 
practice, however, it may happen that the amplitudes of the 
reeds, which are of sufficiently high frequency for this purpose, 
are so small that accurate readings cannot be obtained (6). In 
this event the peak acceleration probably can be determined 
more accurately from the maximum negative tangent, as is dis- 
cussed in the text following. 

(b) Maximum Negative Tangent. In Fig. 7 the first portion 
of the zero damping curves for the pulses in Fig. 1(6) have been 
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plotted. It will be seen that the slopes and locations of maxi- 
mum negative tangents for all of the pulses are approximately 
equal. Since all of the pulses are identical from zero time to the 
maximum acceleration, it appears that this maximum negative 
tangent defines this similarity of the pulses. A determination of 
slope and intercept of this line therefore will permit a calculation 
of two of the pulse parameters. Since there are only two pulse 
parameters involved in this first portion of the pulse, the peak 
acceleration and the time to the peak, both of these parameters 
can be determined uniquely. This slope line can be located with 
iair accuracy if two or three reeds lie in the frequency range where 
the maximum negative tangent and the response curves approxi- 
mately coincide. This indicates one criterion for the frequency- 
distribution design of a reed gage for pulses of this type. 

(c) Initial Maximum Positive Tangent. The initial maximum 
positive tangent, i.e., the slope of the response curve at (2(,/T)= 
0, is determined by the velocity change involved in the motion, 
and hence measures the impulse applied to the svstem. For an 
acceleration pulse having a time duration which is small com- 
pared to the natural period of all of the reeds, the reed-response 
curve would be a straight line through the origin having « slope 
proportional to the initial velocity imparted to the system by the 
pulse. It will be observed in Fig. 7 that for allof the pulses the area 
of the pulse is proportional to the slope of the tangent at the 
origin. A determination of this initial slope from the reed-gage 
record thus will give another parameter of the exciting motion. 
If, in addition to this total pulse area, the peak acceleration and 
the time to the peak can be determined from the maximum nega- 
tive tangent as discussed in the preceding section, the total time 
duration of the pulse could be also computed. 

For zero damping, the initial negative slope for the negative 
portion of the response curves is equal in magnitude to the initial 
positive slope. If the damping is not zero, it will be noted from 
Figs. 3,4, and 5 that the slopes of the initial tangents of the nega- 
smaller than the corresponding 
For small damping, the ratios of the positive 


tive responses are those of 
positive responses, 
and negative slopes at the origin can be shown to be approxi- 
mately e™”, where D is the critical damping ratio. 

Additional 


information concerning the pulse shape as measured by the ratio 


(d Varimum Positive and Negative Re SPponses. 


of time to peak acceleration to total pulse time can be obtained 
by comparing the frequencies at which the maximum positive and 
In Fig. 8 


the maximum negative reed amplitudes are reached. 


Miaximem Postrive » Necative Reep 


NeSPON-ES 
are shown values of the frequency parameter (2 t,/7) at which 
these extreme values are attained for various values of the ratio 
of time to pe ak to total time duration. 
Other Pulse Shape 
positive and negative portions of the response curves will yield 


It can be shown that a comparison of the 


1 


additional information as to the shape of the exciting pulse (7 
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The extent to which other pulse shapes can be defined will re- 
quire the determination of more response curves and additional 
analysis of the type presented in the foregoing. 
Effects of Damping. The curves in Figs. 3, 
cate the effects of reed damping on the behavior of the reed gage 
It will be seen that the response at high reed frequencies ap- 
proaches unity more rapidly with larger values of damping; and 
hence, that the peak accelerations can be determined more « 
On the other 


4, and 5 will indi- 


curately if some damping is present in the reeds. 
hand, if the damping exceeds approximately 30 per cent of critical 
damping, many of the essential features of the response curves 
become less clearly defined and it is unlikely that much informa 
tion could be obtained. For most purposes it appears that if the 
reed damping is of the order of 10 per cent or less of critical damp- 
ing, its actual value is of minor importance, provided that it is 


known and that it stays reasonably constant. 


CONCLUSIONS 


As a summary of the foregoing discussion, reference may be 
made to Fig. 9 in which are shown several typical reed gage-re- 
spouse curves. Fig. 0(a) is characteristic of a very short time 
duration acceleration pulse for which the motion is pure ly im- 
pulsive. The slope of the straight-line response curve would be 


proportional to the velocity ch imge assoc inated with the accelera 
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tion pulse, and from this velocity change the complete motion 
could be computed. For reeds having small damping, the posi- 
tive and negative slopes of the two lines would be approximately 
equal in magnitude. The motion represented in Fig. 0(b) is not 
purely impulsive, since at the high-frequency end the equivalent 
static accelerations depart from linearity with reed frequency. 
From such a curve a very rough estimate of the location and 
slope of the maximum negative tangent could be made, and ap- 
proximate values of the peak pulse acceleration and of rise time 
could be caleulated. By combining this information with the total 


pulse area, as determined from the initial positive tangent, an ap- 


proximate value of the total pulse-duration time could be ob- 


tained. 

Fig. 0(c) illustrates the case where all of the reeds have the 
same equivalent static accelerations, which indicates that the 
acceleration pulse must be applied relatively slowly; i.e., the ap- 
plied acceleration is equivalent to a static inertia force. From 
such a record, only the peak acceleration can be determined, 
which, however, is sufficient to describe completely such a grad- 
ual loading. In Fig. “(d) is shown the type of record which 
would be obtained from a reed gage which was designed correctly 
to measure a given pulse From such a record, all of the impor- 


tant pulse parameters could be determined 
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The question tiust be raised as to whether such reed-gage 


response curves will determine uniquely the exciting-pulse shape, 


or whether other quite different pulse shapes might give similar 
reed-gage patterns. Although this question has been answered 
partially by the work already done, more studies will have to be 
made before the extent to which the reed gage ean distinguish be- 
tween simple pulse shapes and more complex ones involving slope 
reversals, negative values, and so on, can be determined con- 
elusively, It is believed that the electric-analog-computer tech- 
nique just deseribed is particularly well suited for studies of this 
kind 

It is hoped that the relatively simple situations discussed in 
this paper at least will serve to indicate a pomt of view which 
may enable the reed-gage principle to be extended, and which will 
encourage the exploitation of its special advantages in transient 
instrumentation problems. 
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An Experimental Study of the Propagation 


of Transient Longitudinal Deformations 


in Elastoplastic Media’ 


By E 


The propagation process of longitudinal plastic pulses 
in prestrained bars has been studied to test the validity 
of the Donnell-Taylor-von Karman theory of plastic 
The results obtained for the propagation velocity 
and wave-shape changes indicate that the theory fails to 


waves. 


describe the dynamic process by its neglect of strain-rate 
and creep effects. 


INTRODUCTION 


Hk problem of the propagation of plastic strains in bars has 
been studied intensively only in comparatively recent times 
Following the first brief suggestions of Donnell (1)‘ in 1930 
more detailed theoretical descriptions were developed by Taylor 
(2) and von Karman (3) in 1942. A different approach, which 
considers the effect of the rate of strain, in contrast to the investi- 
gators mentioned, has been attempted during the last few vears by 
(4) and Malvern (5). 
evidence has not been available on the transient phenomena 


Shanley However, sufficient experimental 
during the impact to make the development of more exact theories 
possible. 

The experimental work to test the theory in the form developed 
by von Karman so far has been concerned only with testing its 
predictions as to the form of the permanent deformation pro 
duced in bars by an impact (6, 7, 8). Since the permanent de 
formation measured subsequent to the whole propagation process 
only tests the validity of the theory in the limit of “infinite time,”’ 
it seemed desirable to obtain information on the transient phe- 
nomena directly. The present paper is a report on such an investi- 
gation of the propagation of plastic deformations in prestressed 
metal bars. The results obtained lead to the conclusion that the 
existing theory is not adequate to deseribe the “dynamie’’ proce 
esses involved in the formation of plastic deformations under 


impact loading. 
DescripTioN OF EXPERIMENTAL Work 


Plan of Investigation. The plan of the present investigation was 


to produce a short duration, longitudinal impact pulse of sufficient 
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magnitude to result in permanent deformation and to observe 
the propagation velocity and change in shape of the pulse as it 
travels along the specimen. By comparing the actual behavior 
of such a pulse with that required by the von Karman theory, 
itis possible to test its validity for transient conditions in a direct 
itis We red 


and unambiguous manner. The main questions to be 


are as follows: 


1 For a inter the 


does a very sinall plastic deformation pulse travel with a velocity 


material prestressed plastic region, 


given by the tangent modulus at that point on the curve; ie, is 


da de 
( ‘ 


where Cis the velocity of propagation of a strain with amplitude 


€, (da)/(de) is the slope of the “engineering’’ or “nominal” 
stress-strain curve, and p is the density of the material? 
2 Is the apparent velocity of propagation determined only 
strain level and amplitude of pulse or is width or effective 
frequeney of the pulse also important? 


3 Is the maximum strain introduced into a prestres ed bar 


/ . da de 
‘ p 


is the striking velocity, € is the 


given by 


Here ¢ strain to whieh the rod 


has been prestressed, and € is the maximum strain introduced 
by the impact. 

In addition, it was desired to obtain a direct test of the view 
that a plastic deformation travels as a pulse of constant width 
and with a maximum amplitude which remains unchanged tor a 
definite distance from the point of initiation, bevond whieb it 
decays rapidly (1, 2) 

Finally 


for dynamic or transient strains 


it was desired to obtain a measure of Poisson's ratio 


It is well known, and widely 


used, that in statie tests Poisson's ratio is one half tor plistie 


strains Hlowever, to the authors’ knowledge whether thi is 
ilso true for transients has never been determined 
Vethod Alter 


various experimental methods of producing longitudinal pulses 


Description of Ker perimental and A pparaty 


studies, the following simple scheme 
Flat strip 


mounted in a 


were tried in pretminary 


was found to be the most satisfactory of the material 


to be tested in, » «in. ) care tundard testing 


machine (200,000 Ib Olsen Universal) so that the can be pre- 


stressed bry inv desired amount Roesistance-wire train gages 


(Baldwin SR-4, Type A 


the strip and so connected either to eaneel out the effects of any 


Il or ©-S) were mounted on two sides of 


bending “ thus molwting the hong 


ioluting 


ves that Maight be produced 


tudinal wave, or to cancel the longitudinal wave, thu 


the bending wave The trips were made to be of the greatest 


possible length (about 120 0n0) in order to avoid complications in 
the interpretation of the pulse shapes caused by reflections trom 
bole 


mounted above the 


the ends In order to be to use such long pecrmens heavy 


extension tubes were Ipper or fixed head and 
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below the lower or movable head of the testing machine through 
which the strip was passed as shown in the test setup, Fig. 1. 
The impact is produced by means of a roller-bearing-mounted 
pendulum hammer falling freely under the influence of gravity 
and striking a platform clamped to the strip at some distance 
from the lower end as also indicated in Fig. 1, 
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Fig. 2 shows the hammer and one of the striking platforms 
used in this series of experiments. The hammer has a length 
of 22 */, in. from the axis of rotation to the striking point. The 
head is made of aluminum, weighing 1.86 lb, and is electricall) 
isolated from the hammer arm. Provisions are made for mount- 
ing on the hammer head a possible total of 5 lead plates, each 
weighing about 1.4 Ib, two of which are shown mounted in Fig. 2. 
The hammer is held in its initial position by an electromagnet 
which serves to provide a means of uniform and positive release. 

Two different types of striking platforms are used, a heavy 
stee! one, which is shown, and a light aluminum one. The 
heavy platform weighs 3.25 lb and is constructed in the form 
of two concentric frames, the outer frame being free to rotate 
about the heavy bolts which exert the pressure against the strip 
This platform is designed to prevent any application of a bending 
moment to the specimen, and to give automatic adjustment to 
unevenness in the wear of the impact-receiving screws. The 
light platform is a simple split ring, weighing 0.57 Ib and secured 
by machine serews, Positive fastening of the platforms to the 
strip is obtained by the use of small pieces of file between the 
pressure-exerting screws and the specimen, Without these file 
pieces, the platforms gradually slip under repeated impacts, and 
premature rupture of the sample results when the screws are tight- 
ened to avoid further slipping. With either platform, the pulses 
obtained are remarkably reproducible both in width and height 
as well as in shape, provided two-point contact between hammer 
and platform is maintained, 

For recording the wave forms of the pulses at the different 
gage stations along the strip, separate cathode-ray oscilloscopes, 
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(Dumont model 304-H) are used with their sweeps synchronized 
and adjusted to give a single sweep, triggered by the contact of 
\ block diagram of the final arrange- 
The leads from each 


hammer and platform. 
ment of the equipment is shown in Fig. 3. 
pair of strain gages are brought out in shielded 4-conductor calles 
to individual d-e bridges specially constructed to provide a 
means of measuring permanent deformations at the gage stations 
without necessitating any switching of gages and without inter- 
fering with the dynamic measurements. A Leeds and Northrup 
potentiometer is used to measure the unbalanced voltage in each 
bridge 

Three identical preamplifiers are provided to step up the signal 
level and to suppress undesirable noise. This latter function is 
accomplished by adjustment of the frequency response of the 
two-stage preamplifiers to pass only those frequencies required (or 
faithful reproduction of the actual pulses encountered, rough|s 
from 600 to 12,000 eveles per second (cps). By this means 
troublesome 60-cycle pickup, tube microphonies, and = recio- 
frequency noise are eliminated almost entirely, The signals are 
then brought to the y-axis amplifiers of the three oscilloscope- 

The signal level at the gages is of the order of 1 mv for a pouk 
strain of 180 w-in/in. With a preamplifier gain of about 30 
this signal results in a peak deflection of the order of 1 in. on the 
tace of the scope. The sweeps are photographed using DuMont 
type 296 oscillograph record cameras whose shutters are actuated 
manually before the hammer is released. 

Triggering of the sweep is accomplished by the closing of an 
electrical circuit when the insulated hammer head strikes the 
platform. This causes a previously charged condenser to dis- 


charge through a low resistance, and the resulting voltage 


spike actuates the sweep-triggering circuit in the first scope 


1.4 


The other two scopes have their r-defeetion plates connected 
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in parallel with the first hence all swe pin unison Such an 


indirect. triggering method is necessitated by the occurrence 
of multiple contacts between hammer and platform, each of 
which ordinarily would trigger a new sweep. However, by the 
use of the condenser discharge, multiple traces are avoided by 
setting the syne control to operate only on the first or largest 
pulse. 

In order to obtain 


the scopes, independent of small differences in their deflection 


an absolute calibration of the time axes on 


sensitivity, timing markers are applied to the beam-intensity 
control. <A sine wave of 50 ke from a Hewlett-Packard Model 
200 D audio oscillator was found to give sufficiently satisfactory 
markers to make more elaborate pulse-shaping circuits unneces- 
sary, 

Adjustment of Equipment. Before each run, the amplification 
is adjusted and the frequency response checked so as to be the 
same for all three gages, preamplifiers, and oscilloscopes. Two 
methods are employed each time. The scope amplification is 
set to result in equal amplitude signals on all three scopes at the 
fundamental frequency of the pulses to be observed, about 1000 
eps. Thereupon the frequency response is checked throughout 
Finally, the three 


amplifier inputs are connected in parallel and a single pulse is 


the spectral range amplified by the system 


amplified and photographed on all three scopes as a standard 
of comparison. In this way any small differences in response 
characteristics that otherwise might lead to an apparent dif- 
ference in pulse shape from station to station can be corrected 
for in the analysis of the resulting pictures 

Calibration of the system is accomplished by feeding a sine 
wave of known amplitude through the amplifiers and noting the 
The 


gage-battery voltages are recorded and from the known gage 


deflections on the scopes in terms ef millivolts per inch. 


factors, gage resistances, and resistances in the bridge, the sensi- 
tivity in millivolts per unit strain is calculated. 

Preliminary Experiments. The first experiments carried out 
were designed primarily to determine whether the velocity of wave 
propagation of pulses produced when the test specimen was 
brought into the nonlinear region of the stress-strain curve was 
determined by the tangent modulus at that point. These early 
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pomp COS5D : 


ELASTOPLASTIC MEDIA 120 


eold rolled 


\ single 


experiments were carried out on cold-rolled copper 


steel, and brass rods of '/, in. diam and 75 in. length 
gage was used and the time elapsed between initiation of the 
impact and the arrival of the pulse measured from the photo 
graphic record. Knowing the distance from the impact point 
to the gage allowed a calculation of the velocity. In every 
case the velocity of the wave front was found to be that of the 
ordinary elastic longitudinal wave within the experimental ac 
curacy of this method, or about +10 per cent. The same re- 
sult was obtained whether or not loading of the specimen wa 
continued or stopped during the impact, so that it could not be 
explained by any possible unloading due to creep before the blow 
occurred. The same result was also obtained independently by 
sell (9), and it has since then been confirmed in more detailed 
investigations as will be described. 

(s a result of these first experiments the need became apparent 
for greater reproducibility and an understanding of the factors 
determining the shape of the pulses. Inasmuch as the amplitude 
and width were recognized as the fundamental variables that 
would have to be controlled in order to obtain significant tests of 
the existing theory, it was decided to devote a whole series of 


experiments to a study of this problem. 


INVESTIGATION OF Factors DererMINiIna Puss SHari 


In an effort to obtain reproducibility of the pulse 


shapes, the 


greater 


equipment was reconstructed as described pre 


viously. Flat strips were substituted for the rods, the hammer 
construction was made more rigid, the gimbal arrangement wa 
built, and the amplifiers modified to eliminate noise, 

If the distance from the point of striking to the lower end of 
the strip is greater than '/, the distance traveled by the pulse 
during the impact duration, the reflected wave does not return 
before the end of the pulse. 
is determined only by the mass of the hammer and the mass of 
the striking platform. The 
range investigated, has no apparent effect on pulse width, either 
Neither does the length 
A plot of width 


at the base of the pulse versus hammer weight is shown in Fig. 4 


In this case, the width of the pulse 


impact velocity, in the velocity 
in the elastic or the plastic region. 
of the hammer arm play a determining role. 


It is seen that a linear relation seems to hold between hammer 


veight and width of the pulse. This can he shown theoretically 
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by setting the strain energy, using the relation € = v/c, equal to 
This leads to the 


conclusion that the width of the pulse in the elastic region is de- 


the kinetic energy of hammer and platform. 


termined only by the ratio of hammer plus platform mass to the 
mass per unit length of the strip 

The manner in which the weight of the platform influences the 
width of the pulse is demonstrated in Fig. 5. It is seen that the 


rate of rise of the strain is strongly influenced by the mass ot 


the platform whieh receives and transmits the impact. Since the 
time required to accelerate the platform to the final velocity must 
he expected to differ greatly io the two eases, the observed effect 
is not surprising. Interesting to note is the fact that the time 
between the beginning of the sweep and the beginning of the pulse 
increases With increasing mass and complexity of the platform 

the height of the pulse with the 
Thi 


momentum, the 


In the elastic region (not shown 
heavier platform is always less than that for the lighter one. 
that for 
velocity attained by the heavier clamp will be much less than 


is due to the faet the same hammer 


for the lighter one. This effeet of platform mass can be com 
2. 
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(A. Tension pulses obtained at point 2 in. above impact point B, Con 
2 '/ein. >» in 


pression pulses obtained at point 2 in. below impact point 
cold-rolled copper specimen; 5O-ke timing markers;  prestress 36,000 jst 


pensated for by considering the impact of the hammer on the 
platform to be an inelastic impact and using the equations ot 
conservation of momentum 

In the elastic region, the strain returns to its initial value if the 
reflection occurs late enough. On the other hand, when a plastic 
deformation is produced it is recognizable by the fact that thestrain 
does not return to its initial value after the tension pulse has 
passed. However, irrespective of the amount of prestressing, 
a compression pulse, such as occurs below the striking platform, 
should show complete recovery since it represents unloading along 


an elastic line. That these two phenomena are actually ob- 
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Data taken 1.5 in. above in 
10,000 psi, open sym 


ising O=©£5O7 Ih and 3.251 


in. cold-rolled copper specimen 

Specimen prestressed into elastic region 

$6,000 psi, solid sy 
gimbal} 


pact pout 


bols) and plastic region mibols 


servable is demonstrated in Fig. 5 where tension and COTLPresston 
the 
the pulse produced with the light platform, the permanent tensile 


pulses produced simultaneously are shown. In case of 
deformation is clearly visible as a short plateau following the 
pulse, and only the return of the reflection from the lower end 
brings the material back through zero strain into compression 
At the same time, the compression pulse for the light platform 
shows nearly complete recovery which is prevented from be 
coming perfect only by the return of the reflected pulse Un- 
fortunately, the impact duration with the heavy platform is too 
great to observe these phenomena, 

For the short and quickly rising pulse, the amplitudes are 


the same (2 in. 


from striking point) for the tension and com- 
pression wave and, furthermore, equal to those obtained in the 
elastic region. On the other hand, for the slowly rising wide 
pulses produced with the heavy platform, the amplitude of the 
plastic tension pulse is nearly twice as large and much wider 
than in the elastic case, whereas the compression pulse remains 
These results 


practically unchanged in “amplitude and width.” 


would seem to indicate that for sufficiently long pulses creep 
takes place, resulting in a strain above that calculated on the 
basis of an elastic velocity, but that for very short pulses, 
the behavior is nearly elastic even when the material is pre- 
stressed far into the plastic region. 

A plot of the data on the maximum strain versus the calculated 
effective striking velocity obtained under different conditions of 
impact is shown in Fig. 6. It is seen that for the short pulses 
produced with the lightweight platform, the strain measured is 
always nearly equal to the value calculated using the elastie 
velocity under all conditions of prestressing. On the other hand, 
a deviation toward higher strains is found for the slowly rising 
pulses produced with the heavy platform. This is to be expected 
since the conditions where Donnell’s and von Kaérmaén’s hy- 
pothesis applies are more nearly approached by the long than 
by the short pulses 

However, a calculation of the strain according to von Kar- 
miin’s theory using the slope of the stress-strain curve at the 
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point to Which the samples were preloaded lends to values 


many times larger than the ones observed even for the broad- 


est pulses used in the present investigation (approximately OS 


millisee in duration) 
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these traces. The lower parts of the loading and unloading slopes 
are seen to be closely parallel at each station, indicating an ap- 
parent elastic behavior for a certain time interval. This interval 
seems to be roughly equal to the duration of the very short pulses 
which were found to lead to strains given by an elastic law even 
in the plastic region. This lower portion of the pulse is always 
found to travel unchanged in shape once the plastic strain has been 
dissipated. ‘The amplitude of this “residual elastic portion’ of 
the pulse was observed to be largely independent of impact veloc- 
itv or hammer weight, and it is not yet certain what factors deter- 
mine it. By varying the mass of the hammer, the relative 
amount of broadening as a function of original pulse width at the 
base was found to increase with increasing width. A plot of this 
relation is shown in Fig. 10, and it would seem to suggest that a 
frequency-dependent dispersion holds for the propagation of 
plastic pulses, in disagreement with the prediction of the von 
Karman theory 

On the other hand, a plot of the width of the pulse at two 
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successive stations as a function of pulse amplitude, Fig. 11, 
does not reveal any functional dependence between relative 
broadening and initial amplitude over the range investigated. 
This again is not in agreement with the theory, though it is clear 
that the investigation would have to be extended to much larger 
strain amplitudes before any more general conclusions can be 
drawn. It also must be pointed out that this definition of the 
width of the pulse is made somewhat uncertain by the fact that 
it requires the presence of a refleeted wave of opposite sign to 
bring the strain back to its value before the impact. It is im- 
portant to note that the effect of the reflected wave would be 
such as to shorten and not to widen the pulse even if it were an 
important factor in determining the pulse width 

The decay in pulse amplitude was measured both statically, by 
measuring the permanent strain, and dynamically, by measuring 
In both cases strain did not decrease linearly 
Fig. 12 shows the data 


pulse amplitudes, 
with distance from the point of impact 
on the dynamic pulse amplitudes under different impact con- 
ditions. Itis seen that the rate of decay increases with the initial 
amplitude but that for all impact conditions the plastie defor- 
mations are practically confined to a distance of 30 in. from the im- 
pact point, The points are not inconsistent with an exponential 
type of absorption law, but further studies would be required 
to establish the exact functional form. The permanent defor- 
mations measured decay in the same manner as the total pulse 
amplitude, as ilustrated in Fig. 13. The general form of these 
plots and the length of specimen in which a permanent strain is 
observed agree roughly with the tails of the curves obtained for 


9 


30h 


8 


RELATIVE BROADENING IN % 
3S 





| Te 


100 200 300 400 500 600 700 800 300 
PULSE WIDTH IN ~«SECONDS 


hig. 10) Revative BrRoapeNtInG as a Function or Purse Wiprs at 
Station 2 In. From Impact Potnt; 36,500-Pst PretoapInG 


? 


2 
° 
°o 


a a 





orl 


WIDTH OF PULSE IN @SEC 
8 


8 





5 10 15 20 25 30 35 
PULSE AMPLITUDE ON SCOPE FACE 


O GAGE | 3/4" FROM STRIKING PONT 
X GAGE 36 3/4" FROM STRIKING PONT 





Wipts or Purses at Two Stations as FUNCTION OF 
AMPLITUDE AT Station 2 IN. From impact Point 


Weight of hammer 4.7 lb; weight of striking platform 3.25 lb; 
1/+-in. cold-rolled copper strip; 36,000 psi.) 


big. 11 


'/e-in. X 





STERNGLASS, STUART 


§ 


STRAIN IN wIN/IN 


§ 


LONGITUDINAL DEFORMATIONS IN: ELASTOPLASTIE 


— 


MEDIA 


O |9 LBS. HAMMER 
v 47L8S HAMMER 


———! on alll 








10 20 » 


« 50 60 70 


OISTANCE FROM IMPACT POINT IN INCHES 


12 


in 


103" oROP 
1" OROP 


° 
x 


~~ 











20 30 40 “$0 60 


DISTANCE FROM IMPACT POINT IN INCHES 


10 


FunevTion or Distance From 


MrASUREMENT 


PERMANENT STRAIN 
Impact Point, Stati 


AS A 


1/>in. cold-rolled copper strip, prestressed to 36,500 psi, 4.7-lb 
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copper wires by the California group for impacts of similar dura- 
tion (3, 6), although there is here no evidence for any portions of 
the strip showing constant strain. 

To determine the dynamic value of Poisson’s ratio, two sets 
of SR-4 type C-S resistance-wire strain gages were cemented on 
the strip-—one set long:tudinal and one transverse. Tension pulses 
of varying widths and amplitudes were generated as previously 
noted at different distances from the gages. The ratio of the 
signal from the transverse gages to that from the longitudinal 
gages give directly the value of Poisson’s ratio. In no case was 
Poisson’s ratio found to be '/, but rather it seemed to be independ- 
ent of amplitude and to increase with pulse width from the elastic 


value to a maximum value of 0.29 for the widest pulse. 


Summary or ExpertMeNTAL RESULTS 


The principal results obtained by the present investigation as 


Decrease ix Purse AmMpiirupe 
cold-rolled copper strip prestres 


Wits Distance, Dynami 
d to 36,000 psi; 3.25-lb striking platto 


to the summarized below 
It must, however, be emphasized that these results were obtained 
10? in.) 


pulses in a prestressed strip and as such are strictly applicable 


propagation ol plastic Strains are 


with short (< 1 millisee), small amplitude (- in 


only to pulses of this general type. 


1 The velocity of propagation ot the wave front is that of the 
elastic wave 

2 The velocity of propagation of any part of the pulse is much 
greater than that given by the tangent modulus at the point 
of the stress-strain curve to which the material has been pre 
stressed, 

3. Dispersion or broadening exists for pulses obtained when the 
material has been prestressed into the pl istic range 

{ The dispersion appears to be frequency-dependent such that 
it increases with decreasing effective frequency (or Increasing 
width) of the pulse. 

5 For a given pulse width, the total per cent broadening of 
the pulse does not appear to depend on the initial amplitude 

6 The rate of broadening decreases rapidly with increasing 
distance from the point of impact 

7 The amplitude of a plastic strain does not decay linearly 
with distance. The decay would seem to be approximately ex 
ponential 

Ss 


be an increasing function of the amplitude of the strain at the 


The rate of decrease of amplitude with distance appears to 


point of impact 

9 
lated on the basis of a propagation velocity equal to the normal 
for the 
the maximum strain is, in general, not given by 


The maximum amplitude of the strain exceeds that ealeu 


elastic value only broadest pulses. Consequently, 


the relation 


da /de 
p 


is well as in the elastic 


10 
region increases linearly with the mass of the body producing 


The width of a pulse in the plastic « 


the impact and is essentially independent of the impact velocity 
11 
width 


Poisson's ratio appears to increase with increasing pulse 
For very short pulses the value is approximately the 


elastic value 
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SSION OF 


2, 4,4 
transient phenomenon Is 
effects 


Phe « 
od & 


coneerned the 


perimental evidence suminarized by results 
indicates that in so far as the 
neglecting stram-rate 


existing theory 


cannot deseribe the propagation of plastic strain satisfactorily 
The assumption that the ordinary engineering stress-strain curve 
can be used to deseribe the dynamic aspects of plastic wave propas 
gation does not seem tenable in the light of the observed 
propagation velocity and the apparent absence of a de pendence 
of dispersion upon amplitude. Thus the assumption that the 
Instantaneous tangent modulus is only a funetion of the strain 
ind not the strain rate cannot be maintained if transient pheno n 
ennare to be deseribed, This same conclusion has been reached 
independently by Riparbelli and his co-workers 

Such a dependence Upon strain rate pomting toward the in 
fluenee of ereep actually bas been antienpated by Malvern (5) 
and Shanley (4) The latter that for so-called 
zero time” or instantaneous loading, the elastie line of modulus 
Ke is tollowed, 
for the deviation of the 
Malvern advanced the hypothesis that the material is brought 


and that this flow 


eiphasized 


and that creep during the deformation accounts 


static curve from the straight line 


inttially into a condition of “ineipient flow” 
requires a definite amount of time in which to become appreciable 
From this hypothesis he predicted that the front of the wave 
always would travel at the elastic velocity, and this seems now 
to have been confirmed by direct experiment. 

It should be pointed out that von Karman himsell realized the 
limitations of his theory imposed by the need to neglect the strain 
rate in order to obtain a simple analytical solution. Certain 
discrepancies between the predictions of the theory and the ex- 
perimental results obtained by him and his co-workers actually 
were attributed to the influenes of the rate of strain (3). How- 
ever, the type of experiment carric | out so far was not well suited 
toastudy of stram rate effects 

A number of important consequences 
quaey of the Donnell-Taylor-von Warnidin theory in accounting 


Perhaps the most important of these 


follow from: the inade- 


for the dynamic behavior 
is that all detailed analyses of the interactions of plastic waves 
based on the assumption that each strain inerement travels at 
Furthermore, 


its own characteristic velocity must be revised 


it appears that there is now no longer any basis for assuming the 


existence of so-called “shock waves” at velocities less than those 
ol sound in solids, sihnee the experiments do hot show any enteh 
more slowly traveling 


of the unloading front with a 


a phenomenon requires the presence 


ing up” 
plastic front (LO) Such 
of a physically distinet “unloading front’’ 


velocity as the elastic lending a lye ot the pulse, which there lore 


moving at the same 
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would leave the pulse width constant (1). The data clearly show, 
however, that the whole process of change in shape of the pulses 
is quite different from that to be anticipated by such a view. 
On the other hand, results 4 and 5 would seem to indicate that a 
linear model tor deseribing the behavior of a material like copper 
may be adequate to give an analytical deseription of the transient 


phenomenon ol plastic Wave propagation 
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Desion Data and Methods 
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It is important that the data contained in technical papers be made readily available to designing engineers. 
In order to satisfy these needs of industry, this section of the Journal includes a concise presentation of data 
and information drawn chiefly from papers previously published by the Applied Mechanics Division of The 


American Society of Mechanical Engineers. 


Design of Helical and Leaf Springs for 
Minimum Weight 


By MI 

This paper presents equations for the direct determi- 
nation of the proportions of a helical spring which will con- 
tain the least possible amount of material. In general, 
it is possible by this method to effect considerable econo- 
mies over a spring whose dimensions have been selected 
arbitrarily. The advantages are illustrated by numerical 
examples. 
springs and design equations are presented. 


GENERAL PROBLEM OF SPRING Design 


PPV maultiplici 


and deflection of a closely coiled helical spring makes the 


ty of s 


<Vinbols in the equations for the stre 


general problem of spring design largely one of trial and 
there Is one tvpe ot problem whose recurreties 


kor 


error However 


is sufficiently Irequent to deserve speenil consideration 
this case the spring must satisfy the following requirements 


l 
of exerting a force of specified value I’ 


In its least compressed position, the spring must be capa’ le 


- 


After the spring has been compressed an additional amount 


from the operation of the mechanism, the maximum shearing 


stress must not exceed a specified value 7 
A Jarge percentage of springs with 
load 


veles is emploved in the foregoing 


(/ 
‘ stuthe or infrequently applied 


// 


LLL 


NC 


Lf, 


\ typical example is) the 
indexing mechanism shown'in Fig. | 
When the ball is in the detent, the 
Hmportant factor ts the holding alnl- 


Tanned 


itv of the mechanism as determined 
by the foree exerted by the spring 
When the lower number rotates and 
the ballis out of the detent 


trolling factor is the shearing stress in 








the con- 





the spring material 
The disadvantage 


bua 
trial-and 


oon 


error solution to the problem is that the resulting spring usuall 
We 


contains more material than necessary will now show how 


Mechani al engineering Technological Institute 
Mem. ASME 
should be addressed 


New York, N.Y 


1953, for publication at a later date 


' Professor of 
Northwestern University 


this 


Discussion of to the Secretary 
ASME, 20 West 
until October LO 
ceived after the closing date will be returned 

Note 


understood as 


of the Society 


paper 
S4th Street and will be accepted 


Discussion re 


ln 

individual expressions of their authors and not thos« 

Manusc ript received by ASMI Applied Mechanic- 
>, 1953 


Statements and Opinions advanced in papers are to 


Division, January 


SPOTTS, 


The method also has been applied to leaf 


EVANSTON, ILt 


this difficulty snd 


cornne tlie 


ye 


re proportion 


itertul as « 


ist imeunt of me onsumed 


SPRING 


Hactaeat 


Standard equations for the stress and deflection are as follows 


OR 


I’ the axial load 
0 the deflection 


vhere vis the shearing stre BR the mean radius 


t helix, d the diameter of wire n the number of 


ietive coils, amd G the modulus of elasticity in shear 


‘ 
The volume Voof the materialin the spring is equal to the 


sectional area of the wire wd? } titmes the length Da ben. 


wel? hn 
” 


| 


loneds on the 


The juation tor can be written on another torn follow 


Let Peand 2) be the 
pressed conditions 

and 6), the 
Then by equation [2 


i~ 
teom 
the cifferenen bv 


lowds 7) amd 7? 


spring atits most and les 


Lat A be 


deflection 


respectivel 


tween 6 respective for 


The value of 7?) from this equation t 


AAG 
A Pn 


bby | when loud I’ 
When the value of 7’) from this equation is substituted 


("+ ors) 


equation should be solved tor Rn and the result substituted 


3 


P 


1 2K 
the 


wd 
fol 


haquation , Stress 7 Is aeting, bs 


lowing result is obtammed 


AG 
OA Ben 


ik 
mil 
Thi 


inte bquation The desired expression for Vis obtained 


Tr? APG 
rR 1th 1? Fe?) 
TreARG 
2 Pv 


pring index ¢is equal to 22d 


Str 


(wh*r ) 


‘ 


where 
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In general, the approximate value for the spring index ¢ can be 
specified in advance. All terms on the right side in Equation 
(6) are thus known except helix radius R. When Equation [6] is 
differentiated partially with respect to 2 and the result placed 
equal to zero, the resulting expression gives the relationship be- 
tween the variables for the spring of least possible volume. The 
result is 


Pye 


WT, 


ke? 


1G Py 
wT 
Equation {7} can be used for finding diameter d corresponding to 


"Phe final value of d then 
can be taken as a nearby standard diameter spring wire 


the tentative value of spring index ec. 


Substitution for cin equation [7] gives 


32 PR 
S| 


or , ; {9} 


Then (10) 


and {11} 


As the foregoing equations indicate, whenever the maximum 
load, stress, or deflection is double the minimum load, stress, 
or deflection, respectively, the spring will contain the minimum 
amount of material, 

Substitution of Equations [1] and [10) into Equation [4] gives 


an expression for the number of active coils n . 


Add AdG 


i= = —_—_—— 

64 PR 2 rR*r, 
An equation for the amount of material in the spring of mini- 
mum volume can be found by the substitution of R from Equa- 


tion [8] and » from Equation [12] into Equation [3]. Thus 


8 APG 


T2* 


Vinin = [13] 

The relationship between the volume of a spring of arbitrarily 
selected dimensions and the spring of minimum volume can be 
found by dividing Equation [5] by Equation [13]. The quotient 
can be reduced to 


vo 
Vinin ‘ 5 
Ps 


[15] 


[14] 


(7) 


[16] 


fh GY] 


A plot of these equations is given in Fig. 2 
The effect of stress concentration can be taken care of by adjust- 


i{* 


ment of the value of stress 7». 

Example 1. Suppose a spring must be capable of exerting a 
force of 20 Ib in its most extended position. After being com- 
pressed an additional 0.625 in, the shearing stress is to be 75,000 
psi. ‘The spring index is to have a value approximately equal to 
8. G = 11,500,000 psi. 

(a) Find the nearest standard-size wire for the spring of mini- 
Find the mean radius of helix and the required 
number of active coils. 


mum volume. 
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Fig. 2 


(6) Suppose the spring is wound from No. 11 wire with an 
How 


amount of material for this spring compare with that of the mini- 


arbitrarily selected radius of helix of 0.35 in. does the 


mum spring? 
Solution (a). By Equation [7] 
16 Pye 16 X20 «8 


mw 75,000 


aq* = 


= 0.010865 
WT 


d = 0.1042 in. 


Use No. 12 wire d = 0.1055 in. 


. ' = wd*r, 7m 0.1055* & 75,000 : 
By Equation [8] R = = = 0.4323 in. 
32 P, 32 X 20 
By Equation [12] 


AdG 0.625 * 0.1055 & 11,500,000 
a 2 r 0.43232 & 75,000 


n= = §.61 coils 


2rk?r, 
Solution (b) For No. 11 wire, d = 0.1205 in. By Equation {1} 


wd'*r. mwQ0.12055 & 75,000 
16R 16 X 0.35 


"P, = 73.62 Ib 
By Equation [14] 
v ] ] 


Vin P, (PN? vais 20 2» \2 
“TP, P, “| 73.62 \73.62 


The spring of part (6) contains 26 per cent more material than 


= 1.263 


necessary. 
LeAF SPRINGS 


Equations corresponding to the foregoing can be derived for 


leaf springs. Fig. 3 shows a cantilever spring of rectangular cross 
section with a load on the end. Equations for the stress at the 


support and deflection at the end are as follows 
6 Pl 


bh? ats 7] 


(1 — uP 4(1 — yw) PP 


5 = : —_ 
3 El Ebhs 


[18] 
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where s is the bending stress, ? is the load at the end, / is the 
length, bis the width of cross section, A is the depth of cross sec- 
thon 6 is the deflection at the end, Mis Poisson's ratio, E is the 
modulus of elasticity, and J = 

iP bh 

— 


a! Term (1 


12, the moment of inertia 


of the cross section 





mu?) should be 
used for wide beams where b 
is at least 8 or 10 times the 
For narrow beams 


Now 


value of h 
this parenthetical term should be replaced by unity. 
1(1 m*) 15(P, P,) 
Ebh' 


A = 


This equation should be solved for P,, and the value s.bh?/6l for 
P, substituted 
bh | soh AEh? 
P, = [19} 
z7is 2 we) 
The square bracket is reduced to a common denominator, and the 


entire equation multiplied by 1. It is then solved for bhi or V 


12 P\(l 
21 pe”) s-hl? 


2 l4 
—_ (20) 
3 AEh? 

If thickness of stock h is chosen, all factors on the right side of 
this equation are known except length 1. The equation should be 
differentiated partially with respect to / and the result set equal 


to zero to give 
BAEh 
(1 bh") Se 


(21) 


When / is determined by means of this equation, the spring of 
minimum volume results. 
Substitution of the value of A from Equation [21] into Equa- 


tion [19] gives the following expression for } 
108 P, A’k? 
(1 p’)*s /3 
11] apply equally well to leaf springs 
This can 
be shown in the following manner: The value of s: from Equation 
[21] is set equal to 6 P21 bh? and the result solved for ?., The 
value of 8 from Equation [21] is substituted into Equation [19]. 


Equations [9], [10], and 


with bending stress s substituted for shearing stress 7. 


The resulting value of is one half as great as the value of P». 
An equation for the minimum volume is obtained by substi- 
tuting the value of k from equation [21] into Equation [20]. The 
result is 
36 P,AE 
(1 b*)s,? 


Since Vii: i simpler form of equation for } is 


{24 


Vnis 36 P, AR 
Al (1 p*)s *hl 


The quotient V/ Vise yields equations identical with those for 
helical springs so that IXquations [14), [15], and [16] apply also to 
leaf springs. 

Example 2. A leaf spring like Fig. 3 is to exert a foree of 20 Ib 
After undergoing an additional 


E = 


at its least deflected position. 
deflection of 0.5 in. the stress is not to exceed 90,000 psi. 
30,000,000 psi; w= 0.3 

(a) For h = 0.1 in. find the values of b and 1 for the spring of 
minimum volume 


and dis taken 
By what percentage is this spring larger than the one 


Find the value of b if A is taken as 0.125 in 
as 6.5 in 
of part (a)? 


I quation 2 


Solution (a) BB 


>; AKI 


(1 b*)s 


30,000,000 0.1 
YAS 
) =» 90.000 


7.412 in 
By Equation [23 


36 P, AR 


(1 2?) 


30,000 000 
oO O00? 


3 equation 24 


Solution (+) In] quation (19 


0.125) OOOO & O.1250 0.5 & 30,000,000 & O 125? 


x O.5 oOol wad 


2.963 in 


bhi 2 O63 0.125 24074 cuin 


2.4074 


l 152 


1.043 


The spring of part (hb) contains 64 per cent more material than 


necessary, 
| ig 1 shows a simply supported leaf spring with cones nitrated 
! quations for proportioning the 


load at the center ol the span 


<pring of minimum volume can be derived by the methods used 


previously 
12 AKh 


(1 p?)s 


1) PAR 


hl 


equations (9), (10), and 
11} apply to the spring of 
big. 448 well as Pquation 
14 15), and [16 

When 


in quiantitie 


prings are used 


the saving 
loregoing equations is considerate 


in materi il by means of the 


The question of optimum design has been discussed by J. Jen 


7 he 


analogous problem of finding the energy) 


nings, relerence (1) remaining relerenes pertain the 


per unit volume of space 


occupied by the coiled spring 
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Nonlinear Distribution of 
Bending Stresses’ 


Nos. 2, 


The author has performed an excellent 


Ly 


piece ot work, 


problem for some time, dating back to the President Wilson data 


(DON CRAWFORD? 
The discusser has lived with this superstructure 


which we analyzed 


teed 


Ine., under contract to the Ship Structure 
Committee of the Government, has performed certain experi 
This 
Society may be interested in certain of the early findings from this 
work . 

A 20-ft box model is used, Fig. 1, the material for whieh, except 
for end plates, is all unelad aluminum 24 ST and 14 8ST. Fas- 
This has permitted testing 


tesearch, 


mental work in order to corroborate the author's theory 


teners are highly torqued steel bolts 
of various superstructure houses, one of whieh ts shown in place in 
this fivure Loading is accomplished by screw jack through 
equalizers that ereate constant bending moment im the Super 
structure aren 

The trend of results is shown in Fig. 2.0 These are only trends 
observed at the midship station and neglect a certain amount of 
Test Nos. | and 11 hall 


Three houses have been tested 


shear-lag effeet at the step are bare 


tests 
1953, issue of the 


vol. 75, pp. 95 104 


Ire 


Mareh, 
ASME, 


'By HL. He. Bleich, published in the 
Journar or Appriep Mecuantios, Trans 

Chief, Analytical Engineering Department 
Washington, D.C, 


areh 


f Veewenewee } 





Kia. 2 
experiment 
13S 


simulated 


theoreticen! value predicted by the author's method 
deck beams acting alone as beams.) 


trend of tests 


ae 


sion 


1 A long low house was tested first, represented by the test 
3, and 4 

(a) In test No. 2 the support for the house was furnished ty 
deck The dotted line represents the 


beams only 


Pig. 1 Twenty-Poor Box Mover ror Testine 
(Assuming 
The solid line re presents the 
The « xpected stress reduction occurred 


(4) Test Now 3 mitsize deck 


duplicated the previous one with 


— a pfoooty 
en } 


y Y 





lure 150 // 





Trenp or Test Resuits 





DISCUSSION 


beams fitted at every seventh frame Space The agreement of 
theory and experiment: ts less COnVINCTIg 
(c) In test No 


three rather rigid bulkheads 


1 the outside deck beams were replaced by 
The trend a The 
difference shown is being studied at the present time possibly 


gain is followed 


being due to singularity effeets 

2 A higher house of the same length was tested under four 
conditions represented by test Nos. 5, 6, 7, and 10 

(a) No. 5 again shows normal deck beams only with similar re- 
sults as No. 2 

(4b) No. 6 was a configuration of five equally spaced bulkhead 
supports and shows rather fair correlation 

(¢) Test No.7 presents a configuration with irregularly bunched 
bulkheads, but by arithmetic mean the same value of « and hence 
@ (of the paper) as test No. 6. Here the actual stress built up at 
the midship section is in excess of test No, 6 and the theory 

(d) Test No. 10 is not « fair test of the present theory. Since 
bulkheads were placed at the ends only, this was performed to 
show « limiting case that might be experienced on shipboard 

3) Twoshort house tests have been run to date 

(a) Test No. S 
tremely well 

(4) 


without bulkheads conforms to theory ex- 
test No. tested with seven bulkheads shows an 
likely 


signifies that the house chosen was too short and stubby to avoid 


However 


inability to meet the theoretical conditions. This vers 
biaxial stress conditions and a general breakdown of double-beam 
theory 

The test work to date is currently being evaluated thoroughls 
thre No Cone 


given at uuthor is to be 


sketchiness of this discussion 
this The 


congratulated on his excellent presentation 


Which accounts for 


clusion ean be time 


Avrnor’s CLostRt 


The author is verv glad that the results of the tests reported by 
Mi 


in opportunity for com 


Crawford were available in time for this discussion, and give 


)arison 

When making this comparison it is necessary to keep in mind 
that the paper analyzes the case of uniormily distributed stiffness 
of the deck 


having several distinet deck beams for which the theory is not ap 


beams, while the tests inelude a number of cenuses 
In these cases the discusser has compared the test re 
the the 


the whieh is reasonalole 


plieable 


sults with theoretical ones by iverauging deck-beam 


<tiffness over le ngth of the deck house 


in some cases but not m others 
where 


It will be noticed that in the three eases, Nos. 2,5, and S 


the stiffness is uniformly distributed, really good agreement is 
obtained. 
Nos 


belong in the scope of the author's an ilvsis, for reasons outlined 


Of the three cases giving poor agreement Yaund LOdo not 
It is worth stating that it is possible to obtain 
No 
ferential equations with appropriate boundary conditions 
No. 3 is 


In the remaining cases the differences are 


in the discussion 


i theoretical result for 10 from the author's basie dif- 


cise 


The large difference ino case more serious and will 


require closer study 
not large, and are presumably due to the nonuniform distribu 


tion of deck-beam stiffness 


The New Approach to Shell Theory: 
Circular Cvlinders' 


ki. Retssner.2 The difficulties inherent in Professor Epstein’s 


approach to the theory of thin shells are well brought out by the 
' By FE. H. Kennard 


JouRNAL or AppLipp Mecuanics, Trans 
? Massachusetts Institute of Technology 


published in the March 
ASMI 


(Cambridge 


1953 


vol. 75 


issue of the 
pp. 33 40 
Mass 


Brietly 
as indieated in 


iuthor application of series in powers of the 
the leads to 


differential equations of successively 


pre ~ent 


thickness co-ordinate paaper two 
dimensional approximate 
higher order as more terms in the power series are taken into ae 
count Unless it is possil le to determine rationally at the same 
time the nature of the boundary conditions whieh correspond to 
the order of the chosen system of differential equations the dit 
ferential equations themselves cannot well be utihzed with con 
fidence. The present paper should be weleomed tor having clari 
fied and further developed the application of series in powers of 
the thickness co-ordinate to the problem of the form ot the differ 
thin shells It that 
the variational method with the method of the 


mn this treld 


ential equath ms of the theory of mav be 
combination of 


present paper is What is needed for turther progress 


ActHor’s Choscn 


the 


high on relation to the 


\ peculiar problem undoubtedly exists in that order of the 


litferential lquations [12] is excessively 
possible number of the boundary conditions, and this discrepancy 
would become worse i the apPpPro\imation were pushed to higher 
powers of the thickness A. Tt is surmised that this difhieulty ean 


be entirely removed by restricting consideration to those solu 


tions of the differential equations that vary sufficiently slowly 
with sands to make valid the method of approximation used in 
however 


deducing the equations This was prove chan the pueper 


only tora simple degenerate case, lquation [15 
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it is very important when the two-dimensional analogy is con- 
sidered. For this application a note of warning should be added 
for future users of the hydraulic analogy, as pointed out pre- 
viously by the writer.* It must be remembered that the group 
velocity of water-wave propagation will not be constant unless 
the water is '/, in. deep. The group velocity is the actual rate 
of propagation of the energy of the wave and is the only analogy 
to the speed of sound in a gas. The group velocity is less than 
the so-called wave velocity which has no analogy to the speed of 
sound unless the water is '/, in. deep so the wave velocity be- 
comes independent of wave length and equal to the group 
velocity. Therefore we must restrict ourselves to '/, in. water 
depths and weak hydraulie jumps in order to obtain equations 
that are comparable to those corresponding to a two-dimensional 
perfect gas flow with a specific heat ratio of 2. 


Auruor’s CLosurE 


comments on 
The 
main virtue of this analogy is the fact that the behavior of the 


The author with Professor Laitone’s 


the principles of the hydraulic analogy to compressible flow. 


ACES 


two analogous systems is governed by a similar set of nonlinear 
equations of motion, the nonlinearity resulting in the transition 
from an elliptic to a hyperbolic type. The physical implica- 
tion of this property is the creation of discontinuities appearing 
in the form of bores in the hydraulic system and of shock waves 
in the compressible flow. The electrical field does not exhibit 
this property and consequently the electrical system cannot be 
used for this purpose. On the other hand, the details of the proc- 
esses such as the velocity profiles, viscosities, and so on, are not 
the same, and in particular, the energy conditions are quite dif- 
ferent. Hence the analogy can only yield information on the 
“behavior or nature of the solution,” as Professor Laitone rightly 
pointed out, and any attempts to utilize it as a basis for an analog 
computer, similarly as it is usually done with electrical analogies, 
are deemed to be futile 


An Electrical Method for Determin- 
ing Journal-Bearing Characteristics’ 
A. A. Raimonpi.? By suitable transformations, the author 


has succeeded for the case of journal bearings in reducing Reyn- 
olds equation to the form# 


ou m BY? ot%u 
re ho = — f(é)u + g(&) = 0...... [1] 
of ( nb ) Os “ ° 


The partial derivatives in Equation [1] can be approximated by 
finite-difference equations with the result that it becomes 


m B\? f 
(iy + Ue 20) + . (uy + Uy - Quo) - f (Fo) uo 


nL 


+ g(£o) = {2] 


which ean now be solved for u by applying Southwell’s* “relaxa- 
tion’ method. However, the author has substituted for the 
manual relaxation process an electrical method which is analogous 


4**A Study of Transonic Gas Dynamies by the Hydraulic Analogy,” 
by E. V. Laitone, Journal of the Aeronautical Sciences, vol. 19, April, 
1952, pp. 265-272 

‘By D. 8. Carter, published in the March, 1952, issue of the 
Journat or Apptiep Mecuantcs, Trans. ASME, vol. 74, pp. 114- 
118 

2 Research Engineer, Mechanics Department, Westinghouse Elec- 
tric Corporation, East Pittsburgh, Pa. Jun. ASME. 

* The nomenclature used in this discussion is the same as that 
used in the paper 

**Relaxation Methods in Engineering Science,"’ by R. V. South- 
well, Clarendon Press, Oxford, England, 1040, 
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to applying the relaxation technique automatically and instan- 
taneously at every node on the bearing surface. The question 
arises as to the accuracy of the solutions obtained using this 
electrical method. The author answers this question for the 
case of a journal bearing of infinite length. However, it is desira- 
ble to know what results this method would give when applied 
to bearings of finite length. 

In order to obtain such results and to determine what diffi- 
culties, if any, would be encountered in applying this resistance- 
network method to the more difficult finite-bearing problems, 
the apparatus, shown in Fig. 1 of this discussion, was built. 
With this device it is possible to obtain the pressure distributions 
for bearings having an L/B ratio equal to 1 (L = length per- 
pendicular to direction of motion, B = length in direction of 
motion). As precision resistors were not available, plain '/,-watt 
carbon-type resistors were used throughout the apparatus. The 
commercial tolerance of the network resistors (located in Fig. 1 
approximately on the center of the board between the two banks 
of switches and rheostats) was given as +5 per cent. However, 
measurement of the individual resistors showed that they did not 
deviate more than 2 per cent from each other. This deviation 
was not considered serious for Liebman® has shown that because 
of the averaging properties of resistance networks it is possible 
to obtain solutions ranging in accuracy from one part in 10° to 
one part in 10* (depending upon the geometry and scale of the 
network) when precision resistors accurate to +1 per cent were 
used, 

In the tests conducted it was thought desirable to obtain values 
of the pressure at ten different points along the bearing surface in 
the direction of motion and at ten different points across the 
bearing surface, perpendicular to the direction of motion. How- 
ever, advantage was taken of the symmetry of the pressure dis- 
tributions which necessitated the determination of the pressures 
at only five different points across the bearing surface and thus 
reduced the size of the required network by a factor of 2. Hence 
the network, rectangular in shape, was made of 10 K 5 = 50 
resistors and consisted of 11 X 6 = 66 nodes. An average 
value of R, (i.e., the resistors which lie along the center line of 
the bearing) was 1020 ohms; 22 (all other resistors in network) 
averaged 515 ohms. These values were made very low in com- 
parison to the resistances used for regulating the input currents 
Io, for the reason set forth by the author, The bank of switches 
and rheostats shown at the left in Fig, 1 were used to regulate 
the input currents Jo, while the bank of switches and rheostats 
at the right were used to set the leak resistances r,, to their proper 
values. <A precision-type potentiometer and a sensitive gal- 
vanometer were used for accurately setting the input currents, 
leak resistors, and for measuring the node voltages. 

Early in the tests it was discovered that when a 135-volt B- 
battery was used for supplying the input currents it was not 
possible to check the node-voltage readings any closer than 4 
per cent in some cases, depending upon the amount of time the 
battery was delivering current. A more satisfactory stable 
voltage supply was obtained by using the circuit shown in Fig. 
2, herewith. With tnis arrangement it was possible to repeat 
node-voltage readings to better than 0.5 per cent accuracy. 

The first pressure distribution obtained with this apparatus 
was that of a 120-deg journal bearing with Type I boundary 
condition having an € = 0.2, 0, = 67.4 deg, and L/B = 1. In 
this problem it was required to simulate four negative leak 
resistors near the entering edge of the bearing along a line of 
nodes perpendicular to the direction of motion. This condition 
was handled with little difficulty by the method given by the 

§*Solution of Partial Differential Equations With a Resistance 


Network Analogue,”” by G. Liebman, British Journal of Applied 
Physics, vol. 1, 1950, pp. 92-103. 
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author. Needs® also had obtained the pressure distribution for 
this same bearing by using the electrolytic-tank method de- 
veloped by Kingsbury.’ Thus it was possible to compare the 
pressure distributions obtained by two different experimental 
methods, Fig. 3 of this discussion shows this comparison, the 
circles being the test results and the full curves graphical inter- 
polations from the data of Needs. It is evident that the two 
methods give pressure values which agree quite closely 

The load-carrying capacity of this bearing was obtained using 
graphical integration methods and was found to be 
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it will be seen that the two values agree within | per cent. ind sine 


The resistance-network method is not restricted to journal bear- 
ings but 1s equally applic able to slider bearings and, indeed 
hearings having odd film shapes resulting from distortion, mis- 
dignment, and soon. In order to set up these problems on the 
resistance network, it is necessary to introduce the proper equa 
tion for the film shape into the general equations developed by 
the author. For example, for a slider bearing, the film thickness 
at any point, 7, along the bearing is expressed by 


Substituting 


z a 
h=) a (a ] “2 Is dividir 
B ie a 


sa 


* Effects of Side Leakage in 120-Degree Centrally Supported 
Journal Bearings,"’ by S. J. Needs, Trans. ASME, vol. 56, 1934 
pp. 721-732. 
7*On Problems in the Theory of Fluid Film Lubrication, With 
an Experimental Method of Solution,”” by A. Kingsbury, Trans 
ASME, vol. 53, 1931, pp. 59-75 vhich 
t 


®See Fig 
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Neeps 


the foregoing into the author’s Equation [5], 


ig by Bh 7 and setting g proportional to the new fun: 


q = Bh 


lowing equation is obtamed 
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author's Equation 
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(7h| 
Substituting equations [3] and [5] of this discussion into 
equation |2| of the author, and solving for p yields 


bul B */1 
ee - d [. (a 0 | u [S| 


which is the equation for the pressure at any point on the bearing 
surface 

Having obtained the functions f(&) and g(&) for a slider bearing, 
the leak calculated 
through use of equations [2la, 6} given by the author and readily 


resistances and input currents may be 
adjusted to their proper values in the apparatus shown in Fig 
1, herewith. The node voltages then may be measured and con- 
verted to pressure values through use of the author's I-quation 
{22} and Equation [S| of this discussion 

The foregoing procedure was followed for a slider bearing 
having «a ratio of entrance to exit film thickness equal to 2, 
hy /he 2) and L/B ! 


chosen in order to compare the test data with the data caleulated 


(Le, This particular bearing was 


by Michell’ for the same bearing Pressure values obtained 


Using the electrical network method are shown plotted as circles 


in Fig. 4, herewith, ‘These values may be compared with those 
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tank analogy, also worked this same problem and obtained very 
good agreement with Michell. 

Thus there are two experimental methods for determining 
bearing characteristics which will yield solutions in satisfactory 
methods. The 
method has the advantage that it is less tedious than the elee- 


agreement with analytical resistance-network 
trolytic-tank method in that the number of voltage readings 
which must be extracted from the respective apparatus in order 
to plot a pressure distribution is much less in the former than in 
the latter method that the 


resistance-network obtaining 


In addition, it may be possible 
method will be 
characteristics of journal bearings operating in the important 
The electrolytie- 


applicable for 
region of eccentricity ratios greater than 0.8 
tank method is not applicable in this region owing to the dif- 
ficulty of wetting the model representing the film shape and the 
fact that the minimum bath depth becomes very small 


On Asymmetric Flow in an Axial- 
Flow Compressor Stage’ 
WD stalled 


region of operation of turbomachines has been observed and has 


taNNte.2 The unsteady flow that arises in the 


become of interest comparatively recently Perhaps a deserip- 


tion of typical behavior of compressor flow in the stalled region ts 
the best way of indicating the difficulties of providing an adequate 
theory Hot-wire messurements have been made by one of the 
writer's students on an axial-flow compressor project supported 
hy the Ofhee of Naval Research at 


The COTMPLessor blading Wiis designed lor vortex 


the California Institute of 
Fechnology 
flow with prerotation in the direction of the wheel speed and a 


The hub 


ratio Was 0.6 and the blade solidity averaged about unity for rotor 


design axial velocity of 45 per cent of the tip speed. 
and stator with nearly constant chord for the rotor, There were 
three complete stages with 30 blades in the rotor and 32 in the 
stator, 

On throttling the flow rate below design value a narrow region 
velocity , stall) extending over the inner half of the 


of low (Le 


blades was observed to rotate in space in the direction of the rotor 
with 37 percent of the rotor speed. There is one such region cir- 
As the flow rate is decreased this re gion broadens, 
ISO) dey apart, 


regions eventu- 


cumferentially, 
breaks up 
Further throttling causes «a splitting into three 


then into two regions eventually 


ally 120 deg apart. The multiple stalled regions traveled at the 


same speed as the single region and did mot extend beyond mid- 


radius, All of these patterns were observed within a rather 


narrow band of flow rates and their appearances snd disappear- 
ances occurred at) slightly different flow rates depending on 
whether the throttle was opened or closed 

At flow rates smaller than the foregoing a single stalled region 
blade height It 


rotated with a speed of 26 per cent of the rotor speed 


ippeared, but this one involved the entire 
ipriady) itt 
the same direction. This pattern appeared to persist down to 
comple tely closed throttle although the hot-wire response become 
shutoff. All of patterns observed oc- 
the the behind the 


The stator blades were certainly involved in the 


very irregular near the 


eurred throughout length ot COMpPressol 
entranee vanes, 
flow but whether this is the cause or the effect is not vet definitely 
known 

The writer believes that the author’s theory is the first impor 


There 


it cannot 


tant contribution to an analysis of stalling phenomena 
are several obvious limitations to his simplified model 
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Never- 


theless, it represents a start at an extremely complex problem 


deseribe multiple stall and it involves only one blade row 


F. Ek. Maree privilege to be able to congratulate the 


author 


It is 


upon his penetrating and simple analysis of a problem 


which is of vital importance to turbomachine technology through 
rotating stall,’’ experimental 


its relation to the problem of 


observations of which have been discussed by Professor Rann 


The interest in the phenome non arises not only because it may 
lead to some understanding of the onset ot stall, but also beceaus 


of its association with mechanical lolacte fuilure The suthor’s 


work 


clearly 


seooms to be the first in which the mechanism is stated 
and its relation shown to the fluid mechanics of turbe 


Prof 


same Suggestion of Dr. von 


machine Hi. S. Tsien and the writer were led, after re 


ealling the Kdrman from 13 vears 


ago, to the identical mechanism and a verv similar model 


The author treats a single blade row which may be either sta 
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thonary or rotating 


Hlowever, as has been pointed out by Pro 
itis usual that the entire machine exhibit a rotating 


ill bodewede 


ilthouwh the 


fessor Rannir 


stall pattern which is similar for rows, stathonary of 


rotating. Consequenth propagation mechanism 


is asthe author indicates, there is certainly an important influences 
that the tall propagates af the sme 


It is possible that 


associnted with the faet 


ibsolute rate in adjacent rotors and stators 
the observed stall propagation is Tnere nearly deseribed by an 
analysis which treats two adjacent blade rows in relative rots 
tion. 
Finally 
the turbomimehine 
According to the 


nltermate 


the interesting problem of the manner in which 
flow 


writer 


there is 
condition of asymmetric 
ane the 


ap rprrensae hues the 


inalysis of Tsien present 


there exist the theoretical possibilities of svmumnetric 


and sasvmmetri flow At very low angles of attack the ampli- 


tude of the asvmmetric flow is excessively large and the mean 


small or possibly 


that the 


presstire rin ira sot he bolencde row is negative 


Therefore it is extremely unlikely isvrametric flow 


observed As the inerensed. the 
and the 


isVimetric flow conditions, increases 


would tv angle of attack is 


becomes smaller mean 


it seems possible to observe a propagating stall under these eon- 


amplitude of the asvmmetry 


pressure rise unde 
«litions the question Is the manner of transition from one to 
the other The experimental observations are made by holding 
the constant (or nearly constant) rotation speed and adjusting 
an external thr ttling device Therefore, when deciding whether 


isvinmetric flow may occur, the svmmetric and asvmmetric 


flows, and associated pressure rises, which correspond to the same 
external throttling conditions and same rotative speed must be 


compared 


4. 


Compressors the first 


STEPHENSON In most high pressure-ratio avxial-flow 


stage passes through stall at quite high 
compressor speeds, so one of the most important problems in de 
sign is to insure that this stalling is not violent The writer does 
not believe that the problem ean be tackled usefully by consider 
ing different shapes of the foree-incidence curve of cascade blades 
for there is no evidence that this curve can be altered at will by 
redesign of cascade geometry except for seetions with surface 
inflection, or with slots and flaps, all the practical shapes have 
similar lift curves 

of the stall by 
the blade seetions at different radii 
This 
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Influence Coefficients of Tapered 


Cantilever Beams Computed 
on SEAC' 
kos. SHAW In relation to the application of digital compat 
ers for obtaining numerical solutions of problems by using syn 
cilie numerical procedures, the question ts often asked whether or 
not the relaxation technique ean be carried over and handled 
directly by such high-speed machines. The writer believes that 
vhile it is very likely possible for an cleetronie digital computer 
to bese instructed that it eould perform the routine implied by the 
relaxation technique, it would be an unnecessary refinement to 
ittempt to dose 
An important part of the relaxation process is the judgment 
ind experience built up over a period of time by the relaxer, and 
ittributes which enable the relaxer to speed up 
\ considerable 


Such devices as 


it is just these 
his computation imount of art or, af it is pre 
over-relaxation 
stock-in hand of the 


is domg his task | 


low cunning is involved 
mid the like ave the 


Where the relaxer 


ferred 
use of block operator 

suceessful relaxer, and 
hand 


finite: time 


such tricks are essential it he is to accomplish his task in 
essential for the Sue 


solely to the 


Use of the devices Just mentioned are not 


cess of the relaxation method, but are related tine 
that wall be involved in obtaining a solution 
Try cacdeliticona, the 


problem of its kind at a time 


reiaxer is usually called on to solve buat one 
To ask a machine to solve fut 


one problem of a particular class would be a waste of its vabue 


high 
each operation so fantastically quick] 


Since the peed electronic digital computer earries out 


such short eut time iv 
ing devices as those just mentioned are not necessary, or even de 
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solution by having the machine perform a relatively simple opers 
tion many times over, rather than ask it to use selective judgment 


and apply special tricks whenever they could be applied With 
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out the use of special tricks, the machine will still solve the prob- 
lem with sufficient rapidity as to give rise to no complaints 

A good example of this can be found in solving Laplace's or 
Poisson’s equation. For this differential equation at least two 
excellent techniques exist: (1) the relaxation procedure, (2) the 
Liebmann process. In the hands of a suitably skilled computer 
the former method can be used to obtain answers quite rapidly; 
on the other hand, the latter method goes much more slowly. 
However, the Licbmann process is an extremely simple one, and 
consists essentially of one simple operation endlessly repeated. 
To my mind the Liebmann process is the one an electronic digital 
computer should be coded to use. 

In a word, the writer does not believe that electronic digital 
computers should be asked to apply the relaxation technique as it 
is understood by the relaxer. 


The application of high-speed computing de- 
Therefore the 
author’s presentation of the calculation of influence coefficients 
on SEAC is a timely contribution to the techniques available for 
The primary advantage of the high-speed com- 


C, C. Wan.® 
vices to engineering problems is fairly recent. 


applied sciences 
puting device and its immediate effect on applied problems ma 
fallin one of two broad categories: 

It makes possible reduction of complicated problems into a 
series of simple problems, which may be solved readily by pre- 
coded machine processes, Tnasmuch as the speed of computa 
tion will be high, the solution of the entire problem may be ob- 
tained in a small fraction of time and cost when compared with 
the more familiar manual computing processes. 

Problems that heretofore were too unwieldy for rigorous mathe- 
matical solutions may be treated by suitable iteration process 
This point is significant in applied sciences, since the number of 
restrictive assumptions usually introduced to facilitate rigorous 
mathematical treatment he reduced. Furthermore, the 
fatigue characteristic of high-speed computing machines are con- 
siderably better than that of human caleulators, 


may 


Aurnor’s CLOSURE 


The author wishes to thank the diseussers for presenting addi 
tional information regarding the fields of most useful application 
of high-speed electronic digital computers. As Professor Shaw 
points out, relaxation may well be one type of computation 
for which the machines are not best suited. Dr. Wan indicates 
the saving in time and cost that is possible if the more compli- 
cated problems encountered in engineering are reduced to a series 
of simple problems for whieh the machine codes are available 
this use of the eleetronie computer in some of our work has been 
found very effective. As he points out, a broad field of applied 
problems can now be solved which were previously too unwieldy 
or long to consider, The author believes that high-speed elec 
tronic digital computers such as SEAC are not a panacea, but 
should be used primarily in their field of greatest efficieneyv, that 
is, where long, repetitive, and tedious computations must be ear- 


ried out, 


Stresses in Curved Beams—A 
Tabular Method of Solution Based 
on Winkler’s Theory’ 


W. EB. Buack.? The method presented in the paper should be 


of considerable interest to engineers in the design of curved 


3 Project Engineer, Chance Vought Aireraft, Dallas, Tex. 

1 By W. Wright, published in the March, 1953, issue of the JouRNAL 
or Apptiep Mecuantcs, Trans. ASME, vol. 75, pp. 138-139. 
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This 
method, however, does not escape one of the chief difficulties 
namely, the 


members, particularly because of its speed and simplicity. 


associated with the analysis of curved members 
evaluation of the integral 


y 


_ 1A 
Ro + y : 


or its equivalent. If evaluation of this integral is attempted by 
numerical summation, as the author has done, approximately 
the same number of positive and negative terms are obtained, 
and the summation reduces to the difference between two quanti- 
ties of nearly the same magnitude. Thus accuracy suffers, and 
it generally will be found necessary to maintain a high degree 
of accuracy (four or five significant figures) in the initial eompu- 
tations and to use a large number of strips in order to insure a 
reasonable degree of accuracy in the final result. 

Some of this difficulty may be avoided by the use of an alterna- 
tive form? of the integral referred to in the preceding paragraph 
The Winkler equation for stress may be written in the following 


form 
; M ( y 
oo, = 1] 4+ 
. AR ZRo+ y 


in which Z is a property of the cross-sectional ares and may be 
expressed in either of two forms, as follows 


7] i 


dA = 
AR, Ro 


Ro t / 


dA 


Use of the first form for the Z-function results in a solution 
almost identical to that advanced by the author, and subject to 


the same difficulties with respect to accuracy. If, however, the 


’ 1 P y? 
Z = dA 
1P ‘ Py + 


is used, the summation involves positive quantities only, and 


alternative form 


results obtained by this method have been found to be con- 


sistently more reliable than by other methods. Using this 
method, a lesser degree of initial accuracy is required, and fewer 
strips are needed in the analysis of irregular sections such as the 
crane-hook section, Slide-rule accuracy generally is satisfactory 
for all of the computations, 

The paper also states that the proposed method 
In this connection it should be 


“is applicable 
to all shapes of cross section.” 
pointed out that serious errors may result from the application 
of the Winkler theory, using the author’s method or any other, to 
curved members with I-shaped, T-shaped, tubular, or other 
similar types of cross sections. It has been well established by 
Bleich* and by Anderson® that the cross sections of curved mem- 
bers of this type tend to distort under load, resulting in greater 
stresses and displacements than those predicted by the Winkler 
theory. Such shapes are used extensively for curved members 
in punch-press frames, trailer goosenecks, airframes, and the like, 
so that the problem is of some importance. Unfortunately, this 
limitation of the Winkler theory frequently has been disregarded 
Seely and J. O 
1952, pp. 669- 


‘**Advanced Mechanics of Materials,”” by F. B 
Smith, John Wiley and Sons, Ine., New York, N. Y¥ 
672. 

‘Die Spannungsverteilung in den Gurtungen gekrinimter Stabe 
mit T- und I-formigen Querschnitt,"”” by H. Bleich, Beilage zur Zeit- 
schrift, Die Bautechnik, vol. 6, January 6, 1933, pp. 3-6 

**Flexural Stresses in Curved Beams of I- and Box Sections,"’ by 
C, G. Anderson, Proceedings of The Institution of Mechanical Engi- 
neers, vol. 163, 1950, pp. 295-306, 





DISCUSSION 


in the literature nd it behooved the writer to call attention to 
it here, even though the scope of the original paper obviously 


was not intended to encompass this phase of the problem. 


AvcTHOR’s CLOSURE 


The aut} 


and welcome comments, particularly with regard to the use of 


w wishes to thank Dr. Black for his most interesting 


the alternative form of integral involving 1? 

A solution can be found by the tabular method based on the 
alternative form of integral quite simply if the moment is com- 
pleted directly by 
from the load W In other words we compute the value of 
S'S yd ACM ) instead of f/S,dA(W). 


The slight increase in labor necessitated by this procedure 


numerical summation instead of indirectly 


would be a small price to pay for the gain in ac to be ex 


per ted. 
The author wishes to thank Dr. Black for calling attention to 


uracy 


the fact that Winkler’s theory is strictly applicable only to cross 
sections which do not distort under load, 


Turbulent Mixing of Two Parallel 
Streams’ 


W. R. Se 


statements of the introduction to this paper, 


ARS The writer wishes to disagree with certain 


The transforma- 
tion to the independent variable used by Tollmien and by Kuethe 


does not involve any “‘loss of generality” and is not “‘restrictive 


Rather, the similarity of profiles and the straight boundary lines 


are “exact”? consequences of the equations of motion for the 
particular problems studied by these authors 

To be the 
mixing problems of Tollmien, Kuethe, and Gértler are academic, 
Nevertheless as 


their solutions have proved extremely useful for many 


sure, present authors may feel that the classical 


since initial boundary lavers are ignored. 
know 


vears, their accuracy in relation to real physical setups depend- 


we 


other things) upon the size of the boundary layers 
other Rather 


iuthors’ remarks suggest, they 


ing (among 


present, relative to dimensions, than being in 


error. as the are correct solutions 
for the idealized case without boundary lavers. 

When initial | 

1 +} 


diss ppe irs ane ‘ 


oundaryv layers are considered, the similarity 
boundaries become curved, as is well known 
The authors should not say, as they do, that the linear variation 
of width is “not nee 


this case, The 


ie@t is & \ 


essary,” but rather that it is not possible in 
uuthors’ present attack on this much more dif- 
But it is to be noted that they 
fact solved the proble m analogous to Tollmien’s, but 


ficult pro tluable one. 


have not it 


a much simpler on it least in the present paper. 


Autuors’ CLosurE 


Dr. W. R. Sears their 
more so since it brought out the fact that misunder 


The 


paper tlie 


iuthors appreciate discussion of 
standings of some of their statements might occur in spite of the 
care they have take 

Nowhere 
and Kuethy 
suggests. The 
done by Tollmi 
Also 


yuences of the equations of motion under the re- 


nin discussing previous work 


has it been stated or even implied that Tollmien’s 


3 work, or Gortler’s work was in error, as Dr. Sears 
fully 


n and in particular by Kuethe 


authors are aware © the excellent work 


and also by 


Gortler there has been no doubt that their results are 


exact conse 
1H. R. Burnett 


JourRNnaL or Appr 


By T. P. Torda, W. O. Ackermann, an 
in the Mareh, 1053. issue of the 
Trans. ASME, vol. 75, pp. 63-71 

? Director Aeronautical Engineering, College 


of E-ngineering, Cornell University, Ithaca, N.Y 


published 
rep MecHantcs, 


Graduate School of 
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strietive assumptions of no boundary layers along the separating 
plate and the a priori prescribed straight-line boundaries of the 


Ling zone llowever, no physical ease of mixing of streams 
exists without developed boundary layers along the plate separat 
ing the 
la 


streams before mixing starts (unless these boundary 


ers are sucked AWAY which is a spect il case and which has not 
been considered either by the previous workers or by the present 
Neither the the 


straight lines in any physical case That analyses without con 


tuthors ire boundaries of ming zone 
sideration of the boundary layers give reasonable approximate 
results in special cases of mixing is also well known to the present 
iuthors, but this does not detract from the restricted ipplie ibil 
ty of previous work 

The authors’ statement that it is not necessary to assume (and 
not simply “not necessary’? as Dr. Sears has quoted) straight 
boundaries if 


valid 


iries because it was not possible to determine two variables (the 


a sufficient number of equations are used is still 


Previous analyses had to assume the shape of the hound- 


shape of the boundaries of the mixing zone and the velocity dis 
tribution in it Naturally it is not “possible? 
if the correct 


as has been done in the paper dis 


from one equation 
to obtain straight-line boundaries in any analysis 
physical case is considered 
cussed. 

The authors fail to understand the last sentence of Dr, Sears’ 
discussion: “But it is to be noted that they (the present authors) 
have not in fact solved the problem analogous to Tollmien's, but 
In his 
previous sentence, Dr. Sears implies that the problem of account- 


a much simpler one —at least in the present paper.” 
ing for the upstream boundary layers is much more difficult than 
the analvsis of mixing without the influence of boundary layers 
1 (the ratio of the 
is denoted by m U, 

Noel iin h is been 


tt probe m analoyous to 


Also, the authors have solved the ease for m 
velocities of the two streams, ("; and ("», 
! and Tollmien solved the case for m 0 
have solved 


made by the authors lo 


Tollmien’s. In subsequent work by the senior author and some 
of his co-workers, Tollmien’s problem (» 0) has been solved 
isa special case. This work will be published at a future date 


It is shown there that Tollmien’s case is just as “‘simple’’ to solve 
I 


is the ease prese nted in the discussed paper 


On Turbulent Flow Between 
Parallel Plates' 


The 
of turbulent shear flow 


‘m= 
theors 


Keer paper represents an iniportagnt sdvance 


The ace 


tion of both the complete velocity distribution and the distribution 


rn the urate representae 


of turbulent shearing stress by a straightforward 


the Rev 


involve 


ipplication of 


nolds equations isa real feat, even though the solution 


doe two empirical factors It is noteworthy that one of 
these factors has a detinite physic 
Th 


a) of the pp 


number of bour 


i] interpretation 


representation ol the mean velocit 


profile by 
One hia 


| quation 


liseu only a limited 


to which definite 


tper mierit 


' 
ot 
H i 


heels 


lar ondition vilues enn be 


wssigned and itis not feasible to determine more than two parame 
ters en 
Thea 


has made a fortunate choice of the form of the solution, but the 


the 


pirical 


ire the limiting features of the problem and the author 


writer cannot justify his statement power series ean 


contain only three terms . on any beastie except that the 


results agree with experiment 

! By 8. 1. Pai, published in the March, 1955, issue of the Journat 
ov Apprtep Mecnanics, Trans. ASME, vol. 75, pp. 109-114 

? University of Michigan, Aeronautical L-ngineering Department 


Ann Arbor, Mich. 
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Witiiam Sout.’ The velocity distribution for turbulent 
flow obtained by the author gan be derived very simply without 
any appeal to Reynolds equations. 

We have three boundary conditions which are independent of 


Reynolds equations 


d\ 
dn 


The symmetry argument is a simple way of taking the bound 
ary conditions at 9 linto account 
Using these boundary conditions enables three constants to be 


determined. For example 


can be obtained. The author seeks to improve this by using an 
additional constant determined empirically and selects the ex 
ponent of the last term Hlowever, he then obtains a value for 
the exponent (equation [50] of the paper) which contradicts his 
assumption that it is an even integer and has not shown that the 
result obtained is superior to simply adding «a fourth term to the 
power series The assertion under Mquation 15! that the series 
ean have only three terms does not seem correct 

Until the shear stress is defined in terms of the flow variables 
little 


may satisfy Revnolds equations, the boundary conditions, and 


tevnolds equation gives very information. A> funetion 


reduce to the laminar-flow solution and still be a very poor veloc 


ity distribution. An example is 


' 
Cos ade 


la 


“in 77 


The derivation of the logarithmic velocity distribution seenis 
basically similar to that given by von Mises! who used the von 


Karman similarity law 
i (n) 
and 


instead of the Stanton law which is an obvious consequence, 
obtained the drag law as well as the velocity distribution 


Acrinor’s CLosurt 


Protessor Kuethe and Mr. Squire's objection to Equation [45 
of the author's paper is based on the uniqueness of the solution of 
the Reynolds equations Hlowever, there is no unique solution 
for Reynolds equations i only the boundary conditions are eon 
sidered since from experiments it is known that the velocity pro 
files change with Reynolds number for given boundary condi 
tions. What was done was to find one parameter family of pro 


files which would closely represent the true velocity distributions 


Kenmore, N Y. 
‘Some Remarks on the Laws of Turbulent Motion in Tubes,’ by 
Kk. von Mises, Th. von Karman Anniversary Volume, California 
Institute of Technology, Pasadena, Calif 
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for various Reynolds number and shear stress parameter S as 
obtained from experiments. In order to find such solution, the 
author started with the power series and found that three terms 
are enough to satisfy the boundary conditions. Since the profile 
should tend to be the laminar one as S = 1, the profile as given 


in the paper, was chosen. The third term may be any one of 


those terms in the power series as a 2 2, depending on the param- 
Experimental results were checked and 
It is beheved that one 


might improve the solution by finding some complicated function 


eter Reynolds number 
the agreement found quite satisfactory 
no such solution 


depending on Reynolds number, but as vet 


has been found which is better than that given in the paper 


Some Problems of Orthot ropic 
Plane Stress’ 


A. bk Greens? Equations used by the author are not the most 


general equations for an orthotropic plate, and, although they 
may be approximately correct for some materials, they cannot be 
used, for example, for highly orthotropic materials such as spruce 
wood 

heen 


Most of the problems considered by the author have 


solved by the writer?’ tor a ge neral orthotropic priate ind some 


numerical results were given for spruce. Problems of stress dis 


tributions in a semi-infinite body, however, can be solved best by 


complex variable methods More powerful techniques due to 
Muschelisvili also ean be used for these problems and for the 
more difficult mixed-boundary value problems associated with a 


hall plane 


AcrHor’s CLosurt 


The author greatly regrets that the extensive researches of Pros 
fessor Green did not come to his attention until after the prurbolic it- 
tion of his papers Some duplic ution occurred as a colsequence 
of this, and the author would like to express his apologies 

As Professor Green has stuted, a more general ¢ \pression for 


the differential equation Is 


rt oh 


or? on* 


but the method of the papers mas still be applic d to the solution, 
of this equation. It is interesting to estimate the degree of ap- 


In) cone 


proximation involved by writing /.? equal to unity CHSES 
and this is conveniently done by means of an example discussed 
inone of Professor Green's papers 

In this paper, the case of a circular hole of radius a in an in 
finite orthotropic plate is treated, the periphery of the hole being 
subjected to uniform radial pressure p. Calculations and plots of 


the circumferential stress around the hole are given for both oul 


'Ry HD published in the Mareh, 1953, issue of the 
Jounnant or Apptiep Mecuantes, Trans. ASME, vol. 75. pp. 72 76 
The Stress Distributions hh 
and Orthot rope 


Conway, 


Discussion applies also to the paper 
duced by Concentrated Loads Acting in Isotropic 
Half Planes,” ibid., pp. 82-86 

Department of Mather 
Pyne 2, England 

Stress Systems in Aeolot ropic 
Paylor 
173, part 1 
1738 102 

‘A Note on Certain Stress Distribution in Tsotroy 

tropic Materials.’ by A. EF. Cambridge 
Philosophical Society, Cambridge, England, vol. 41, 1945, pp. 224-251 
IV.” by A. FE. Green, Pro 
ceedings of the Royal Society London ] ngland, seri \ ol 
1942 po 178 


aties, King’s College, Neweastle upon 
Plates,"’ by A. E. Green and CG, I 
Proceedings ot the Roval Society of London 
1939, pp. 162 172; ibid., by A. I 


England 
(reer 
Cireen, Proceedings ot the 


§ Stress Systems in Aeolotropic Plates 
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Briet Notes 


On the recommendations of the Executive Committee 
of the ASME Applied Mechanics Division, it has been 
decided to initiate a section devoted to brief notes on 
technical matters in mechanics. 
longer than 750 words (about 2', double-spaced type- 
written pages, including figures) and will be subject to the 
usual review procedure prior to publication. After ap- 


These notes must not be 


proval such notes will be published in the next issue of 


the Journal. The notes should be submitted to the 


Secretary of the ASME Applied Mechanics Division. 


A Strain-Energy Expression for 
Thin Cylindrical Shells’ 


sy H.W. BLEICH? ano F. DIMAGGIO,® NEW YORK, N.Y 


NOMENCLATURE 


The following nomenclature is used in the paper: 


(ordinates: r, 2, 4. (see Fig. 1) 


mean radius of shell 
shell thickness 
longitudinal displacement (positive in direetion of z-axis) 
tangential displacement (positive in direction of posi- 
tive @) 
radial displacement (positive inward) 
= wee. W,,,... derivatives of u, v, 


kv 


€,, Ca, Ya 


IFFERENTIAL equations for the determination of the 
displacements of thin shells, and an expression for the 


strain energy in terms of the displacements were first 


w with respect to subseripts 
Young’s modulus, Poisson's ratio 
= strains in shell 


'This note is a result of investigations sponsored by the Office of 
Naval Research under Contract Nonr-206(008 

? Professor of Civil Engineering, Columbia University. Mem 
ASMI 

‘ dnostruetor in Civil Engineering, Columbia University 

Nove 
understood ts 
of the Society 
Division, February 20, 1953 

* Discussion of pipers in Brief Notes should be addressed to the 
Secretary, ASME, 20 West 30th Street, New York, N. Y., and will be 
1953, for publication at a later date. Dis 


cussion received after the closing date will be returned 


Statements and opinions advanced in papers are to be 
individual expressions of thear authors and not those 


ASME Applied Mechanics 


Manuscript received by 


accepted until October 10 


His 


However, Love already realized and stated 
sufficiently 


derived by Love (1).4 


that his expression for the strain energy was not 
accurate, and only applicable if the bending part of the strain 
energy Was small compared with the membrane-stress part. That 
there is a discrepancy between the differential equations and the 
strain-energy expression becomes evident if an extremum principle 
ix used to derive a set of differential equations for the displace- 
ments which are then found to differ from the differential equa- 
tions derived directly. 

Subsequently, further objections were raised even against the 
differential equations, the principal one being that these equa- 
tions lack certain symmetries. These objections are discussed, in 
detail in recent papers by Osgood and Jose ph (2), Langhaar (3), 
and Viasov (4). 

Approaching the problem on a higher level, Viasov’s paper 
starts with the general equations ot elasticity and derives a new 
set of differential equations for thin shells of any shape. He gives 
also a simplified set for cylindrical shells, showing the necessary 
symmetries. It is interesting to note that Viasov’s equations 
agree with the differential equations for cylindrical shells derived 
It ap- 
pears, therefore, that Fligge’s approach is sufficient to treat the 


in a direct and fairly elementary manner by | lugge (5) 


case of cylindrical shells. 

For many engineering applications it would be advantageous 
to know the strain-energy expression, which was not derived by 
liigge or Viasov. A more accurate strain-energy expression than 
the one given by Love was derived recently by Langhaar 
(3). 


equations for the cylindrical shell it is found that they dis- 


When this expression is used to obtain the differential 


agree with those derived by Fliigge and Viasov. 

The differential equations for the cylindrica! <bell given 
by Fligge and confirmed by Vlasov are in general use and 
may be presumed correct up to terms of the order (h/a). As 
none of the strain-energy expressions is consistent with these 
equations, the authors have used Fliigge’s approach to obtain 
A strain-energy expression which is consistent with his dif- 
ferential equations. 

Fliigge’s book contains expressions for the strains® from 
which the strain energy can be computed by integration over 
The 


the volume of the shell in an obvious manner. strain 


energy for plane stress is 


| k { f f ' 
! €, + €,? + 
21—v) J J. 2 


+ 2ve.€y | 1] 


where the term rd@ (not ad@#) is used, allowing tor the different 


length of circumferential fibers through the thiekness of the shell. 


The “Si radtis are 


a 


’ y a 
vy, T We 
a a 


where the sigthis differ from Fliigge’s because change in 


direction of positive deflections w. 


h/2toa 


After integration with respect 
torfroma + h/2 the strain energy becomes finally 


* Numbers in parentheses refer to the Bibliography d of 
the paper 


Equations [6S], reference (5), p. 115. 
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+ 2a*uw, 
Logarithmic terms occurring in the integration leading to ger, Berlin, Germany 130 
Equation [3) were approximated by expanding in series of ascend 


ing powers of h a and neglecting terms above the cubie one Angle and St rain Relations In I lat- 
The first term of :quation [3], proportional to h/a, is identical , ) ’ 

with the strain energy of the membrane stresses given by Love I late Lider > Bands 

and all other authors. The second term, proportional to h3/a’, By G. Ro IRWIN. WASHINGTON, D.C 

differs from the respective expressions of Love 


. - VERTAIN major feature {! ) i ' j 
BE ne Re ‘@ plicable ona simple and prumarily kinenaiaty 
24(1 v*) a ee ae Se discussions by Nadai® and Hil are not clear as to what teatur 
" ‘ of their results must be true independent of the ustal formalisn 
+ 2Qva*w,,(wee + ve) + 201 vja*(we + v,) dz d@ molifieations, and flow-stress la ft theoreticn | lastreat 
and of Langhaar Experimentally, one knows these bands of extra thickness re 
ietion, often observed in mild steel and 248-T aluminum, have 


following feature Phe length of each band is large com 


+ 2vatw,,(wee 4 pared with its width: the width is several times the plate thick 
the band is straight of formed in a straight-sided test 
v)ar(we + v,)(w, ug)ldz dO {: hon: and the thickness reduction in the band can bed 
decreasing the stiffness of the loading arrangement 

Tt should be emphasized that the numerical differences between (Consider a thin flat tensile pecimen is being pulled so that 
the three expressions are quite small if compared to the total | test-seetion length is extending graduall Assume 
strain energy. On the other hand, if the terms proportional to | in the width, length, and thickness direetions, respectivels 
h3/a* only are compared, the differences may be substantial convenient to lave a second set of axes / olitanmed ty 
However, these terms in themselves are quite small compared to ting the original aves about through some angle @ so that 
the membrane strain energy, unless the state of deformations is parallel to the deformation band nly the additional 
considered is inextensional, or nearly so In the inextensional ormations in the band over those in the adjacent material 


case, the decisive h*, a’ term in Equation [3] and the corresponding eed be considered Also, only the averages through the 
terms listed in Equations [4] and [5] become entirely identical, eke of these additional strain constdercd Lat 

and in a close to inextensional case the differences are not large. thickness averaged poartye le «ly pl weonpent ores ponding 
In this respect the reader is referred to the discussion of Lang- to the added strain in the ow. y-direetion 


haar’s paper by Koiter (6). components of these displreements reterres 


It appears therefore that the difference in the value of U found tion Beenuse of the uniform and relati rm vidth 


from Equation [3! and the other expressions considered is pre- the detormation band itis clear that these nddes sine clispelace 
sumably not very important. The advantage of Equation [3 ments are not funetions of the eo-ordinate Suppose jew 


lies essentially in the fact that the principle of stationary potential that at some stage of extension, a deformation band occur 


energy when used with the Expression [3} actually furnishes the‘ idditional strains therein miust be 
accepted differential equations 
As Langhaar’s expression has been derived on a fundamentally 
strict, geometrical basis, the source of the difference between 
Equations [3! and (5) deserves examination. One cause for the 
difference ts the fact that Langhaar neglects certain terms which 
correspond to the nonlinearity in the stress distribution, stating 
that their effect is quite small. That this is a contributory cause 


be verified by comparing the expressions for the strains which 


ean 
are found to agree only up to the linear terms in (7 a A second 

cause is the fact that in Equation [1] Fliigge uses the expression ' Superintendent, Mecha 
tory 

rd@ for the length of a circumferential fiber, while Langhaar uses { — ae — , 
the approximate value ad@ in the expression for the element of Hill Book Company, Inc., New York, N. Y., 1050 
volume. 2°On Diseontinuous Plastic State With Special 
Localized Necking in Thin Sheet by BR. Hill, Journe 
- aan as ° and Physica of Solids, vol. 1, 1052 pp ‘ 

3] was used by Pfluger (7) in the solution of a problem of shell Manuscript received by ASME 


In closing it is noted that an expression identical with Equation 


buckling January 2. 1953 
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There is no reason to assume the added strains occur in any way 
other than that which would contribute maximum strain-energ,s 
Thus the 


clirection 


release ina Clamped-grip experiment y-direction must 


be oo maximum extensional strain throughout the 


Liades band 


W hpeerpes 


trains do not alter 


idded 


ol the materiabsea that 


One also miaty assume the ippre 


erably the cdersat 


on’ 


7) 


ddd thiekie reduetion steag 


Using bequations [3] and 


where eis the 
with | quation 


Ou Ou 
; < 
Ol / or 


/ 


tan? @ 


Now 


be the same for the added strains in the deformation band as tor 


although the ratio of strains which determines # need not 


the plastic strains in the adjacent material, at least it should be 


nearly the same. For example, it may be observed that @ ap 
proaches 35 deg, corresponding to equal strains in the «2 and 

directions, when the test piece is long, and can be reduced to les- 
than 15 deg by shortening the relative length of the test seetion 
in the direction of greatest tension. In the latter experiment one 
must take care that the gripped ends of the specimen are suffi 
oversize to avoid plastic deformation. Actually, the 


a littl: under those which one 


ciently 
observed angles, 6 are usually 
would expect from the ratio of plastic strains outside the defor 
mation band as if the narrowness of the band applied some addi 
tional constraint to strain in the 2-direetion inside the band 

Some variation of thickness reduction is obvious when one 
inspeets a deformation band carefully along the y-direction, The 
fuct that @ from Equation [5], must be the same throughout the 
band pleees a limitation on the variation of these plastie strains 
except near the sides of the test seetion where the shape of the 
deformation band is not independent of .c/ as was assumed earlier 
Within deformation band rotations about the 2-axis are given by 

Ou vr 
2 : 2 = étan (20) 

OV or 


If the test pieee has lightly serthed lines or photogrid lines in 
the rand y-directions, Mquation [3] infers that the intersections 
of these lines will remain right angles within the deformation 
band. Equation [6] shows how the magnitude of the small rota- 
tions of these interseetions is related to the added strains tn the 


deformation band 


Note on Oil Whip 


by OSCAR PINKUS.! LYNN, MASS 


IL, whip, which is a resonant form of vibration in 
journal bearings, is being investigated to establish (a) its 
characteristic behavior, and (b) the effeet of the many 

operating variables on whip 

A fundamentally new feature found in the oil-whip phenomenon 
is that oil whip stops at speeds slightly exceeding 3 times the first 

critieal frequeney. This has been observed consistently on a 


great number of tests with various bearings and conflicts with 
! Thomson Laboratory, General Eleetrie Company. Jun. ASMI 


Manuscript received by ASME) Applied Mechanies Division. Janu 
ary S) 1958 
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previous statements? that oil whip, once started, persists at all 
speeds exceeding twice the value of the first eritieal. In most 
cases the amplitudes of vibration, which rise with the onset of 
whip, begin to drop at speeds equal to 3 times the first eritical 
Which is the upper limit of oil whip. 

Figs. | and 2 show a set of typical whip curves obtained on 
evlindrical bearings 2 in. long, 2 in 
ance of 0.005 in. 


kept constant throughout this run and were as follows: 


diam with «a diametral clear- 
All operating conditions except spee l were 
Loading, 
23.5 psi; inlet oil temperature, 60 C with a viscosity of 12 centi- 
poises; and inlet oil pressure, 25 psi. The Sommerfeld numbers 
at the beginning and at the end of whip are 1.2 and 2.4, respec- 
It snould be noted in Fig. 2 that the frequeney of whip- 
throughout the whipping 


tively 
ping if near the natural frequenes 
range 


Journal Bearings,”” by 


1925, p. 550 


Shaft Whipping Due to Oil Action in 
B. L. Newkirk. General Electric Revie vol 2S 
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The effect of oil-inlet temperature on oil whip also was investi- 
gated in greater detail. Some of the test bearings whipped at 
high inlet-oil temperatures had a narrow whipping range at 
intermediate temperatures, and did not whip at all on cold oil, 
This apparently contra liets some recent attempts to delineate 
whip as a function of shaft eccentricity According to this theory 
high eccentricities tend to eliminate whip aun example of this 
being high loading at which whip rarely occurs. Tlowever, the 
present tests with variable oil-inlet temperature appear to indi- 
cate a trend opposite to the one mentioned, as higher oil-inlet 
Also, the fact 


eccentricities 


temperatures tend to give higher eccentricities 


that whip stopped at higher speeds, when lower 


occurred, disagrees with the hypothesis that eccentricity is the 
sole criterion of shaft stability 

rhe test apparatus used in the present tests consists of a 
200-Ib shaft with a rotor in the middle driven by a 200-hp motor 
through two sets ol gears Details of the machine are given by 
Wileoek.? The motion of the shaft center is picked up by a 
series of magnetic gages which in combination with an amvlifer 
thd an ose illoscope trace the locus of the shaft center and meas 


ure the amplitudes of vibration 


Purbulence in High-Speed Journal Bearings.” by D. Fb. Wileock 


rans. ASME, vol. 72, 1950, P S25 
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Foundation Engineering 


Peck, Walter bk. Hanson 
New York, 


index, $6.75 


By Ralph B 
John Wiley & Sons, Ine 
xix and 410 pp., illus 


FOUNDATION ENGINEERING 
and Thomas H. Thornburn 
N.Y Cloth, 6 * Gin 


1953 


Revirewrp By Apert G. HW. Dirrz 


r . ‘ 
HIS is a first course in soil mechanies and foundation engi- 


neering, designed for the student or engineect who has no 


broad background in the subject, but is familiar with the prinet- 
ples of mechanics and structural engineering 

The authors emphasize the engineering design aspects of foun- 
dations and draw upon the principles of soil mechantes to the ex- 
fent necessary to provide the basis of the engineering develop- 
ment The book begins with a discussion olf the properties and 
identification of soils and rocks, subsurtace e\plorations and the 
character of natural deposits This opening Section bs followed by 
descriptions of types of foundations and methods of construction 
The final section is devoted 


Here 


the material is Hlustrated with a number of design examples ot 


including underpinning and bracing 
to the selection of foundation types and to their design 


such items as combined footings, bridge piers, and others 
\ feature of the book is a series of brief biographies of outstand- 
ing engineers who have contributed to foundation engineering and 


to soil mechanics 


Tu rbulence 


Ture Toeorny or Homogeneous TURBULENCE By G. K. Batchelor 
Canbridge University Press, New York, N. ¥Y 1953 Cloth 


_ xo it xiand 197 pp., fig lnbliography, 85 


Reviewep BY Hirosit Save? 


recently 


"THE 


tailed structure 


tuthor has published many papers on the de 
This book 
being unm introduction for 
work. The 


to fundamental considerations omitting diffusion or transfer theo- 


of turbulence written with the 


mtention at hew-comers consists 


mostly of his owt contents of the text are restrieted 
neither over-all view nor practh il applic - 
Apparently 


visting theories on homogeneous turbulence, pre- 


rles ( onsequentl 


tions are tound the author tries to organize and 


rearrange the « 
Engineering, Massachusetts Institute of 
Muss Mem. ASMI 

‘ ratieal Engi ring and 


Brooklyn. Brooklyn 


Professor, Structural 
Pechnology, Cambridge 

Research Fellow, Department ‘ 
Applied Mechanies, Polytechnic Institute of 
Now York 


paring a next step ol development. Many pages are devoted to 
clarifying the basic concept of turbulence, a concept which some- 


In the 
vurse of the discussion, the author frequently cites experimental 


times enuses confusion because of its vague definition 


results to give physical insight into the complicated mathematics 


He succeeds in distinguishing the ambiguous assumptions sand 


treatments of present theories from the established facts, thus 


making it easy to realize what is Important and what is not 


lnportant 
ln echapter 1, a brief historical sketch of this subject is presented 


together with the fundamentals of turbulent motion. Chapters 


2 and 3S are 


devoted to a mathematical formulation of the 
heomozeneous turbulent field using the correlation and spectrum 
teusers. Chapter 4 deals with some examples of linear probleme 
from which 


\ solu 
tion to the problem of turbulent motion in the final period of ce 


The Navier-Stokes equation appears in chapter 5 


important formulas are derived in a generalized form 


eay is also presente din this ch apter ( bisapote rs © and 7 diseuss 


the most essential point of turbulenee the inertia term, which is 


difficult) to treat mathematically Th hypoth sis Ol stutisti 


equilibrium Is Introduced nnd every ol the probl mH 


In chapter S. th 


phi is 


I hisarpoly eritieized density. ol 


prob ibility 


velocity, fluetuation is dealt) with principally from the experi 


moutal point of view. The math matical treatment of pressure 
ilko taken into consideration here The book is 


of some 200) published 


fluctuation os 
concluded by 
papers 

It is diffieult to write this kind of book, beeaus 


+ complete bibliograph 
there are many 
theores in progress and most of them cannot be said to be well es 
tall shed The 


rials, i miaking ply sie ibconeept elem 


iuthor’s efforts are sucessful in se lecting rritate 


ind in giving sugpestions 


for the future advancement of the theory of homogeneous turbu 


leonnee 


British Engine Report 


Pechnical Report, New Series, vol. t, November, 1952, British Engine 
Boiler & Electrical Insurance Co. Ltd., Manchester, England 
Paper 6° /, * 9 in., figs., tables, bibliography, 212 pp., 12s, 6d 

tevirwep By J. M. Lessen 


’ 
yu 


failures ly 


» engineer usually profits by a study of the causes of service 


fortunately, the particulars of such failures are 
f Mechanical Engineering, Massachusetts 
Mass. Hon. Mer ASMI 


Cambridge 
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for commercial reasons, Because of the lack 
of such information, the practice adopted by the British Engine 
Boiler and Electrical Insurance Company of issuing technical re- 
ports covering characteristic failures, and which practice was 
continued until 1938, provided useful means of disseminating 
By the appearance of the 


usually restricted. 


knowledge on the causes of failure. 
present report it is gratifying to learn that the former practice re- 
garding these publications will be continued, not on an annual 
basis as heretofore, but whenever sufficient material has been ac- 
cumulated 

The present report, following the previous practice, has a broad 
coverage and discusses many different types of failures. In each 
cise an explanation Is viven, In so far as possible, of the underly ing 
CAUSES, 

Fractures by caustic cracking are given considerable attention 
and other interesting instances of failures of such parts as a 
crankshaft, a turbine shaft, turbine blades, an eyebolt, and a crane 
hook come under review 

In view of the importance and significance of brittle behavior of 
ductile steel the article on the notehed-bar-testing technique ap- 
pears to be timely 

This company is to be congratulated on its policy of making 


such information available to engineers. 


Statistics 


Sravistican Tororny Wrera 
Hald John Wiles and Sots, Ine., New 
and Hall, Ltd., London, England, 1952 
tables, figs., author index, index of symbols and tormulas 
index, xii and 783 pp., $9. 


Aperications. By A, 
York, N. Y.; Chapman 
Cloth, 645.4 * 10 in 
subject 


ENGINEERING 


Publications in Statis- 
New York, N. Y.; 
Paper, 8'/2 X 


wo bFoumunas (Wiley 
John W iley and Sons, Ine 
Ltd., London, England, 1952 


TABLES 
A. Hald 
and Hall 
82 50) 


STATISTICAL 
ties Ky 
Chapman 
Phin, YS pp 

Horr! ano J. T. Ransomé 


Reviewrp By A. E 


JAA. S the author states in the preface, this book has been strongly 
. influenced in the choice of statistical methods by the English 
school of Fisher and by Shewhart in statistical quality control 

As a whole this well-printed book is highly recommended, not 
only from the standpoint of having a wealth of material and ex- 
amples, but also beeause enough mathematical theory is intro- 
duced to keep it semirigorous without weighting it down for the 
nonmathematician, However, contrary to the author’s state- 
ment, it is doubttul that a knowledge of only standard differential 
and integral caleulus is sufficient to completely follow all proofs 
and derivations. On the other hand, for mueh of the material 
the lack of a thorough knowledge of integral exteulus is offset if 
the reader is fairly adept with mathematical symbols and equa- 
tions Also, due to the general development of the mathematical 
theory underlying the statistical derivations it is difficult to use 
the material ina given section without having read or earefully 
skimmed the preceeding sections first 
introduced 


eornes pets ive 


Unfortunately, several fundamental 
rather abruptly and are thus likely to leave the nonstatistician, 
for whom the book is Vost 
notable of these are the concepts associated with degrees of free- 
1), and interaction 


written, somewhat confused 


dom, especially in caleulating s? with (nv 
In addition, while the author has been careful in stating mathe- 
matical conditions underlying the statistical distributions and 
tests, there are still a few instances where they are not explicitly 
stated for the casual user, e.g., the requirement of linearity of the 
Engineering Department, 


* Engineering Research Laboratory, 
Ine., Wilmington, Del 


Lk. Lo du Pont de Nemours and Company, 


APPLIED MECHANICS 


SEPTEMBER, 1953 


relation between variables for the correlation coefficient to be a 
meaningful measure of association. 

There is a certain confusion on the reader’s part in regard to 
the substitution of equality for the approximately-equal-to sym- 
bol, ~, in suecessive lines, such as, for example 


Zz? 7, 
P(y) = f g(u, ade 
r 


= h(y) 
The most notable of these occur on the following pages: 69 CY), 
301 (C? [e]), 611 (2), 679 (Plz, < «x < 2)), Also, there are 
several misprints such as occur on pages 710 (P = 0.0401 instead 
of 0.401), 294 (k = 3notf), ete. Due to the voluminous quantity 
of material it was not possible to check all the computations for 
However, no errors were found in the supple- 


ete, 


the examples, 
mentary edition “Statistical Tables and Formula.” 

All in all, this book with its wealth of material would be an ex- 
cellent addition to any engineer's or statistician’s library. 


Applied Mechanics 


VoLtumMe on Applitp Mecuanics, dedicated to C. B 

some of his friends and fortner students on his sixty- 
Mareh 2, 1953. H Hiaarlem, The Nether- 

Cloth, 6 & %in., figs tables, 328 pp 


ANNIVERSARY 
Biezeno, by 
fifth birthday 
lands, 1953 


Hf. 20. 


Stam 
bibliography 


Reviewen by J. PL Den Harrog 


JROFESSOR the Technical Institute in Delft 

Holland, is one of the great names in applied mechanies in 
the world 
papers and in the great book, “Technical Dynamics, 


Biezeno ol 


His contributions are laid down in some seventy-five 
written in 


collaboration with Grammel, of whieh an English translation will 
soon be available Also, he has become widely known as the or- 
ganizer of the First International Congress of Applied Mechanies, 
Delft, 1924, which was the first « series of such congresses (the 
eighth was just held in Istanbul in 1952) and which have had a 
large influence on the development of our science 

This anniversary volume is a collection of nineteen papers, fif- 
teen of which are in english, three in French, and one in German 
the majority being of considerable actual interest. Two papers 
one by von Karman and Millan, the other by J. M. Burgers, deal 
with the theory of flame propagation or ‘deflagration.’ A paper 
by Woning deals with the interaction of propellers and airplane 
bodies and the interference of each on the flow pattern caused by 
the other, Southwelland Vaisey contribute a relaxation solution 
of the warping function in St. Venant’s torsion of a rectangular 
section, showing a curious effect CGrammel gives a theory of the 
longitudinal and flexural vibrations of a bar with a nonlinear law 
of elasticity 0 Eo = € + Ae’, showing diagrams of natural frequen- 
cies as functions of the amplitude. Koiter brings a new theory of 
the plasticity problem of thick evlinders with internal pressure 
and compares it to the several other theories, based on different 
ASSUMmptions, 

Other papers deal with the backling of sandwich plates and 
structures made up of flat plates, with the shimmy motion of rail- 
way cars onatrack: with the stresses and deformations in corru- 
gated and flat diaphragms and in coil springs of various cross sec- 
with the local stress distribution in flat reinforced concrete 
and finally with 


tions; 
floors in the vieinity of the supporting columns: 
the stresses and deformations of the steel frame and glass center of 
steel w indows under various loadings 


The book is well printed, illustrated and is a 


and bound, 


worthy tribute to an eminent scientist and a beloved teacher 


Massachusetts [Institute of 


ASM 


Mechanical Engineering, 
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